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SIMULATION OF THE INTERACTION
POTENTIAL BETWEEN WATER MOLECULES

The structure and the explicit form of the interaction potential between molecules in water
vapor have been studied. The main contribution to this potential is supposed to be made by
repulsive, dispersion, and electrostatic forces. The irreducible contribution caused by the over-
lapping of the electron shells of water molecules, which is usually associated with hydrogen
bonds, is supposed to be small and neglected. Interaction potentials, in which the molecular
repulsion is described by either a “soft” power-law potential or a hard-core one, have been
constructed. In both cases, a multipole series expansion up to the dipole-octupole term is used
for the electrostatic interaction between molecules. The dispersion interaction is approximated
by the standard London formula. The multipole moments are taken to be equal to their ex-
perimental values or close to their values obtained from quantum chemical calculations. The
model parameters for the repulsive and dispersion potentials are selected to correctly repro-
duce the parameters of an isolated dimer and the temperature dependence of the second virial
coefficient. The obtained potentials are used to construct the average potentials of interaction
between the molecules, which govern the thermodynamic, kinetic, and electrophysical proper-
ties of water vapor. A characteristic feature of the repulsive potential is the value of power
exponent: n = 28. The proposed potentials differ substantially from the well-known ones, such

as SPC, SPC/E, TIPS, and other potentials.
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1. Introduction

The development of a consistent statistical theory for
the properties of water, as well as aqueous alcohol so-
lutions, in the liquid and vapor states is associated
with the problem to adequately describe the interac-
tion potentials between molecules. The difficulty of
the situation consists in that water molecules and
molecules of alcohols belonging to the methanol se-
ries are multiatomic. The potentials of interaction be-
tween them depend on their molecular orientation,
the distance between them, and the presence of hy-
drogen bonds (as such, contributions to the molecular
interaction associated with the overlapping of elec-
tron shells belonging to different molecules are un-
derstood).

There are a number of initial potentials describing
the molecular interaction in water and methanol. For
example, these are the SPC [1], TIP3P [2], and
TIP5P [3] potentials for water, the OPLS model [4]
for methanol, and others. However, the parameters
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in those potentials were selected to reproduce that or
another property of water or methanol in the liquid
state. In particular, the SPC potential includes con-
tributions from the repulsive, dispersion, and electro-
static interactions between effective charges. The dis-
persion interaction between water molecules is evalu-
ated in the London approximation (see work [5]). The
parameters of the repulsive potential and the magni-
tudes of effective charges are determined according
to the criterion that the evaporation heat and the
pressure of water at T' = 298 K should be correctly
reproduced [1].

A direct application of those potentials to describe
the properties of water in the vapor phase is not quite
correct. As is shown below, they unsatisfactorily re-
produce the dipole and quadrupole moments of iso-
lated water molecules, as well as the temperature de-
pendence of the second virial coefficient of water.

We should take into account that water and me-
thanol molecules are in the state of permanent ther-
mally induced rotation. As a result, the potentials of
molecular interaction become averaged over their an-
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gular variables [6]. Really, the characteristic rotation
1/2

2 (=7)
B
where I is the moment of inertia of a molecule. It
turns out substantially shorter than the mean free
. 1 . . i
time 7p ~ —o—m, where o is the effective di
ameter of the molecule, n the molecular concentra-
3I€BT
m

time for the molecules equals 7, ~ Z—

tion, and vp = the average thermal veloc-
ity of molecular motion. For water, the inequality
T K Tf is obeyed up to concentrations n < n,
where n* ~ 0.7 x 10*2 cm™2 is close to the con-
centration of water molecules near the ternary point
(n™) ~ 3.3 x 1022 cm—3). Thus, the limiting value of
concentration, n., tends to the corresponding value
at the ternary point, which testifies that the rela-
tion 7. < 7y is practically correct within the whole
interval of vapor state existence from the ternary
point to the critical one. Note that, in the case of
liquids, the characteristic time of molecular rotation
is much shorter than the characteristic time needed
for the configuration formed by the nearest neighbors
to change.

Hence, the thermodynamic properties of liquid
and vapor water within a wide temperature inter-
val are governed by radially symmetric pair poten-
tials. Effects associated with orientational correla-
tions [7] manifest themselves only at low enough tem-
peratures.

