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CAN QUANTUM GEOMETRODYNAMICS
COMPLEMENT GENERAL RELATIVITY?

The properties of the universe as a whole are considered on the grounds of classical and quan-
tum theories. For the maximally symmetric geometry, it is shown that the main equation of
the quantum geometrodynamics is reduced to the non-linear Hamilton—Jacobi equation. In the
semiclassical approximation, this non-linear equation is linearized and reduces to the Fried-
mann equation with the additional quantum source of gravity in the form of the stiff Zel’dovich
matter. The semiclassical wave functions of the universe, in which different types of matter-
energies dominate, are obtained. The cases of the domination of radiation, barotropic fluid,
and new quantum matter-energy are discussed. The probability of the transition from the
quantum state, where radiation dominates, into the state, in which a barotropic fluid in the

form of a dust is dominant, is calculated.
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1. Introduction

The answer to the question given in the title to this
paper can be provided after the comparative descrip-
tion of the universe in classical and quantum theo-
ries. In the quantum theory, the main object of the
theory is the state vector (wave function) ¥. In the
general case, the state vector ¥ is a complex-valued
function defined in some configuration space 2, and,
without loss of generality, it can always be written
as ¥, = A, e, where A, and ¢, are real func-
tions of the generalized variables in 2, and « is a set
of quantum numbers, which characterize the state of
the system with the state vector ¥,,. In the region of
), where the phase ¢, varies by a large amount on
small scales, the system under investigation can be
considered as an almost classical system, in a sense
that its wave properties are inessential and can be ig-
nored when calculating the parameters of the system
[1]. Nevertheless, an almost classical system still has
the wave properties. They can give a probabilistic
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character to parameters of the system, which have no
analogs in classical theory. So, the overlap integral,
(U |Wy) = [dQAL A, ei¥a=%a) at o' # a, can be
nonzero because of the contribution of a subregion in
Q, where the difference ¢, — ¢,/ of two large phases
is small. As a result, the spontaneous transition (or
transition under the action of an instantaneous per-
turbation) o — o’ with the change of a physical state
of the system becomes possible. Classical and quan-
tum descriptions of physical properties of the same
system appear here as complementary without con-
tradiction to each other.

As is well-known, the universe is subject to classical
laws of general relativity on large spacetime scales,
whereas it should be described from the quantum-
theoretical perspective on small scales comparable
with the Planck one. The questions whether the uni-
verse preserves the wave properties during its subse-
quent evolution and whether these properties can be
discovered are undoubtedly interesting.

In the present paper, as a working model of space-
time geometry, we choose the maximally symmetric
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geometry described by the Robertson-Walker met-
ric. In Section 2, the quantum constraint equations
imposed on a state vector of the universe are given.
These equations are formulated in the representation
of the generalized field variables such as the cosmic
scale factor and the uniform scalar field. The scalar
field is described by some Hermitian Hamiltonian.
Its mean values with respect to proper state vec-
tors determine the proper energy of matter in the
form of a barotropic fluid contained in the comoving
volume (Section 3). In Section 4, it is shown that
the main equation of the theory can be rewritten as
a nonlinear Hamilton—-Jacobi equation. Its nonlin-
ear part is caused by a new source of the gravita-
tional field, which has a purely quantum dynamical
nature, and is additional to ordinary matter sources.
In Section 5, the classical description of the universe
evolving in time according to power and exponen-
tial laws are given in comparison with the quantum
description of the same universe in the semiclassi-
cal approximation. The corresponding wave func-
tions of the universe, in which different types of
matter-energies dominate, are obtained. As exam-
ples, the cases of the domination of radiation or a
barotropic fluid are discussed. The case of domina-
tion of a new quantum matter-energy is special. It
is shown that its energy density is negative, while
its equation of state coincides with the equation of
state of the stiff Zel’dovich matter. Such an energy
density dominates in the sub-Planck region. Here,
the wave function is constant, and the semiclassi-
cal equation of motion has an allowed trajectory in
imaginary time. The fact that the wave function is
non-vanishing near the initial singularity point means
that, in this region, there is some source, which pro-
vides the origin of the universe with a finite nucle-
ation rate [2, 3] (cf. Refs. [4-6]). In Discussion, the
transition probability of the universe from the state,
where radiation dominates, into a state, in which a
barotropic fluid in the form of a dust is dominant, is
calculated.

