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FRIEDMANN COSMOLOGICAL MODELS
WITH VARIOUS EQUATIONS OF STATE OF MATTERPACS 95.30.Sf

The Friedmann models of the universe filled with various types of matter are considered. For
these models, the cosmological parameters are constructed. Some alternative types of matter
with negative pressure are considered instead of cosmological constant. It is shown that the
model with dust and domain walls leads to different types of the universe evolution depending
on the ratio between constants of the model. The case where the resulting model is consistent
with the cosmological observations is represented.
K e yw o r d s: Friedmann models, acceleration of the universe, domain walls, radiation, nega-
tive pressure.

1. Introduction

The discovery of the accelerated expansion of the uni-
verse based on the SN Ia observational data became
a crucial point in cosmology of the 20th century [2]. It
turned out that approximately 70% of all matter con-
sists of some sort of the unknown entity now called
the dark energy that drives the dynamics of the uni-
verse. From astronomical observations, it follows that
the energy density of this matter is homogeneous and
constant in time, and its pressure is negative. The
most popular candidate for this entity is the cosmo-
logical constant [1], but there are also some other pos-
sible types of matter, e.g., quintessence [5], domain
walls [6–9], spatial curvature variations [10] etc. In
this work, the evolution of the universe is studied on
the basis of the Friedmann models for different equa-
tions of state of matter against the background of
dark energy represented by the cosmological constant
and other sources with negative pressure [3, 4].

The paper is organized as follows. First, we present
the general points of Friedmann models with different
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sources and cosmological constant. Then we consider
a two-component model with radiation and cosmolog-
ical constant and analyze the case where matter with
negative pressure, but not cosmological constant, is
taken into account for the two-component model with
dust.

2. Equations of State
of Matter and the Cosmological Constant

In order to describe the evolution of a homogeneous
isotropic universe, one usually employs the scale fac-
tor 𝑎, Hubble constant 𝐻, and deceleration parame-
ter 𝑞. In this paper, we present a qualitative analysis
of the deceleration parameter for various models of
the Friedmann universe. Let us consider the homo-
geneous isotropic universe with the following metric
[11]:

d𝑠2 = 𝑐2 d𝑡2 − 𝑎2(𝑡)
[︀
d𝜒2 + 𝐹 2(𝜒) d𝜎2

]︀
, (1)

where 𝑎(𝑡) is the scale factor, which describes the size
of the universe; furthermore, 𝐹 2(𝜒) = sin2 𝜒 corre-
sponds to the closed universe, 𝐹 2(𝜒) = sinh2 𝜒 de-
scribes the Lobachevsky space, 𝐹 2(𝜒) = 𝜒2 corre-
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sponds to the flat space, and, finally, d𝜎2 = d𝜗2 +
+ sin2 𝜗 d𝜙2 is the interval on a 2-sphere.

For a given model of the universe, we can easily
write the Friedmann equation in a comoving frame
and the energy conservation law as follows:

𝜀(𝑡) =
�̇�2(𝑡)

𝑎2(𝑡)
+

𝑘

𝑎2(𝑡)
, (2)

�̇�(𝑡) = −3
�̇�(𝑡)

𝑎(𝑡)
[𝜀(𝑡) + 𝑝(𝑡)], (3)

where the dot denotes the derivative with respect
to 𝑐𝑡 (d/𝑐d𝑡); 𝑘 is the curvature parameter, so that
𝑘 = −1, 0, 1 correspond to the open, flat, and closed
models of the universe, respectively; 𝜀(𝑡) is the energy
density (including the factor of 8𝜋𝐺/𝑐4), and 𝑝(𝑡) is
the pressure of matter.

Assuming the equation of state in the form 𝑝(𝑡) =
= 𝑛 𝜀(𝑡), we can find from (3) that

�̇�(𝑡)

𝜀(𝑡)
= −3 (1 + 𝑛)

�̇�(𝑡)

𝑎(𝑡)
(4)

and, hence,

𝜀(𝑡) =
𝐶

[𝑎(𝑡)]3(1+𝑛)
, (5)

where 𝐶 is the constant of integration. For the further
purposes, we rewrite it as 𝐶 = 𝑎

3(1+𝑛)−2
𝑛 with 𝑎𝑛

being an unknown constant with the dimension of
length and 𝑛 determining the type of matter.