The potential of molecular interaction is so aver-
aged over the angular variables that the configura-
tion integral should remain invariable in the pair-
interaction approximation:

dQq dQs
j{@ WGXP(*&I) (r,Q1,Q2)) =
o Qs

= exp (—BU(“) (r)), (1)

where () is a set of angular variables describing the
axis orientation in the molecular coordinate system,
r the distance between the centers of mass of the
molecules, and 8 = T

The standard averaged value of the interaction po-
tential, U,, is defined by the expression

Jexp (—BP(r, Q1,Q2)) B(r, 21, Q2)dQ1dQs
feXp (—ﬁ(b(’l’791792)) dQldQQ !

Uy (r) =

where ®(r, €1, ) is the initial potential. The aver-
aged potentials U, (r) and U(® (r) are substantially
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different from each other. However, if the inequality
|-8®| < 1 is satisfied, they are connected by the
simple formula U(®) ~ %Ua.

The aim of this work is to construct the initial po-
tential of molecular interaction in the vapor phase of
water. Further, this potential is applied to construct
the averaged interaction potential and to reproduce
the temperature dependence of the second virial co-
efficient. In the paper, the dimensionless quantities
of the type A = HAA, where 4 is a characteristic
value of the quantity A, are used. In particular, the
characteristic distance scale p, is determined as the
distance between the oxygens in the ground state of
a water dimer: p, = roo, roo = 2.98 A [8]. The
quantity p. = kgTi,, where kg is the Boltzmann con-
stant and T}, the temperature at the ternary point of
water, serves as the energy scale, and the tempera-
ture is measured in the units pup = Ti;. The quantity
up = r3oo is a measurement unit for the second virial
coeflicient.

2. Initial Interaction
Potential between Water Molecules

The potential of interaction between water molecules
in the vapor phase, ®, has the following structure:

P=Pr+Pp+ P+ Dy. (2)

Here, ® g is the repulsive potential, & the compo-
nent corresponding to the dispersion interaction, ® g
the potential of electrostatic interaction between the
molecules, and @ the contribution given by hydro-
gen bonds. In work [9], it was shown that the contri-
bution of hydrogen bonds is small enough, so that it
is neglected below.

The electrostatic interaction between water
molecules is described by means of a multipole series
expansion.

2.1. Repulsive and dispersion interactions

The dispersion interaction is simulated by the expres-
sion

0.6

Op(r) = —ED 5> (3)

where ep is the energy of dispersion interaction at
the distance o. The value of quantity Ap = epo®,
similarly to what was done in the SPC potential, is
evaluated with the help of the London formula and
equals Ap = 1.646 [1].
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The potential of molecular repulsion is simulated
by either the repulsive potential of the hard-core type,

o0, r <o,
QR(T) = {0 o<r (4)

or the power-law potential

0.71

@n(r) = en’ o)
The power exponent n and the value of e are chosen
to satisfy the following conditions: 1) the reproduc-
tion of the temperature dependence for the second
virial coefficient and 2) the reproduction of equilib-
rium parameters for a water dimer. The quantity r
means the distance between the centers of oxygen
atoms in the water molecules. The notation Ag(n)
will be used for the product eg(n)o™.

The parameters of some known potentials describ-
ing the repulsive and dispersion interactions between
water molecules are quoted in Table 1.

2.2. Simulation of the electrostatic
interaction by a multipole series expansion

In the multipole series expansion of the potential
of electrostatic interaction between water molecules,
only the contributions up to the dipole-octupole term
®po, inclusive, are taken into consideration:

O =Ppp + Ppg + Pog + Ppo. (6)

The explicit expressions for the terms in Eq. (6) are

o [3 () () - 22
00 = 1 [3[frat?) 52 -

(1) rama@(3) |+

402 )}

®pp

+2 (d2Q s
1 (1)

bog = 3,5 [35 (naQaﬂng) (anw\nA)

—20n,Q QRN +2Q! BQQB}

dpo = —%5 [7 [(nadg})) (ngnvnAOgY)/\) +
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+ (mdf\m) (nangnvOSﬁ)y)] -

-3 (ngnvO(W)adfj) + ngn, Oﬁ’ya 32))].