Throughout the paper, unless otherwise specified,
the modified Planck system of units is used. As a
result, all quantities in the equations become dimen-
sionless. The length Ip = /2Gh/(3wc3) is taken
as a unit of length, and the pp = 3c¢*/(87Gi%) is
used as a unit of energy density and pressure. The
mass-energy is measured in units of the Planck mass,
mpc? = he/lp. The proper time 7 is taken in units

450

of lp. The time parameter (conformal time) T is
expressed in radians. The scalar field is taken in

¢p = /3c*/(87G). Here, G is Newton’s gravita-

tional constant.

2. Quantum Constraint Equations

Let us consider the homogeneous, isotropic, and spa-
tially closed quantum cosmological system (universe).
The geometry of such a universe is described by the
Robertson-Walker metric. This metric has a max-
imally symmetric three-dimensional subspace of the
four-dimensional space-time. Since we consider the
spatially closed universe, the geometry of the space-
time depends on a single cosmological parameter,
namely the cosmic scale factor a, which describes
the overall expansion or contraction of the universe
[7]. The scale factor is a field variable, which deter-
mines gravity in the formalism under consideration.
We assume that, from the beginning, the universe is
filled with matter in the form of the uniform scalar
field ¢, the state of which is given by some Hermi-
tian Hamiltonian, Hy = H ! This Hamiltonian is de-
fined in a curved space-time. Therefore, in the general
case, it depends on a scale factor a as a parameter,
H,; = Hy(a). In addition, it will be accepted that the
universe is filled with a perfect fluid in the form of a
relativistic matter (further referred as radiation) with
the proper energy M, = % in the comoving volume
%as, where F is a real constant proportional to the
number of particles of the perfect fluid. The perfect
fluid defines a material reference frame [8, 9].

The restrictions in the form of the first-class con-
straint equations are imposed on the state vector of
the quantum universe ¥ = (a, ¢|¥(T)), where T is a
time parameter. These constraints can be reduced to
two equations [9-11],

2
(0% +a*—2aH, — E) ¥ =0, (2)

where Eq. (1) describes the time evolution of ¥, when
the number of particles of the perfect fluid conserves,
while Eq. (2) determines the quantum states of the
universe at some fixed instant of time T = Tg, Ty is
an arbitrary constant taken as a time reference point.
The coefficient 2 in Eq. (1) is caused by the choice
of the parameter T as the time variable. This time
variable is connected with the proper time 7 by the
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differential equation dr = adT. Following the ADM
formalism [12,13], one can extract the so-called lapse
function N, that specifies the time reference scale,
from the total differential dT: dT" = Ndn, where 7 is
the “arc time” [14, 15].

The quantum constraints (1) and (2) can be rewrit-
ten in the form of the time-dependent Schrédinger-
type equation

2
—i0r¥ = SHY, (3)
where

H=—02+a* — 2aH,. (4)

The minus sign before the partial derivative Jr is
stipulated by the specific character of the cosmolog-
ical problem, namely that the classical momentum
conjugate to the variable a is defined with the minus
sign [16, 17] (see below).

The partial solution of Egs. (1) and (2) has a form

U(T) = S PT=T0y (1), (5)

where the vector U(Ty) = (a, P|¢)) satisfies the sta-
tionary equation

H|) = E[). (6)

From the condition

_ 2 /D[a,qs] v [H - H] 0, (7)

where Dla, ¢] is the measure of integration with re-
spect to the fields a and ¢ chosen in an appropriate
way, it follows that the operator (4) is Hermitian:

H=HT

3. Barotropic Fluid

The Hamiltonian of matter Hy can be diagonalized
by means of some state vectors (x|uy) in the repre-
sentation of the generalized field variable z = z(a, ¢)
with the measure of integration Dla,¢] = dadx in
Eq. (7).

