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We consider a system of two particles in the noncommutative space, which is rotationally
invariant. It is shown that the coordinates of the center-of-mass position and the coordinates
of relative motion satisfy a moncommutative algebra with corresponding effective tensors of
noncommutativity. A hydrogen atom is studied as a two-particle system. We have found the
corrections to the energy levels of the hydrogen atom up to the second order in the parameter

of noncommutativity.
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1. Introduction

The idea of a noncommutative structure of the space
has a long history. This idea was suggested by Heisen-
berg and later was formalized by Snyder in paper
[1]. In recent years, the noncommutativity has re-
ceived much attention. Such an interest is motivated
by the development of String Theory and Quantum
Gravity (see, e.g., [2,3]).

The canonical version of a noncommutative space
is realized with the help of the following commutation
relations for coordinates and momenta:

[Xi,Xj] = iﬁ@ij, (1)
[Xi, Pj] = ihéij, (2)
[P;, Pj] = 0, (3)

where 0;; is a constant antisymmetric matrix. A hy-
drogen atom (see, for example, [4-11]), the Landau
problem (see, e.g., [12-16]), quantum mechanical sys-
tems in a central potential [17], a classical particle
in a gravitational potential [18, 19], and many other
problems have been studied in the noncommutative
space with the canonical version of noncommutativity
of the coordinates.

The many-particle problem is of great impor-
tance. Studies of this problem give possibility to ana-
lyze the properties of a wide class of physical systems
in the noncommutative space. The classical problem
of many particles in the noncommutative space-time
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was examined in [20]. There, the authors studied the
set of N interacting harmonic oscillators and the
system of N particles moving in the gravitational
field. In [21], the two-body system of particles in-
teracting through the harmonic oscillator potential
was examined on a noncommutative plane. In [5],
the problems of the noncommutative multiparticle
quantum mechanics were studied. The authors con-
sidered the case where the particles with opposite
charges feel opposite noncommutativities. The sys-
tem of two charged quantum particles was consid-
ered in a space with the noncommutativity of coordi-
nates in [22]. Also the two-particle system was consid-
ered in the context of noncommutative quantum me-
chanics characterized by the coordinate and momen-
tum noncommutativities in [23]. The quantum model
of many particles moving in the twisted N-enlarged
Newton-Hooke space-time was proposed in [24]. As
an example, the author examined the system of N
particles moving in and interacting by the Coulomb
potential.

A composite system was studied also in the de-
formed space with minimal length [X,P] = ih(1+
+ BP?) in [25,26]. The authors concluded that the co-
ordinates of the center-of-mass position and the total
momentum satisfy a noncommutative algebra with an
effective parameter of deformation. Using this result,
the condition for the recovering of the equivalence
principle was found [26].

It is worth to note that a deformation of the algebra
of creation and annihilation operators can be used
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to describe systems of particles possessing interaction
and compositeness (see, e.g., recent papers [27, 2§]
and references therein).

In our previous papers [29, 30], we studied a
composite system in the two-dimensional space
with canonical noncommutativity of the coordinates
[X1,X2] = ihf, where 6 is a constant. We showed
that, in order to describe the motion of a compos-
ite system in the noncommutative space, we have to
introduce an effective parameter of noncommutativ-
ity. The motion of the composite system was con-
sidered in the gravitational field, and the equivalence
principle was studied. We proposed the condition to
recover the equivalence principle in the noncommu-
tative space with canonical noncommutativity of the
coordinates [29].

In a two-dimensional space with canonical noncom-
mutativity of the coordinates, the rotational sym-
metry is survived. Note, however, that, in a three-
dimensional noncommutative space, we face the prob-
lem of breaking of the rotational symmetry [4,31]. To
preserve this symmetry, new classes of noncommu-
tative algebras were explored (see, e.g., [32, 38] and
references therein). Much attention was also paid to
the problem of violation of the Lorentz invariance
(see, e.g., [33-35]), studying the Lorentz symme-
try deformations (see, e.g., [36, 37], and references
therein).

In our paper [38], we proposed to construct a ro-
tationally invariant noncommutative algebra with the
help of a generalization of the matrix of noncommuta-
tivity to a tensor, which is constructed with the help
of additional coordinates governed by a rotationally
symmetric system. The energy levels of a hydrogen
atom were studied in the rotationally invariant non-
commutative space [38, 39].