Here, the summation over repeated subscripts is im-
plied; the subscripts d, @), and O designate the dipole,
quadrupole, and octupole moments, respectively; n
is a unit vector directed along the axis that passes
through the centers of mass of two water molecules;
and r the distance between the centers of mass of
interacting molecules.

2.3. Multipole moments

Unfortunately, the multipole moments of model
charges that enter the SPC, TIPS, and so on poten-
tials cannot be used to describe the electrostatic in-
teraction between water molecules in gases. It is so,
because the multipole moments that correspond to
the arrangement of effective charges in those poten-
tials differ considerably from the moments obtained
experimentally [10, 11] or calculated using the meth-
ods of quantum chemistry [12] (see Table 2). For in-
stance, the dipole moment of a water molecule in the
gas phase equals d = 1.855 D [10], whereas the effec-
tive charges of the SPC potential [1] bring about the
value d = 2.35 D. For this reason, the reproduction of
the temperature dependence for the second virial co-
efficient turns out unsatisfactory in comparison with
experimental values [13, 14].

The multipole moments of a water molecule, which
are quoted in Tables 2 and 3, were calculated in the

Table 1. Ag(n)- and Ap-values
for some model potentials of water at n = 12

TIPS SPC TIP4P TIP5P
AR 2.189 2.376 2.265 2.055
Ap 1.388 1.653 1.613 1.56

Table 2. Components of the quadrupole
moment of an isolated water molecule in the gas phase

QII?D'A nyvD'A szaD'A
Zeeman eff. [11] 2.63 —2.50 —0.13
Quant. chem. [12] 2.61 —2.48 —0.13
SPC [1 2.11 ~1.82 ~0.29
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Fig. 1. Molecular coordinate system for a water molecule

H

Fig. 2. Equilibrium configuration of a water dimer

molecular coordinate system depicted in Fig. 1. Note
that the origin of this coordinate system is located
at the center of mass of a water molecule, which
is shifted by about 0.06 A with respect to the cen-
ter of the oxygen atom along the bisectrix, i.e. along
the axis z. The geometric parameters of the water
molecule are § = 104.5° and | = 0.957 A [15].

Table 3. Components of the octupole
moment of an isolated water molecule in the gas phase

Ozzz, D - A2 Ozyy7 D - A? Ozzz, D - A2

Quant. chem. [12] —2.33 0.97 1.36

Table 4. Ar(n)-values in potential
(5) and dimer characteristics at various
values of exponent n

n 12 18 24 28
Ag(n) 2.323 1.756 1.558 1.506
Foo 0.931 0.97 0.987 0.995
6,° 35.2 34.7 34.6 34.5
x,° 2.39 2.84 3.03 3.1
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One should pay attention to that the tabulated
values for the components of multipole moments are
given, as a rule, in the center-of-mass coordinate sys-
tem. For the calculation of the parameters of a wa-
ter dimer, a coordinate system with the origin at the
center of the oxygen atom turns out to be more con-
venient. The corresponding recalculation of the com-
ponents of multipole moments changes the dimer pa-
rameters by a few percent only.

3. Description of a Water
Dimer and the Second Virial Coefficient
of Water Vapor

As follows from our consideration, the parameters
AR, Ap, and n remained uncertain. For their deter-
mination, the dimer energy in the ground state, the
dipole moment of a dimer, and the temperature de-
pendence of the second virial coefficient were used.
The ground state of a dimer could be characterized
by the distance between the oxygen atoms. However,
a very smooth shape of the potential surface near its
minimum forced us to choose the ground-state energy
for this purpose.

The relative arrangement of water molecules, which
corresponds to the dimer ground state, is depicted in
Fig. 2. The value of Ar at various n are calculated
as the roots of the equation E4(Ag) = Ec(leXp), where

ELP) — 9,96 [16], and

min [(D(ARa T, 9, X)] - (D(ARa Tmin Hrnina Xmin) -
— Eq(Ap).