If the universe contains several types of matter, one
should write the sum over all contributing sources in
(2) in place of 𝜀(𝑡). If we denote 𝜀𝑖(𝑡), the energy den-
sity for the 𝑖th type of matter the system (3) becomes:∑︁
𝑖

�̇�𝑖(𝑡) = −3
�̇�(𝑡)

𝑎(𝑡)

∑︁
𝑖

[𝜀𝑖(𝑡) + 𝑝𝑖(𝑡)], (6)

Table 1. Energy density
𝜀𝑖 for various types of matter

Type of matter 𝛽𝑖 𝑛𝑖 𝜀𝑖

Vacuum 0 −1 1/𝑎2Λ
Domain walls 1 −2/3 1/(𝑎dw 𝑎)

Cosmic strings 2 −1/3 𝑎str/𝑎2

Dust 3 0 𝑎dust/𝑎
3

Radiation 4 1/3 𝑎2rad/𝑎
4

where 𝑝𝑖(𝑡) is the pressure of the 𝑖th type of matter. If
different types of matter do not interact, the above
equation turns into the following system of equations:

�̇�𝑖(𝑡) = −3
�̇�(𝑡)

𝑎(𝑡)
[𝜀𝑖(𝑡) + 𝑝𝑖(𝑡)]. (7)

Thus, system (2)–(3) takes the form∑︁
𝑖

𝜀𝑖(𝑡) =
�̇�2(𝑡)

𝑎2(𝑡)
+

𝑘

𝑎2(𝑡)
, (8)

�̇�𝑖(𝑡) = −3
�̇�(𝑡)

𝑎(𝑡)
[𝜀𝑖(𝑡) + 𝑝𝑖(𝑡)]. (9)

Let us find the solution of system (8)–(9), by assum-
ing

𝑝𝑖 = 𝑛𝑖 𝜀𝑖. (10)

If this is the case, for the 𝑖th type of matter, we obtain

𝜀𝑖 =
𝑎𝛽𝑖−2
𝑖

𝑎𝛽𝑖
, (11)

where 𝛽𝑖 = 3 (𝑛𝑖 + 1), and 𝑎𝑖 is a constant with the
dimension of length. The strong energy condition for
the 𝑖th type of matter reads

𝜀𝑖 + 𝑝𝑖 ≥ 0, (12)
|𝜀𝑖| ≥ |𝑝𝑖|, (13)

from which we get

0 ≤ 𝛽𝑖 ≤ 6. (14)

System (8)–(9) can be solved for some particular val-
ues of 𝛽𝑖 [12], which are summarized in Table 1.

Using (9) and (11), we can rewrite metric (1) into
an alternative form:

d𝑠2 =
d𝑎2∑︀

𝑖

(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2 − 𝑘
− 𝑎2

[︀
d𝜒2 + 𝐹 2(𝜒) d𝜎2

]︀
, (15)

where the scale factor 𝑎 parametrizes the new time. If
the universe is filled with only one (𝑖th) type of matter
and the cosmological constant, it is possible to find
an exact solution by choosing the metric (15) for the
flat space (𝑘 = 0). From (8), we obtain

1

𝑐

d𝑎

d𝑡
=

√︃(︂
𝑎

𝑎Λ

)︂2
+

(︁𝑎𝑖
𝑎

)︁𝛽𝑖−2

. (16)

After changing the variables by defining

𝑎𝛽𝑖−2
𝑖 𝑎2Λ 𝑎−𝛽𝑖 ≡ sinh2 𝛼, (17)
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we have

−2𝑎Λ
𝛽𝑖

d𝛼

sinh𝛼
= ±𝑐d𝑡. (18)

Upon integrating, we readily obtain

−2𝑎Λ
𝛽𝑖

ln tanh
𝛼

2
= ±𝑐 (𝑡− 𝑡0). (19)

Choosing the constant of integration 𝑡0 = 0, we finally
get:

𝑎(𝑡) = 𝑎𝑖

[︂
𝑎Λ
𝑎𝑖

sinh

(︂
𝛽𝑖

2𝑎Λ
𝑐𝑡

)︂]︂2/𝛽𝑖

. (20)

In this case, we can find the cosmological parame-
ters 𝑞 (deceleration parameter), Ω𝑖, and ΩΛ (energy
density parameter for the 𝑖th type of matter and the
cosmological constant, respectively):

𝑞 = − �̈�𝑎

�̇�2
=

𝛽𝑖 − 1− cosh
(︁
𝛽𝑖

𝑎Λ
𝑐𝑡
)︁

1 + cosh
(︁
𝛽𝑖

𝑎Λ
𝑐𝑡
)︁ , (21)

Ω𝑖 =
𝜀𝑖
𝜀cr

=
1

cosh2
(︁
𝛽𝑖

𝑎Λ
𝑐𝑡
)︁ , (22)

ΩΛ =
𝜀Λ
𝜀cr

= tanh2
(︂
𝛽𝑖

𝑎Λ
𝑐𝑡

)︂
, (23)

where 𝜀cr =
3𝐻2𝑐2

8𝜋𝐺 is the critical energy density with
the Hubble constant 𝐻 = �̇�/𝑎.

For the universe with nonzero curvature parameter
𝑘 = ±1, the cosmological parameters read:

𝑞 =

𝛽𝑖−2
2

(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2 −
(︀
𝑎
𝑎Λ

)︀2(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2
+
(︀
𝑎
𝑎Λ

)︀2 − 𝑘
, (24)

Ω𝑖 =

(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2
+
(︀
𝑎
𝑎Λ

)︀2 − 𝑘
, (25)

ΩΛ =

(︀
𝑎
𝑎Λ

)︀2(︀
𝑎𝑖

𝑎

)︀𝛽𝑖−2
+
(︀
𝑎
𝑎Λ

)︀2 − 𝑘
. (26)

In Figure 1, we present the dependence of the de-
celeration parameter 𝑞 on the scale factor 𝑎 (in di-
mensionless units) for Friedmann models containing
different types of matter (𝛽 = 1, 2, 3, 4) together with
the cosmological constant (𝛽 = 0), taking different
types of curvature (𝑘 = ±1, 0) into account.

The behavior of the deceleration parameter under
𝛽 = 1, 𝑘 = 1 (closed universe) means that the uni-
verse expands until a certain value of scale factor is
attained, and then it stops.

3. Friedmann Universe
with Radiation and Cosmological Constant

Radiation was the dominating type of matter in the
universe at the early stages of its evolution. Models
of the universe with radiation in the presence of the
cosmological constant have been widely studied in [13,

Fig. 1. Deceleration parameter 𝑞 as a function of the scale
factor 𝑎 for different types of matter (𝛽 = 1, 2, 3, 4) with cos-
mological constant (𝛽 = 0) and different types of curvature
(𝑘 = ±1, 0)
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Fig. 2. Deceleration parameter 𝑞 as a function of the scale fac-
tor 𝑎 for the universe with cosmological constant and radiation,
assuming different types of curvature (𝑘 = ±1, 0)

Fig. 3. Deceleration parameter 𝑞 as a function of the scale
factor 𝑎 for the universe with cosmological constant, radiation
and dust, assuming different types of curvature (𝑘 = ±1, 0)

14]. It turns out that it is possible to find the exact
solution of system (8)–(9) in a unique form for all
three types of space curvature [15]. The metric for
this solution reads:

d𝑠2 =
d𝑎2

𝑎2
rad

𝑎2 + 𝑎2

𝑎2
Λ
− 𝑘

− 𝑎2
[︀
d𝜒2 + 𝐹 2(𝜒) d𝜎2

]︀
, (27)

where

𝑎2(𝑡) =

√︂
𝑎2rad 𝑎

2
Λ −

𝑘2 𝑎4Λ
4

sinh

[︂
2

𝑎Λ
𝑐(𝑡− 𝑡0)

]︂
+
𝑘 𝑎2Λ
2

.