Assuming that the states |ug) are orthonormalized,
(ug|ug’) = Ogxs, we obtain the equation

(ug|Hglug) = My (a) O, (8)
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which determines the proper energy My(a) = %agpm
of a substance (barotropic fluid) in a discrete and/or
continuous kth state in the volume %a3 with the en-
ergy density p,, and the pressure

Pm = Wi (a)pm, 9)
where

_ 1dlnMy(a)
O v (10)

is the equation of state parameter.

Since the form of the Hamiltonian Hy is not spec-
ified, then, generally speaking, the proper energy
My(a) can describe ordinary matter-energy, dark
matter, and dark energy. The properties of dark mat-
ter and dark energy are summarized in Refs. [7,18].
In order to demonstrate the possible behavior of M
as a function of a, let us consider the model of the
uniform scalar field with the potential V() = A, 0%,
where A, is the coupling constant, and « takes arbi-
trary non-negative values, o > 0. Then we find [10]

2
A \2Te  32-a)
My (a) = ¢ (a a e,

- (11)

where ¢ is an eigenvalue of the equation

(—65 + ¢ — ek)|uk> = O,

1
6\ 2ta
and x = —’\“2“

¢ is the rescaled matter scalar

field. The equation of state parameter in such a
model does not depend on a and has a simple form
wm(a) = 223, It describes the barotropic fluid in
all possible states. In the case of the model ¢°,
the field ¢ averaged over its quantum states repro-
duces vacuum (dark energy) in the kth state with the
density p,, = Aoer and the function (x|ug) in the
form of a plane wave e*** with the wave vector k =
= =+/e; — 1. The model ¢! describes the strings
in the kth state with the energy density p,, =
= (%)2/‘3 2% where ¢, S 0 and |uy) is the Airy
function. In the model ¢2, the scalar field, after aver-
aging over quantum states, turns into a dust with the
total mass My = v/2XA2(k+ 1), where k is the number
of dust particles (including dark matter in the corre-
sponding model), and the density p,, = 2%". The
model ¢* leads to the relativistic matter with the en-

. 1/3
ergy density p,, = (%) / 2,1%’“, where €, < 0o, and
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|ug) has the asymptotics in the form of a cylindrical
function. In the case o = oo, the field ¢ averaged over
the states |uy) reduces to the stiff Zel’dovich matter
with the density p,, = 2@%’“ For the further discussion,
see Ref. [10].

4. Non-linear Hamilton-Jacobi Equation

Assuming that the set of vectors |uy) is complete, the
solution of Eq. (6) can be represented in the form of
a superposition of states of the universe with the sub-
stance in the kth state in any form described above.
We have

) = Jue) (e ), (12)
k

where the wave function f(a) = (ug|w) satisfies the
equation

[—02 4+ a® — 2aM(a)] f = Ef. (13)

The index k is omitted here and below, since, in what
follows, we consider the universe with the proper en-
ergy of the substance in a specific kth state, My(a) =
M(a). Because the operator (4) is Hermitian, it
follows that the operator on the left-hand side of
Eq. (13) is Hermitian as well. This equation deter-
mines the wave function corresponding to the partic-
ular eigenvalue E. Depending on the form of M(a),
the constant E can take the values lying in a discrete
or continuous spectrum of the states of the proper en-
ergy of radiation M, = %a?’ p~ with the energy density
Py = a% and the pressure p, = % p~- Thus, the value
of constant FE is determined through the quantum
numbers enumerating the states of the substance and
radiation.

We look for the solution of Eq. (13) in the form of

a wave propagating along the a direction
fla) = Ae™S, (14)

where A is the normalizing constant, and the phase
S(a) is a complex function

S(a) = Sg(a) +iSr(a)

(with Sg and Sy real). In the general case, the so-
lution of Eq. (13) is the superposition of the wave
function f(a) and its complex conjugate f*(a). Sub-
stituting Eq. (14) into Eq. (13), we find that Sgr(a)
satisfies the non-linear equation

(8aSR) + a®> — 2aM(a) — E = Q(a),
452

(15)

(16)

where the function

3 (029RY
2w =3 (5:s1)

describes the new source of the gravitational field
with the energy density
Q(a)