In the general case, different particles may feel non-
commutativity with different tensors of noncommu-
tativity. Therefore, there is the problem of describing
the motion of a system of particles in a noncommu-
tative space. In the present paper, we study a system
of two particles in the rotationally invariant noncom-
mutative space proposed in [38]. We find the total
momentum of the system and introduce the coordi-
nates of the center-of-mass position. It is shown that
the coordinates of the center-of-mass position and the
relative coordinates satisfy a noncommutative algebra
with corresponding effective tensors of noncommuta-
tivity. As the example of a two-particle system, we
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consider a hydrogen atom. We find the corrections to
its energy levels caused by the noncommutativity of
the coordinates.

The paper is organized as follows. In Section 2,
a rotationally invariant noncommutative space is
considered. In Section 3, we study a two-particle
system in a rotationally invariant noncommutative
space. The total momentum is found, and the cor-
responding coordinates of the center-of-mass position
are introduced. In Section 4, we consider the hydro-
gen atom as a two-particle system and find the cor-
rections to the energy levels up to the second order in
the parameter of noncommutativity. Conclusions are
presented in Section 5.

2. Rotational Symmetry
in a Noncommutative Space

In order to solve the problem of rotational symmetry
breaking in a noncommutative space, we proposed
[38] a generalization of the constant antisymmetric
matrix 6;; to a tensor constructed with the help of
additional coordinates. We considered the additional
coordinates to be governed by a rotationally sym-
metric system. For simplicity, we supposed that the
coordinates are governed by the harmonic oscillator
[38]. Therefore, the following rotationally invariant
noncommutative algebra was constructed:

[(Xi, X;] = ihb,;, (4)
(X5, Pj] = ihdyj, (5)
[Pivpj] =0, (6)

where the tensor of noncommutativity 6;; is defined
as follows:

al? .
Hij = ?P&jkak. (7)
Here, o is a dimensionless constant, [p is the Planck
length, and a; are additional dimensionless coordi-
nates governed by a harmonic oscillator

Hone = ho (“’?2 4 “22) (8)

The frequency of the harmonic oscillator w is con-
sidered to be very large [38]. Therefore, the distance
between its energy levels is very large as well. So, the
harmonic oscillator put into the ground state remains
in it.
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The coordinates a; and the momenta p{ satisfy the
commutation relations

[ai,a;] =0, (9)
@i, }] = idij, (10)
[, 5] = 0. (11)

In addition, the coordinates a; commute with X;
and P;. As a consequence, the tensor of noncommu-
tativity (7) also commutes with X; and P;. So, Xj,
P;, and 0;; satisfy the same commutation relations
as in the case of the canonical version of noncom-
mutativity. Moreover, algebra (4)-(6) is rotationally
invariant.

We can represent the coordinates X; and the mo-
menta P; by coordinates x; and momenta p;, which
satisfy the ordinary commutation relations

[xiv xj] =0, (12)
[pi, ps] =0, (13)

Namely, we can use the representation

1
Xi=wz; — 59@'27]'7
Pi = Pi,

where 6;; is given by (7).

The coordinates x; and the momenta p; commute
with a;, p§, namely [z;,a;] = 0, [x;,p§] = 0, [p;, a;] =
=0, [pi,pj] = 0.

The explicit representations for coordinates X; (15)
and momenta P; (16) guarantee that the Jacobi iden-
tity is satisfied.

The noncommutative space characterized by the
commutation relations (4)—(6), which remain the
same after a rotation, is rotationally invariant. After

the rotation X! = U(p)X;UT(p), a@; = U(p)a;x
x Ut (p), P/ = U(p)P,UT(¢), we have

(X3, Xj] = iay, (17)
(X7, P]] = ihdyj, (18)
[P}, Pj] =0. (19)

Here, U(yp) = e (LY is the rotation operator, with
L! being the total angular momentum,

L' =[x x p] + h[a x p*].
434

(20)

In view of (7), (15), and (16), the total angular mo-
mentum Lt reads
al%
2h
Therefore, algebra (4)—(6) is rotationally invariant.