(28)

With the initial condition 𝑎(𝑡 = 0) = 0, it is possible
to determine the constant of integration 𝑡0:

𝑡0 =
𝑎Λ
2𝑐

arcsinh

⎛⎝𝑘 𝑎2Λ
2

1√︁
𝑎2rad 𝑎

2
Λ − 𝑘2 𝑎2

Λ

4

⎞⎠. (29)

Finally, the scale factor reads:

𝑎2(𝑡) = 𝑎rad 𝑎Λ sinh

(︂
2𝑐𝑡

𝑎Λ

)︂
− 𝑘 𝑎2Λ

2

[︂
cosh

(︂
2𝑐𝑡

𝑎Λ

)︂
− 1

]︂
.

(30)

In the special case with no cosmological constant
Λ → 0 (𝑎Λ → ∞), the above solution becomes the
well-known solution for the universe with radiation
only:

𝑎2(𝑡) = 2 𝑎rad 𝑐𝑡− 𝑘 (𝑐𝑡)2. (31)

For small times, when the latter term is negligible as
compared with the first term, all three types of the
solution (𝑘 = ±1, 0) behave themselves identically.

In the model with cosmological constant and radi-
ation, as well as with cosmological constant and dust
[16], a case of special interest is the solution for 𝑘 = 1:

𝑎2(𝑡) = 𝑎Λ sinh

(︂
𝑐𝑡

𝑎Λ

)︂
cosh

(︂
𝑐𝑡

𝑎Λ

)︂
×

×
[︂
2 𝑎rad − 𝑎Λ tanh

(︂
𝑐𝑡

𝑎Λ

)︂]︂
. (32)

There are three possible scenarios for the universe
evolution, depending on the ratio 𝑎rad/𝑎Λ:

∙ If 𝑎rad/𝑎Λ < 1/2, the universe will collapse at the
time 𝑡 = (𝑎Λ/𝑐) arctanh(2𝑎rad/𝑎Λ).

∙ If 𝑎rad/𝑎Λ = 1/2, the model will turn into the
static Einstein universe.

∙ If 𝑎rad/𝑎Λ > 1/2, we end up with the open uni-
verse which becomes close to the de Sitter one at late
stages.

In Figures 2–4, we show the deceleration param-
eter 𝑞 and the energy density parameters Ωrad and
ΩΛ as functions of the time (parametrized by the
scale factor 𝑎(𝑡)) in various models of the universe,
using dimensionless units. In Fig. 2, we present the
dependence of the deceleration parameter 𝑞 on the
scale factor 𝑎 for the universe with cosmological con-
stant and radiation, taking all three possible types
of curvature (𝑘 = ±1, 0) into account. Analogously,
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in Fig, 3, the model with an additional contribution
from dust is illustrated. Finally, in Fig. 4, the energy
density parameters Ωrad and ΩΛ are plotted as func-
tions of the scale factor 𝑎 for the universe contain-
ing the cosmological constant and radiation, for all
types of curvature (𝑘 = ±1, 0). We conclude that, in
the model of the universe with cosmological constant
and radiation, the transition from deceleration to ac-
celeration takes place at present times (when 𝑎 = 1)
(Fig. 2). Adding the dust into the model transfers this
tome moment to later stages of the evolution (Fig. 3).

4. Friedmann Universe
with Domain Walls and Cosmic Strings

Besides the cosmological constant, there are some
other suitable types of matter with negative pressure,
which could possibly cause the observed accelerated
expansion of the universe, most notably domain walls
and cosmic strings.

Let us consider a homogeneous universe filled with
cosmic strings, which represent relic topological de-
fects with the effective equation of state 𝑝str = − 1

3 𝜀str
and the energy density

𝜀str =
𝑎str
𝑎2

, (33)

where 𝑎str is a dimensionless constant. From (2), we
find

𝑎(𝑡) = ±
√︀
𝑎str − 𝑘 𝑐(𝑡− 𝑡0). (34)

Thus, we arrive at the condition 𝑎str > 𝑘. However,
the above solution implies that 𝑎(𝑡) ∝ 𝑡, which corre-
sponds to the flat spacetime (Robertson–Milne solu-
tion [17]) and is not in agreement with cosmological
observations.