PQ =" 1

1S
2 0,5Rr

(17)

(18)

which is additional to the ordinary matter (substance
and radiation). This source has the quantum dynam-
ical nature. It emerges as a result of the expansion (or
contraction) of the universe as a whole. The equation
of state of a quantum source of matter-energy has a
form

pQ = wq(a)p, (19)
where pq is the pressure, and

1 dInQ(a)
wg(a) = 3 (1 - e ) (20)

is the equation of state parameter. The first term in
Eq. (20) takes the correction for relativity into ac-
count. The additional source of matter-energy has a
proper energy Mg = %a?’pQ = % contained in the
volume %a3.

The derivative of the imaginary part of the phase

S(a) is

_ 1935k
© 20,5r

0451 (21)
In order to clarify the physical meaning of the quan-
tum correction in Eq. (16), we rewrite the source func-
tion Q(a) as

Q(a) = (8451)° — 0281, (22)

where Eq. (21) was used. From whence, it follows
that if the imaginary part Sy of phase (15) is a slowly
varying function of @, then one can set Q(a) =~ 0.
In this case, Equation (16) becomes the Hamilton—
Jacobi equation for the classical action S.; and the
wave function (14) takes the form

ZSCZ

f(a) = conste (23)

It describes the quantum universe in the semiclassical
approximation, when S = S. In classical mechan-
ics, the momentum is equal to the first derivative of
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the action with respect to the generalized coordinate.
In general relativity, Hamilton’s equations of motion
lead to [17]

da
a c = = = — '7 24
0aSel a7 aa (24)
where we denote ¢ = g—i. Equations (23) and (24) de-

scribe the same universe, but from the different point
of view, namely as a quantum system in the approx-
imation Sg = S or as a classical object obeying the
laws of general relativity.

To determine the physical meaning of the derivative
04 SR, we calculate the probability flux density for the
universe to be a hypersurface with radius «a in a four-
dimensional space. From Eq. (16), it follows that the
probability flux density is described by the expression

1 ,
Jo = Z (f*aaf - faaf ) (25)
Taking Eq. (14) into account, we find

Jo = |fI? 0aSk, (26)

where |f|? = |A|?e~291 is the probability density for
the universe to have the scale factor a. Equation (26)
shows that the wave function (14) describes the ex-
pansion of the universe as a whole with the general-
ized momentum 9,Sg. The generalized action Sg is a
solution of the non-linear Hamilton—Jacobi equation
(16).

One can make sure that the energy density (18)
is the quantum correction to the energy density of
the substance and radiation by rewriting Eq. (16) in
dimensional physical units

3\ 2
oo’ (55) o

8rGG
< 1= S ot 5y 4 00)] =0, (27)
where )
M(a) E h? G Q(a)
= —_—— = — = —_——— 2
pm 27T2a37 p’Y a47 pQ 67T3 62 a4 ( 8)

are the energy densities of the substance, radiation,
and quantum addition measured in GeV/cm?. Here,
a is taken in cm, M (a) in GeV, E in GeV cm (fhic), Sk
in GeV s (h), whereas @ is in cm~2 and it has the same
form as in Eq. (17). From Eq. (27), it follows that
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the quantum correction is proportional to 2. In the
formal limit i — 0, Eq. (27) turns into the Hamilton—
Jacobi equation of general relativity. A more rigorous
approach requires the change to dimensionless vari-
ables, which do not contain dimensional fundamental
constants G, ¢, and A. The impact of the quantum
correction Q(a) on the dynamics of the universe as
a whole is determined by how quickly the amplitude
Ae=%1(@) of the wave function (14) changes with a.
In Eq. (16), this impact depends on how its terms
behave themselves, as a increases (decreases). In the
models, in which Eq. (13) can be integrated exactly,
Eq. (16) also admits a solution in an analytical form
[9, 10].