The values of the coefficient Ar found at various val-
ues of the exponent n and the major parameters of
the dimer are quoted in Table 4. The values of the
angle y were determined by reproducing the dipole
moment of a dimer [17] and satisfying the condition
of a univocal interrelation between 6 and x. The best
agreement of the found distance between the oxygen
atoms in water molecules with the experimental value
[8] was obtained for the exponent value n = 28. This
value for the exponent in the repulsive potential is not
at all extraordinary. In work [18], it was shown that
the value n = 28 was observed even for argon. It is
typical even of the repulsive potential for some molec-
ular liquids, which were considered in work [19].

The value of o for potential (4) was sought together
with the value of Ap for potential (3). Knowing o,
the value of Ap was determined from the condition

ISSN 2071-0186. Ukr. J. Phys. 2016. Vol. 61, No. 10
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Eq4(Ap,0) = E((;Xp). Then o was determined by fit-
ting the temperature dependence of the experimental
values of second virial coefficient [13, 14], by using
the least-squares method. The following values were
obtained: ¢ = 1.077, Ap = 4.02, 6 = 33.7°, and
x = 3.9°.

4. Averaged Potential

of Interaction between Water Molecules

Now, let us construct the averaged potential of molec-
ular interaction, which includes the multipole series
expansion (6), the dispersion interaction in form (3),
and power-law repulsive potential (5) with n = 28.
The result is shown in Fig. 3. The symbols represent
the values of averaged potential U, (r) at T = 308 K,
and the solid curve displays the result of their ap-
proximation with the use of the potential

o) (o)
-]
with n = 28. The o- and e-values in expression (7),
which were found at various temperatures by the
least-squares method, are shown in Table 5.

It should be noted that the parameters o and ¢
in the effective interaction potential between water
molecules are temperature-dependent. This fact de-
mands to be careful, when working with such poten-
tials, because all standard relations in statistical me-
chanics correspond to potentials that do not depend
on the concentration and the temperature. An ear-
lier consideration of this circumstance can be found
in work [20]. We only add here that the location of
the minimum in the averaged potential grows from
1.0066 to 1.0104 in dimensionless units within the
temperature interval spanned in Table 5. This fact
is equivalent to the statement that the electron shells
of water molecules practically do not overlap. Really,
the maximum value of the parameter of electron shell
overlapping

U(r) = 4e(n)

1
A=1-—<0.01
roo

does not exceed 1%, which completely justifies the
neglect of the contribution from “hydrogen bonds”.

5. Temperature Dependence
of the Second Virial Coefficient

In the general case, the second virial coefficient de-
pends on the initial potential according to the for-
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Fig. 3. Averaged interaction potential between water molecu-
les: numerical values (1), approximation (2)

mula [21, 22]
1
BT) = 3 /(1 — oxp 8P (r, 01, 2)]) dT1dTs,

T

where dI'; = dr;d$2;, r is the radius vector of the i-th
molecule, and 2y a phase volume corresponding to a
certain choice of angular variables.

It is easy to see that, after integration over the
angular variables, the expression for the second virial
coefficient is reduced to the standard form [21], which
now includes the averaged potential:

B(T) = 271'/ (1 — e_BU“(r)) r2dr.

T

The behavior of the second virial coefficient B(T') —
it is governed by the averaged potential U, (r), which
is described by formula (7) — calculated at various
n is depicted in Fig. 4. One can see that the best
agreement with experimental data is obtained at n =
= 18, 24, and 28 (practically to the same accuracy),
which are far from the conventional value n = 12.

Table 5. 6- and é-values in potential (7)
at n = 28, the locations 7pp and the depths

I:Tr(nalzl of averaged potentials at various temperatures

= = = i7(a)
T, K o 5 TOO Unin
308 0.929 2.392 1.0066 —4.95
338 0.931 2.287 1.0071 —4.74
423 0.936 2.031 1.009 —4.24
473 0.938 1.909 1.0104 -3.99
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Fig. 4. Second virial coefficient for various values of expo-
nent n in the repulsive potential (5). Symbols correspond to
experimental values [13, 14]

Fig. 5. Second virial coefficient calculated for water vapor
using the hard-core potential (4) for the repulsion

e
—70LC
Fig. 6. Second virial coefficient of water vapor calculated in
the approximation |3U| < 1: symbols [13,14], curve (Eq. (8))

The temperature dependence of the second virial
coefficient for water vapor calculated with the Suther-
land potential (4) with & = 1.077 and Ap = 4.02 is
shown in Fig. 5.