If the universe is filled with both dust and domain
walls, the total energy density is

𝜀 =
𝑎dust
𝑎3

+
1

𝑎dw 𝑎
. (35)

The Friedmann equation and the deceleration param-
eter can be written in the form:

1

𝑐

d𝑎

d𝑡
=

√︂
𝑎dust
𝑎

+
𝑎

𝑎dw
− 𝑘, (36)

𝑞 = −1

2

𝑎dust

𝑎dw
− 𝑎2

dust

𝑎2

𝑎2
dust

𝑎2 + 𝑎dust

𝑎dw
− 𝑘 𝑎dust

𝑎

. (37)

Fig. 4. Energy density parameters Ωrad and ΩΛ as func-
tions of the scale factor 𝑎 for the universe with cosmological
constant and radiation, assuming different types of curvature
(𝑘 = ±1, 0)

Denoting 𝑥 ≡ 𝑎dust/𝑎 and 𝑦 ≡ 𝑎dust/𝑎dw, we can
write:

𝑞 = −1

2

𝑦 − 𝑥2

𝑥2 + 𝑦 − 𝑘𝑥
. (38)

In Fig. 5, we plot the dependences of the deceler-
ation parameter 𝑞 on the time (parametrized by the
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Fig. 5. Deceleration parameter 𝑞 as a function of the scale
factor 𝑎 for the universe with dust and domain walls, assuming
different types of curvature (𝑘 = ±1, 0)

scale factor 𝑎) for the universe containing dust and
domain walls with regard for all three types of cur-
vature (𝑘 = ±1, 0). We observe that, for 𝑦 ≤ 1/4,
the deceleration parameter 𝑞 exhibits a discontinu-
ity, which means that the closed universe also stops
its expansion. On the other hand, for 𝑦 > 1/4, the
deceleration turns into the acceleration. We should
mention that, although domain walls look to be ap-
propriate candidate for dark energy, their existence is
in contradiction to the theory of scalar perturbations
at late stages of the evolution of the universe [18].

5. Conclusion

In this work, the Friedmann models of the uni-
verse filled with various types of matter are consid-
ered. For each model, the corresponding evolution of
the deceleration parameter with respect to the time
parametrized by the scale factor is constructed. The
obtained plots are in accordance with the well known
fact that, for the matter with 𝛽𝑖 > 2, the expan-
sion of the universe is decelerated, while, for 𝛽𝑖 < 2,
the accelerated expansion takes place. For the model
of the universe with cosmological constant and radi-
ation, assuming the curvature parameter 𝑘 = 1, we
have shown that three qualitatively different scenarios
are possible according to the ratio 𝑎rad/𝑎Λ. In addi-
tion to this, some alternative types of matter with
negative pressure are considered instead of the cos-
mological constant. The model with dust and domain
walls leads to different types of the universe evolution
depending on the ratio 𝑎dust/𝑎dw. It turned out that,
for 𝑎dust/𝑎dw ≤ 1/4, the universe stops its expan-
sion. For 𝑎dust ≈ 𝑎dw, the resulting model is consis-
tent with the cosmological observations, though there
are arguments against topological defects as the na-
ture of the dark energy.
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КОСМОЛОГIЧНI МОДЕЛI ФРIДМАНА
З РIЗНИМИ РIВНЯННЯМИ СТАНУ МАТЕРIЇ

Р е з ю м е

Розглянуто фрiдмановськi моделi з рiзними типами мате-
рiї. Для цих моделей дослiджено поведiнку космологiчних
параметрiв. Розглянуто також космологiчнi моделi, в яких
замiсть космологiчної сталої врахованi iншi види матерiї з
негативним тиском. Показано, що в моделi з пилом i домен-
ними стiнками можливi рiзнi типи еволюцiї всесвiту зале-
жно вiд спiввiдношення мiж константами моделi. Запропо-
новано реалiзацiю такої моделi, що не суперечить спостере-
жуваним даним.
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