5. Classical-Quantum Correspondence

Let us assume that the universe evolves in time 7 with
a power-law scale factor
a=p71% (29)
where a and 3 are some arbitrary constants®. Then

the generalized momentum in the semiclassical ap-
proximation is equal to

2a—1

0,Sp = —afva o,

(30)

and the quantum source function (17) takes the form

Ve
Qla) =25 (31)
where the numerator
- (2a—1)(4da—1) (32)

402

does not depend on a. The universal dependence of
the source function (31) on the scale factor allows
one to find the equation of state for quantum matter-
energy for any values of the parameters « and 3. So,
it follows from Eq. (20) and (31) that the equation
of state parameter (20) is wg = 1, and the energy
density decreases, as a increases, according to the law

_ Y

PQ = 5 (33)

! Here, the constant « differs from the parameter « in Eq. (11).
We use the same letter to emphasize that, in both cases, dif-
ferent types of matter-energy correspond to different values
of a.
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As was mentioned in Section 3, the stiff Zel’dovich
matter has such a density. The energy density of
this quantum matter can be negative (1 < o < 1),
positive (a > %, and a < %), or vanish (a = %, and
a=1).

From the point of view of quantum theory, the ex-
pansion of the universe with the scale factor (29) is

described by the semiclassical wave function

2c—1 2 é 3a—1
fala) = Aga™ 2@ exp {—igo;ﬁ_ 70 ° } (34)

at o # %, and

43
fi(a) = A% aéil%.

3

(35)

The complex conjugate function f(a) corresponds to
the wave propagating toward the initial cosmological
singularity point, a = 0, and describes the contracting
universe.

In the limit of infinitely large values of «, we

have limg, o0 7o = 2, and the quantum correction
in Eq. (16) equals

2
Qla) = =. (36)

The same additional term is produced by the universe
expanding exponentially. Really, setting

a = a(0)evVreT,

(37)

where p,, is some constant (e.g., p, = %, where A is

the cosmological constant), we calculate the momen-
tum of the universe

0aSR = —\/pu a’. (38)

Substituting (38) into Eq. (17), we obtain the quan-
tum correction in the form (36). The exponentially
expanding universe is described by the semiclassical
wave function

1 N
foola) = Ao — e*’\/gf a®
a

(39)

At infinity, this function vanishes, but it diverges at
the point a = 0. However, this point is inaccessible,
since 7 > 0 in Eq. (37). Function (39) can be normal-
ized to a constant. The probability flux density (26)
for the wave function (39) is

Joo = —/Po | Aco|?.
454

(40)

Approximation (31) linearizes Eq. (16), and it can
be considered as the Hamilton—Jacobi equation for
the generalized action Sk with the additional source
of the gravitational field with the energy density (33).
Using Eq. (30), this equation can be easily reduced
to the Friedmann equation for the Hubble expansion
rate H = % In the semiclassical approximation,
0,5k = —aa, we have
M) B ye 1

H2

a3 a* " ab  a?’ (41)
In addition to the energy density of the substance
(~M(a)a=3) and radiation (~a~%), this equation
contains the energy density of the quantum source
(~a™%).

Let us find out what restriction on the solutions
of Egs. (16) and (41) is imposed by Eq. (29). Since
it is assumed that the universe evolves according to
law (29) with a given «, this means, according to the
standard model, that the approximation of a single
component domination in the total energy density of
matter energy p is used. It has the form [7, 19, 20]

1
p~—— fora~r72 (42)

a2/o

The substitution of Egs. (30) and (31) into Eq. (16)
gives the condition

o2 ﬁ% a%@a—l) + a? — QG,M(G,) —E=7, a2 (43)

Let a = 3. Then y1 =0, and Eq. (43) is equivalent
to

o2M(@) E 1 B*1
B AT @ da (44)
Then Eq. (41) yields
2\2
2_ (B 1
H _<2a2) or H 5 (45)

if Eq. (29) is used. This equation describes the spa-
tially flat universe, in which radiation dominates.
Hence, model (29) does not contradict Eq. (41). Such
a universe expands with constant momentum

ﬁZ

aaSR = —7, (46)

and, according to Eq. (17), an additional quantum
source of energy is not generated, Q(a) = 0. The
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quantum properties of such a universe are described
by the wave function

_ —ivVEa _ —iHa?
f;(a)—A%e —A%e . (47)

2
This function is a solution to Eq. (13), in which the
terms a? and 2aM (a) are omitted, i.e. the quantum
universe is spatially flat and contains nothing but ra-
diation. Comparing Eq. (47) with Eq. (34) at o = 3,
we find the constant § of Eq. (29):

1/2
5::@¢E)/. (48)
This expression coincides with the one that can be
obtained directly from the solution of Eq. (41) in the
approximation specified above.