898

The second virial coefficient is often determined, by
using the simplified expression [21]
32
B =% - / \U(r)| r2dr. (8)

o<r

A comparison of B(T)-values obtained in this case
with their experimental counterparts is demonstrated
in Fig. 6. While calculating B(T'), we used the aver-
aged potential constructed with the inclusion of the
repulsive potential (4) with the parameters indicated
above. From whence, it follows that the application
of the simplified expression (8) turns out absolutely
unsatisfactory.

6. Discussion
of the Results Obtained

For the description of the properties of water va-
por, we need a rather detailed information concern-
ing the potential of molecular interaction. It is so be-
cause of the formation of dimers, trimers, and hi-
gher-order multimers. These components of water va-
por make crucial contributions to such vapor proper-
ties as the dielectric permittivity and the heat capa-
city. Therefore, the requirements to the accuracy of
a molecular interaction reproduction are much more
rigorous in comparison with other low-molecular sys-
tems consisting, for example, of nitrogen or ben-
zene molecules. Unfortunately, as was marked in In-
troduction, the interaction potentials between water
molecules that are used today are unsatisfactory.

Our approach to the construction of a satisfactory
initial potential of molecular interaction is based on
the following assumptions. (i) This potential is a sum
of the repulsive, dispersion, and electrostatic compo-
nents. (ii) The electrostatic component is simulated
by a multipole series expansion to the dipole-octupole
term inclusive. (iii) The dispersion interaction is ac-
cepted to be standard. (iv) The repulsion potential
is simulated by either a power-law expression or the
expression obtained in the hard-core model. The in-
teraction that emerges owing to a weak overlapping
of electron shells in water molecules and has the
meaning of an irreducible hydrogen bond [9] can be
neglected.

In effect, the size of a water molecule enters only the
repulsive potential component. For its determination
and for the determination of the repulsion constant,
we analyzed (a) the properties of an isolated dimer

ISSN 2071-0186. Ukr. J. Phys. 2016. Vol. 61, No. 10
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and (b) the temperature dependence of the second
virial coefficient. In so doing, we confined the consid-
eration to a temperature interval, in which the dimer-
ization does not take place [23].

Moreover, the simplest thermodynamic properties
of water vapor, such as the equation of state or the
coexistence curve, are governed by the averaged po-
tentials of molecular interaction. Actually, the aver-
aging of the potentials is a self-averaging, which is
connected with molecular rotation.

In this work, it was shown that the averaged in-
teraction potential has a structure that reminds the
Lennard-Jones potential. However, the exponent in
the repulsive component equals n = 28, and the tem-
perature dependences of the second virial coefficient
at n = 18, 24, and 28 are almost identical. As a rule,
this exponent is taken to equal 12, as was done in
works [1-3]. On the other hand, in works [18, 19|, it
was shown that even in the case of simple liquids of
the argon type, the exponent value differs from 12.

The values of the parameters o and ¢ in potential
(7), as well as the corresponding depths of its well,
ll(nalzl, obtained for various values of the exponent n
are presented in Table 6.

The approximation quality for the averaged inter-
action potential between water molecules U, by the
standard Lennard-Jones potential at ¢ = 0.877 and
€ = 3.547 is illustrated in Fig. 7. The averaged poten-
tial U, was constructed with the use of the power-law
repulsive potential (5) with n = 28. The approxima-
tion was obtained under the condition of asymptotic
convergence of the Lennard-Jones potential with the
potential U, at relatively large distances (more than
4 A) At relatively short distances, those potentials
are different: the depth of the Lennard-Jones poten-
tial turns out to be underestimated by a factor of
about 1.5, and the potential wall is shifted by 0.15 A
to the left, but the positions of minima practically co-
incide. Hence, the Lennard-Jones potential does not

Table 6. Dependences of the - and é-values
and the depths Ux(:l)n of the averaged potential (7)
on the exponent n at T' = 308 K

n 12 18 24 28
& 0.849 0.896 0.919 0.929
5 4.36 3.072 2.593 2.392

ol | 436 —4.72 —4.89 —4.95
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Fig. 7. Averaged potential U, at n = 28 (1) and its approxi-
mation by the Lennard-Jones potential (2)

provide a satisfactory approximation for the averaged
potential U,, if the exponent n in the repulsive po-
tential equals 28.