Note that L! satisfies the commutation relations
[X“LE] = ihEiijk, [PZ,Lg] = ih&ijkpk, [dl,Lz] =
= ihe;jrar, DY, L;} = ihe;jkp§, which are the same as
in the ordinary space.

It is worth to mention that, by virtue of (15), the
operators X; depend on the momenta p; and, there-
fore, on the mass m. It is clear that the operators X;
do not depend on the mass and can be considered
as kinematic variables in the case where the tensor of
noncommutativity (7) is proportional to 1/m, namely
where the following condition is satisfied:

L' =[X xP|+ —L[P x [ax P|] + hlax p]. (21)

a=q_-. (22)
Here, 7 is a dimensionless constant, which is the same
for particles of different masses, and mp is the Planck
mass. It is worth noting that this condition is similar
to the condition proposed in [29]. There, we consid-
ered a two-dimensional space with canonical noncom-
mutativity of the coordinates [X;, X3] = ik, where
# is a constant, and found the condition

[

- (23)

with 6 being the parameter of noncommutativity,
which corresponds to the particle of mass m, and
v is a constant, which takes the same value for all
particles. The condition gives the possibility to solve
an important problem in the two-dimensional non-
commutative space, namely the problem of violation
of the equivalence principle. In addition, expression
(23) was derived from the condition of independence
of the kinetic energy of a composite system of the
composition [29].

3. Total Momentum
and Coordinates of the Center-of-Mass
of a Two-Particle System

Let us consider a system made of two particles of
masses mp and meo, which interact only with each
other in a rotationally invariant noncommutative
space. In general case, the coordinates of different
particles may satisfy the noncommutative algebra
(4)—(6) with different tensors of noncommutativity. It
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is also natural to suppose that the coordinates corre-
sponding to different particles commute. Therefore,
we have the algebra

™, X = im0 S, (24)
(X (™, PI™] = ih856m, (25)
[P, P™] =0, (26)

where the indices n and m label the particles, and
GE;L) is the tensor of noncommutativity, which corre-
sponds to the particle of mass m,,. We would like to
note here that different particles live in the same non-
commutative space. The coordinates a; are responsi-
ble for the noncommutativity of the space. Therefore,
we suppose that they are the same for different par-
ticles. Nevertheless, according to condition (22), the
particles with different masses feel noncommutativ-
ity with different tensors of noncommutativity, which
depend on their masses. So, taking (22) into account,
we can write
gm) — 5 tome
K hm,

e’:‘ijkak. (27)

We assume that the Hamiltonian in a noncommu-
tative space has a similar form as in the ordinary
space. Therefore, the Hamiltonian which corresponds
to the two-particle system reads

P(l) 2 P(2) 2
H, = (P7) - it + V(XM - x@)),

2m1 2m2

(28)

where V(] X(1) —X(2)|) is the interaction potential en-
ergy of the two particles, which depends on the dis-
tance between them. Note that the coordinates XZ-(n)
satisfy the noncommutative algebra (24)-(26). We
would like to mention that, in the ordinary case (6;; =
= 0), the operator of distance corresponds to the ordi-
nary distance. In the noncommutative space, we have
the operator of distance |[X*) — X(?)|. Eigenvalues of
this operator correspond to the measured distance be-
tween two particles in this space. A detailed consider-
ation of this issue is worth to be a subject of separated
studies.

In the rotationally invariant noncommutative space
because of the definition of the tensor of noncom-
mutativity (7), we have to consider the additional
terms, which correspond to the harmonic oscilla-
tor. Therefore, we consider the total Hamiltonian

(P (P2

H =
2m1 + QTH,Q

+ V(XD - X))
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+ Fuw ((ﬁ;)z - “;) (29)

Let us introduce the total momentum of the two-
particle system as an integral of motion and find the
coordinates of the center-of-mass position as its con-
jugate variable. Note that the total momentum P¢
defined in the traditional way

pc=pPY L PO (30)
satisfies the relation

So, the total momentum (30) is an integral of mo-
tion in the rotationally invariant noncommutative
space. The coordinate conjugate to the total momen-
tum reads

m1X(1) -+ mQX(Q)
mi + ma '

X = (32)
It is important to mention that the coordinates of the
center-of-mass X¢ satisfy a noncommutative algebra
with effective tensor of noncommutativity 6;;. With
regard for relations (24), (27), and (32), we have
[X¢, X¢] = ihfy;, (33)
where the effective tensor of noncommutativity is de-
fined as

~ o m3e) + m3e)

2
o 7~lpmp
v M?2

U RM

5ijkfzk, (34)

with M = mq + ms.