The wave function of the continuous state f1 (a) =
f1(a; E) (47) can be normalized to a delta-function

(3 (B)Ify () = 5(E— E').

This condition determines the normalizing constant
Ay (up to an inessential phase factor),

(49)

4,2 = (50)

1
2VE'
According to Egs. (46) and (48), the probability flux
density (26) for the universe with the wave function
(47) and the amplitude from Eq. (50) does not depend
on a and E and equals

1
5 (51)
In this case, the conservation law is fulfilled, E?QJ% =
0. The minus sign in Eq. (51) shows that the matter
flux is directed away from the observer, i.e. matter
objects (galaxies) move away from the observer, by
demonstrating the effect of expansion of the universe.
Using the wave packet (proper differential)

E+$
/ dE/f% (a; E/)

E—o

fila; B) = (52)

1
2

with the width 20 <« 1, § > 0, the wave function

f1(a; E) can be normalized to 1 as follows:
Uy (B)IFy (B)) = 1. (53)
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From Egs. (49) and (52), it follows that integral (53)
does not depend on §. The smaller 6, the greater the
accuracy, with which the wave packet (52) reproduces
the wave function (47). The wave function (47) with
amplitude (50) can be interpreted as a part of the de
Broglie wave propagating along a with the momen-
tum 9,55 = —VE.

In the case o = 2

3
quantum source function (17) is

5 and the

we have 2 = 15

51

= ——. 54
Qla) = = (54
The quantum source is characterized by the positive
energy density pg (18). The condition (43) is written

as

9M(a) E 51 1 4/8Y
e R 55
@ a6 29 <a>’ (55)
and Eq. (41) gives the Hubble expansion rate
4 (8Y 2
H? =_ (& H=—".
9 (a) o 37 (56)

The latter equation describes a spatially flat uni-
verse, where the non-relativistic matter with the mass
M (a) = M = const dominates. In this case, the con-
stant 3 is determined by Egs. (56) and (41), in which
the domination of matter is taken into account:

B= (3 W)Q/B. (57)

2

The universe expands as a whole with the momentum

0.8r = —V2M a'/? = —Hd>. (58)
The wave function has a form
Ag 2
fia) = 1 exp {-igm aw} _
Az .,
= e I (59)

This function is the asymptotics of the Airy func-
tion at 2aM > 1. The Airy function is a solution of
Eq. (13) with M (a) = M = const for the spatially flat
universe (the term a? in Eq. (13) should be omitted).
In the domain a > %, the Airy function describes
the continuous state with respect to F and can be
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normalized to a delta-function §(E — E’) [1]. Asymp-
totics (59) describes the state with E = 0. Therefore,
it is convenient to normalize it by the condition

(F2 (M)|f3 (M) = 6(M — M), (60)

where we denote f2 (a) = f2 (a; M). In order to cal-

culate the parameters of the universe in state (59),
the wave function can be normalized to 1,

(3 (MDIF (M) = 1, (61)
instead of (60), where

M+45
Fadn = [ ad'fyar) (62)

M—45

is the wave packet with the width 26 < 1, and § > 0.
The amplitude A in Eq. (59) can be found under
the assumption that the probability flux density is
conserved in the expanding universe and equals to the
probability flux density in the radiation-dominated
era (51). As a result, we obtain

1
A3 = ——.
3 2V 2M

The case a = % in the quantum description appears
to be special. The wave function has the form (35).