Note that the electrostatic component of the molec-
ular interaction was simulated in work [24] in the
same way. However, the cited authors used the values
of multipole moments that corresponded to the model
SPC/E and TIP5P potentials. As a consequence, the
properties of a dimer and the second virial coefficient
were reproduced incorrectly.

The author expresses his gratitude to Professor
M.P. Malomuzh for a detailed discussion of the results
of this work and good advices, as well as to the senior
research assistant V. Yu. Bardika for consultations on
the repulsive potential behavior.
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MOEJ/JIIOBAHHSI HOTEHIIIAJTY
B3AEMO/IIT MK MOJIEKYJIAMI BO/IU

Peszmowme

HocmimKyeTbess CTPYKTypa 1 SBHUN BUIVIAL IOTEHIIATy Mix-
MOJIEKYJISIPHOI B3a€MO/Iil y BogsHii mapi. [Ipunyckaernest, 1o
OCHOBHUII BHECOK J0 HHOI'O BHOCUTBHCSI CHUJIAMHU BiIIITOBXYBa-
HHsl, JIUCIIEPCIHHOI Ta eJIeKTpoCcTaTUu4HOl B3aemosil. Hessimna
CKJIaJIOBa B3a€MO/Iil, sSIKa 3yMOBJICHA IEPEKPUTTSIM €JIEKTPOH-
HUX ODOJIOHOK i 3BHYAIHO IIOB’SI3YETHCS 3 BOJHEBHUM 3B’SI3KOM,
BBasKae€TbCsl MAJIOKO 1 Bikuaerses. [1o0ymoBaHi moreHiiamm, B
AKUX: 1) BIAIITOBXYBaHHS MOJEJIIOETHCS M'SIKUM, CTEIICHEBUM,
IIOTEHI[AJIOM, a eJIEKTPOCTATUYIHA B3a€MO/Iisl — BiJIPI3KOM MYJIb-
THUIIOJIBHOTO DPAAY [0 JUIOJIb-OKTYIOJJBHOI B3a€MO/Il BKJIIO-
9HO 1 2) BiIITOBXYBAHHS MOZEJIOETHCS IOTEHIAIOM TBEPANX
cdep, a eIeKTPOCTATHYIHA B3AEMO/Iisl ¥ TOW caMuit crroci6, o i
B niepiroMy BunaJky. Jlucnepciiitna B3a€Mo/isi alIPOKCUMY€ETbCS
CTaHJaPTHUM YMHOM B HabJvkeHHi Jlonmona. MysibTunosibai
MOMEHTH HPUNMAIOTHCA PIBHUMHU 1X €KCIIEPUMEHTAJIbHUM 3Ha-
YeHHSAM, OJIU3bKUM 10 BiJIIIOBITHUX B KBAHTOBO-XIMiYHUX PO3-
paxyHkax. KoHCTaHTH BiIITOBXYyBaJIBHOI 1 JUCHEPCIHOT B3ae-
Mozl maAbUpaloThCs TaK, 106 BiATBOPUTH MTapaMETPHU 130J/1b0-
BaHOI'O JUMEPY 1 TeMIlepaTypHY 3aJIe2KHICTh JIPYroro Bipiajb-
HOro koedimienra. OTpuMaHi TaKUM YHHOM BHXiJHI ITOTEHIIi-
ajli BUKOPUCTOBYIOTHCSI JIJIsi TOOY/IOBH yCepeJHEHUX IIOTEHIIi-
asiB B3aemogil, sIKi BH3HAYAIOTH TEPMOJUHAMIYHI Ta KiHETH-
9HI XapaKTEePUCTUKH BOJAHOI IMapu. XapaKTEPHOI PHUCOIO II0-
TEHIiaJly BiJIITOBXYyBaHHS MOJIEKYJ BOJIH € IIOKA3HUK CTEIEeHS
n = 28. 3anpononoBani noreHiagl CyTTEBO BiAPIZHAIOTHC Bif,

Bigomux norennjanis SPC, SPC/E, TIPS i ..
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