The coordinates and the momenta, which describe
the relative motion, can be also introduced in the
traditional way:

X" =X® _x®,
P" = P® — PO,

The coordinates X and the momenta P satisfy
the algebra

(X7, X7) = (05 +65)) = ingt, (37)
(X7, P}] = ihé;, (38)
[P}, PI] = 0. (39)
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So, the relative coordinates also satisfy the noncom-
mutative algebra with the effective tensor of noncom-
mutativity defined as

pmp

95‘ = VTMEz’jkaky (40)
with g = mymsa/(mq+ms) being the reduced mass. It
is worth noting that the coordinates of the center-
of-mass position and the coordinates of the relative
motion commute due to condition (22). We have

R 2 1
(X7, Xj] = i (m29§j) — m19§j)> =0. (41)
The Hamiltonian H of the two-particle system be-
comes(PC)2 (P
H, = W+T+V(|Xr|)' (42)

In the next section, we consider a hydrogen atom
as the example of a two-particle system.

4. Effect of the Noncommutativity
of Coordinates on the Energy Levels
of a Hydrogen Atom

Let us consider the hydrogen atom as a two-particle
system in rotationally invariant noncommutative
space (24)—(26). The total Hamiltonian reads

(P(l))Q (p(2))2 e2
H= -
om, T 2m, X X0
(pa)2 d2
hw — 4
+ ( 5 t35) (43)

where m, and m,, are the masses of the electron and
the proton, respectively. According to the results ob-
tained in the previous section we can rewrite Hamil-
tonian (43) as follows:

€00 W €0 LY ((ﬁa)2 + &2) (44)

H =
2M 20 X' 2 2

where M = m. + m,, g = memp/(me + my), and
X" =X"].

Let us find the corrections to the energy levels of
the hydrogen atom up to the second order in the pa-
rameter of noncommutativity.

Using (15) and (16), it is easy to show that the co-
ordinates X and the momenta P can be represented
as

r r ’ympl?g ~
XTI = "
Z; + on [a X

pT]i7 (45)

P =p;, (46)
where

o} = —a’), (47)
P = papt” — paplV. (48)

The coordinates z] and the momenta p] satisfy the
ordinary commutation relations:

i p;] =0, (50)
[x;,p;] = ihdij. (51)

Using representation (45), (46) and taking (16) into
account, we can rewrite Hamiltonian (44) as follows:

c\2 \2 62
a= (51\; Jr(];) - Fmel +
H ‘XT—F Sh & X P']
), @
hw — 2
+ < 5 T3 ) (52)

where p¢ = p() + p(3),
Let us write the expansion for H up to the second
order in
2
oL — #Pﬂ A
by

To do this, let us find the expansion for X”. We have

(53)

r ’S/mpl?p -
+ T [axp

= \/(:L.T')Z _ <6u ,L7') + i[gu % p7-]2’

X" =|x

T] —

(54)

where L"” = [x" xp”]. It is worth noting that the oper-
ators under the square root do not commute. There-
fore, we write the expansion for X" in the following
form with unknown function f(x"):

Lo o 1
5 (0 L) — 8(z")3

e (o b [0 L (0927660} 65)

X" =" — (eu . LT)2 +

The function f(x") can be found by squaring the left-
and right-hand sides of Eq. (55). We have

h2
(z7)*
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So, from (56), we can write
2
(27)°
On the basis of the obtained results (55) and (57), it
is easy to find the expansion for 1/X" and to write

the expansion of Hamiltonian (52) up to the second
order in 6*

(") (x") =

[0" x x"]2. (57)

H=Hy+YV, (58)
Ho = H,” + Hos. (59)
Here,

HO — »)? )2 & (60)

2M 20 x”
is the Hamiltonian of a hydrogen atom in the ordi-
nary space, and Hgg. is given by (8). The perturba-

tion caused by the noncommutativity of coordinates
V reads

e2 3e?
= — HOLTY) — 2N 2
\% Z(ﬂ)g(e L") 8(9:7")5(0 L")+
e/ 1 1 1 1
= = pm 2 _~ 1 712
K2 9
o T
+ @y [0" x x"] > (61)