(63)

Parameter (32) takes the value Vo= —1, and the
quantum source function (17) is
Q) =~ (69
EARVYL
so that the energy density (18) is negative
1
PQ =~ 16 (65)
Then condition (43) takes the form
2M@) E 1 1 1/8Y
= —-——-===(=). 66
a3 + a* 4a5 a® 9 (a) (66)

Equation (41) together with Eq. (66) define the Hub-
ble expansion rate

6
2=l <5> or H= gi (67)

9 \a T
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This equation describes a spatially flat universe, in
which the stiff Zel’dovich matter with the energy den-
sity (65) dominates. From Eq. (41), it follows that,
for such a universe,

1

H? = ———
4q8’

(68)
because the energy densities of a substance and ra-
diation and the curvature term should be neglected.
This corresponds to the domain of values a < 1 (sub-
Planck scales). Equations (67) and (68) impose a
restriction on the allowed values of the parameter 5
B° 1
2o 69
9 1 (69)
If this condition is satisfied, then it means that, in
the sub-Planck region, where the energy density (65)
dominates, the wave function (35) is either constant

1B
or increases linearly with a,
1 3
fi(a)=Ara at 5772‘%. (71)

In the case of Eq. (70), we have f1 (0) = A1 = const,
i.e. there is a source at the point @ = 0. This may in-
dicate that the universe can originate from the initial
cosmological singularity point with a finite nucleation
rate T' ~ | fu (0)]2. In a more rigorous consideration,
it appears that such an origin occurs not from the
point @ = 0, but from the whole domain of values of
a < ﬁ, where the wave function has the form (70)
[2,3]. In this domain, there exists the classical tra-
jectory in the imaginary time t = —iT+ const, which
is a solution of Eq. (41), where the energy density
of a substance and the curvature term are neglected.
Near a ~ 0, one has

5 \I/3
a(2iT> zﬂ71/3.

From this solution, the condition on 5 follows unam-
biguously, which chooses solution (70).

We come to the conclusion that the quantum-
mechanical description of the universe in the semi-
classical approximation admits the possibility of the
origin of the universe from a sub-Planck domain. As

(72)
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was shown in Refs. [2, 3], the origin of the universe is
accompanied by a change in the space-time topology,
so that the geometry conformal to a unit four-sphere
in a five-dimensional Euclidean flat space changes into
the geometry conformal to a unit four-hyperboloid
embedded in a five-dimensional Lorentz-signatured
flat space. On the boundary, where these two sub-
regions adjoin each other, there is a jump with the
metric signature change [5, 6].

6. Discussion

Where and how can the wave properties of the almost
classical universe become apparent? The state vector
|1} (12), which does not depend on the time explicitly,
is the superposition of the wave functions fx(a) of all
possible kth states of matter in the universe. The
wave functions fi = f are determined by Eq. (13) for
different proper energies of matter My(a) = M(a).
Therefore, in the general case, the overlap integral
(fwr|fr) with k" # k will be nonzero. In model (29),
the type of matter is defined by the parameter «.. Let
us calculate the probability of the transition of the
universe from the state, where radiation dominates

(a = 1), into a state, in which a barotropic fluid

in the form of a dust is dominant (o = 2). This

probability is determined by the expression
[(f2lf)l?

w (rad. — dust) = (73)

(filfi)(Felfz)

Using the wave functions (47) and (59), we have

[(f2|f)l? = Az AL P I(B, M), (74)
where _
I(E,M)=|{ daa™"*x

! 2
X exp {z Ead*? (W - %)} : (75)
and
ac(B, M) = g % (76)

The integration in Eq. (75) can be performed analyt-
ically. As a result, I(E, M) will have the form of the
sum of terms containing generalized hypergeometric
functions. However, for our illustrative purposes, it is
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sufficient to calculate the integral in Eq. (75), by us-
ing the method of approximate calculation of overlap
integrals of semiclassical wave functions mentioned in
Introduction. In the region a > a., the exponential
function in the integrand oscillates rapidly, and its
contribution into the integral is exponentially small
[1]. The main contribution into the integral comes
from the region near a = a., where the exponential
function is almost 1. In this approximation, we have

1an =2 (5"

Then, with regard for Egs. (50), (53), (62), (63), and
(77), we obtain the following simple expression for
probability (73):

(77)