Let us find the corrections to the energy levels of the
hydrogen atom using perturbation theory. Note that
the total momentum p€ is an integral of motion. The
momentum p°¢ commutes with H }(LO) and H,s. and may
be replaced by its eigenvalue. So, we can consider the
eigenvalue problem for the Hamiltonian
2 2
HO: @_%"'Hoso

2 (62)

The Hamiltonian, which corresponds to the rel-
ative motion, (p")?/2u — e€*/x" commutes with
H.. Therefore, we can write the eigenvalues and the
eigenstates of Hoy:

e2

3
—W+hw<n‘f+n§+n§+2>, (63)
0

Vtam ey = Ut i s g (64)
where 1, 1, are the well-known eigenfunctions of a
hydrogen atom in the ordinary space, ¢$g,ng,ng7 are
the eigenfunctions of a three-dimensional harmonic
oscillator Hoge, and af = K2 / /,ch is the Bohr radius
including the effect of reduced mass.
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In the case where the oscillator is in the ground
state, we have, according to perturbation theory,
1 0 0
AEr(Lz) = th;,m,{o}|V|¢£L,z)7m,{o}> =
B _h262<(9“)2> 1
 (ap)Pn® \6lI(I+1)(20+1)
B 6n2 —21(1 + 1)
BT+ 1)(204+1)(20+3)(2l - 1)
5n? —3l(1+1) +1

+

T @30 -_nE-1)

5 5n? —3l(1+1) +1 ) (65)
6 1(14+1)(14+2)(20+1)(214+3)(1-1)(20-1) )’

where ((6#)?) is given by ] ,

() = Wool8E 00 = 3 (T5EE). (00

The details of calculations of the corresponding in-
tegrals can be found in [38]. In the second order of
perturbation theory, we have

(2) _
AEn,l,m,{O} -

- ¥

n! ! {ne}

2
(0) (0)
’<wn’,l’,m/,{na} |V‘ 77[}n,l,m,{O}>’
EY —EY — hw(n® +ng +ng)’

(67)

where the set of numbers n’, I', m’, {n®} does not
coincide with the set n, I, m, {0}. We also use the
following notation for the unperturbed energy of the

hydrogen atom: EY = —e?/(2a5n?). As w — oo,
we have

: () —
wh_)rréo AE 10y =0 (68)

So, the corrections to the energy levels up to the
second order in the parameter of noncommutativity
are the following:

AE,; = AE")

n,l-

(69)

It is important to note that the obtained result (69)
is divergent for the ns and np energy levels. It means
that expansion of 1/X" in the parameter of noncom-
mutativity cannot be applied to the calculation of the
corrections to the ns and np energy levels. Therefore,
let us write the corrections to the ns energy levels in
the following way:

e? e?

v X (70)

0 (0)
AE,s = <¢n,o$o,{o} ¢n,0,0,{0}>’
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where X7 is given by (54). Here, we do not use
the expansion in the parameter of noncommutativ-
ity. Note that (8*-L") commutes with [8* x p"]? and
(z")2. Moreover, (6" - L")wf%’o){o} = 0. Therefore,
we can rewrite corrections (70) in the form

AE, s =

62 2 ©)
<wn 0,0,{0}| 5, L1 wn,O,Ow{O} -
V@)2 + Lor x pr)?
Y2e2
ap

where we use the notation

/da%ooé/d wnOO(XX)<1—

) o8 0.0(8),

Va2 (7
with
ymp lp

X w a (73)

Here, z[}n)o’o(xi’”) are dimensionless eigenfunctions of
the hydrogen atom

~ —r 1 xz" 2xa"

me,O(XX ) = 7’7,56 " L711—1 < n > ) (74)
with Ll (Qﬁy) being the generalized Laguerre
polynomials,

&2

Ueoo(@) =mde T

are the dimensionless eigenfunctions corresponding to
the harmonic oscillator,

(75)

2
% = &m“lQ X" (76)
Ptp

Integral (72) has a finite value in the case of x = 0.
Consequently, as x — 0, the asymptotics of AF,
reads