E
w (rad. — dust) = NVeh (78)
We estimate a., I, and w, by using the values Fy =
1.86x10''8 and My = 0.92x10°!. They correspond to
the modern values of the energy densities of radiation
and matter, pg =2.61 x 1071% GeV cm ™2 and p?, =
Perit = 0.48 x 107° GeV em ™3, and the Hubble length
ag = HLU = 1.37 x 10%® cm taken as a rough estimate

of the size of the observable universe 2. We have

ac(Eg, Mp) = 2.27 x 10°7(= 1.69 x 10** cm),  (79)
I(Ey, Mp) = 1.93 x 10%¢, (80)
wo = 0.83 x 107%. (81)

Then the redshift is z. = 2.41 2., where z., = 3360
is the redshift of matter-radiation equality. Param-
eter (80) is close to the number of photons N, =
= 4.47 x 10" in the volume Z7a§ = 1.09 x 10*® cm?®.
Probability (81) coincides with the matter density
contrast 222 ~ 10~% in the era of matter-radiation
equality, when perturbations begin to grow mainly at
the expense of cold dark matter like WIMPs (see, e.g.,
Ref. [21]). Such a coincidence is not accidental. Let
us consider fluctuations of the matter density, which
occur on account of radiation. Then we can write
Appy = (py + Pm) — Pm = P+, and the matter density
contrast is equal to % =5 fM, where a is the scale
factor of the universe with mass M. The quantum

2 All astrophysical constants and parameters, used here and
below, are taken from Ref. [7].
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calculations show that the mean value of the scale
factor in the state of the universe with mass M > 1
is (a) = M [9]. For the modern values ay and M, for
the observable universe, the following equality holds
ag ~ 2Mjy. So that for the matter density contrast,

we have

Apmm E 1 1

2P ¢ = . with - - 82
o CM2’ with 7 < (< 5 (82)

For ( = 3, this agrees with Eq. (78).

This example demonstrates that the parameters of

the classical theory, which are calculated in general
relativity with the use of the data of astronomical
observations, are in quite good agreement with pre-
dictions of quantum geometrodynamics.
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91 MOZKE KBAHTOBA
IFEOMETPOJAMHAMIKA JOIIOBHUTHI
3ATAJIBHY TEOPIIO BIJHOCHOCTI?

Peszmowme

ButactuBocTi BCecBiTYy $IK IJIONO PO3IVIAMAIOTHCH 3 IMO3UIIN
KJIaCUYHOI Ta KBaHTOBOI Teopil. Jlis makcumaabHO CcuMe-
TPUYHOI reoMeTpil IOKa3aHO, IO OCHOBHE DiBHAHHSA KBAaHTO-
BOI NEOMETPOJMHAMIKKA 3BOJUTBHCS O HEJIHINHOIO PIBHAHHS
Taminbrona—4kobi. ¥V KBasikjgacMIHOMY HAOJIMXKEHHI Iie He-
JliHifiHe PIBHSIHHS JIiHEAPU3YETHCS Ta 3BOAUTLCS O PiBHSIHHS
®pingmana 3 JOJATKOBUM KBAHTOBHUM [I2KEPEJIOM IpaBiTaI[iiHO-
IO II0JIsI i3 TPAHUYHO YKOPCTKUM PIBHSIHHSIM CTaHY, 3aIIPOIIOHO-
BaHUM 3esibjiopuyeM. OTpUMaHO KBa3iKJIacudHi XBUILOBI dyH-
KIIil BCECBiTYy, B IKOMY JIOMIHYIOTH Pi3HI THUIIN MaTepii-eHepril.
Posrnsgaorscs Bunajgky JOMiHyBaHHSI BUIIPDOMIHIOBAHHSI, Oa-
POTPONHOI pifuHMU Ta HOBOI KBaHTOBOI Marepil-eneprii. OGuu-
cJIeHa IMOBIDHICTb IlepexoJly i3 KBaHTOBOI'O CTaHY, B AKOMY JO-
MiHy€ BUIIPOMIHIOBaHHSI, Y CTaH, B IKOMY JIOMiHYIOYOIO € 6Gapo-
TponHa piguHa y dopMmi muiy.
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