2.2 2.2

AB,, = X5 1,,(0) = 22 (1,,(0,4))a, (77)
ap Gp

where (...)a denotes (¥g0(a)l...[1¢0(8)). Let us

consider the integral
Ins(Xvé) = /d<ir)1/;n,0,0(xir) X
438

1 1 -
X _ n )N(T N 78
(ajr \/(:Z”“)Q TBx mz)w 0.0(xx") (78)
For x = 0, we have
I,,5(0,8) ~ 1. 724 - (79)
with @ = |a|. The details of calculations of integral

(78) at x = 0 are presented in our previous paper [39].

So, in view of (73), (77), (79), we have the following
result for the leading term in the asymptotic expan-
sion of the corrections to the ns energy levels in the
small parameter of noncommutativity:

h{0*)me?
AE,, ~1.72— 1"~
e 0
where
2ympl?
(0") = (v o)=L (81)

Vb

It is important to note that the ns energy levels
are more sensitive to the noncommutativity of coor-
dinates. The corrections to these levels are propor-
tional to (6*) (80). For the corrections to the energy
levels with | > 1, we obtained that they are pro-
portional to ((6#)2) (69). The corrections to the np
energy levels are planned to be considered in a forth-
coming publication.

5. Conclusions

In this paper, we have studied the two-particle prob-
lem in a noncommutative space with preserved ro-
tational symmetry proposed in [38]. We have consid-
ered a rotationally invariant noncommutative alge-
bra, which is constructed with the help of a general-
ization of the matrix of noncommutativity to a tensor
constructed with the help of additional coordinates
(7). We have studied a general case where the differ-
ent particles satisfy a noncommutative algebra with
different tensors of noncommutativity (24)—(26). In
such a case, the total momentum has been found as
an integral of motion, and the corresponding coor-
dinates of the center-of-mass position have been in-
troduced. We have concluded that the coordinates
of the center-of-mass and the relative coordinates
satisfy a noncommutative algebra with correspond-
ing effective tensors of noncommutativity (33) and
(37). It is important to note that, in the case where
the masses of particles of the system are the same,
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mi = ma, 91(;) = 02) = 0;; according to (34), we
have él-j = 0;;/2. So, there is a reduction of the effec-
tive tensor of noncommutativity with respect to the
tensor of noncommutativity for the individual parti-
cles. In addition, from (40), we have 0}; = 26;;. So,
the relative motion is more sensitive to the noncom-
mutativity of the coordinates comparing to the mo-
tion of individual particles.

The hydrogen atom has been studied as a two-
particle system. We have found the corrections to the
energy levels of the atom caused by the noncommu-
tativity of coordinates (69), (80). On the basis of the
obtained results, we have concluded that the ns en-
ergy levels are more sensitive to the noncommutativ-
ity of coordinates.

This work was partly supported by Project FF-30F
(No. 0116U001539) from the Ministry of Education
and Science of Ukraine and by the grant from the
State Fund For Fundamental Research of Ukraine,
Competition F-6/4, Project “Classical and quantum
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CUCTEMA JIBOX YACTHMHOK
Y HEKOMYTATHBHOMY ITPOCTOPI
31 BBEPE2KEHOIO COEPUYHOIO CUMETPIEIO

Pesmowme

Mu posrisgaEeMo CHCTEMY IBOX YACTHHOK y HEKOMYTaTHUBHO-
My IpocTopi, sIKuil € cdepuuHo-cumerpudHuM. [lokasyerncs,
1[0 KOODAUHATH IIEHTPA MaC Ta KOOPAUHATHU BiHOCHOTO PYyXy
3aJI0BOJIBHSAIOTH HEKOMYTaTHBHY ajreopy 3 BianosigHuMu ede-
KTUBHMMHU TEH30PaMH HEKOMYTATHUBHOCTI. ATOM BOJHIO BUBYa-
€ThCA AK JIBOYACTUHKOBA CHCTeMa. MM 3HaXOIUMO IIOIPABKH
JI0 €HEPreTHYHUX PiBHIB aTOMa 3 TOYHICTIO JI0 APYTOro MOpPs-
Ky 3a IIapaMeTPOM HEKOMYTaTHUBHOCTI.
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