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CONCENTRATION DEPENDENCES
OF THE ELECTRON EFFECTIVE MASS,
FERMI ENERGY, AND FILLING OF SUBBANDS
IN DOPED InAs/AlSb QUANTUM WELLSPACS 71.20.Mq, 71.20.Nr

Results of researches concerning the properties of the two-dimensional (2D) degenerate electron
gas in a single quantum well on the basis of the InAs/AlSb heterostructure are reported. The
non-parabolic character of the InAs and AlSb conduction bands is described by a simplified
Kane model. The dispersion curves for first three subbands are calculated, as well as the de-
pendences of the Fermi energy, subband filling, and effective mass of electrons at the Fermi
level on the total 2D electron concentration. The obtained results are in good agreement with
experimental data.
K e yw o r d s: quantum well, Kane model, subband dispersion, subband filling, two-dimen-
sional electron gas, effective mass, cyclotron mass.

1. Introduction

Heterostructures on the basis of InAs and InSb
semiconductors have been intensively studied re-
cently [1–3]. Those semiconductors are character-
ized by a strong nonparabolicity of their conduction
bands. This phenomenon and the character of the
electron spin splitting in quantum wells (QWs) are
studied with the use of the cyclotron resonance me-
thod [4–7]. However, only undoped heterostructures
with two-dimensional (2D) electron concentrations up
to 1012 cm−2 were examined in the cited works.

In the case of a non-parabolic conduction band, the
electron concentration growth is accompanied by an
increase of the effective mass of an electron at the
Fermi level. In work [8], an InAs/AlSb heterostruc-
ture with a single QW was considered, in which the
QW width was 𝐿 = 15 nm. The 2D electron concen-
tration 𝑛𝑠 was varied from 2.7×1011 to 8×1012 cm−2,
and an almost two-fold increase of the effective mass
of an electron was revealed at that. The total con-
centration of the 2D electron gas, 𝑛𝑠, was measured,
by using the Hall effect. By analyzing Shubnikov–
de Haas (SdH) oscillations, the electron concentra-
tions in three first size-quantized subbands (𝑛(1)𝑠 , 𝑛(2)𝑠 ,
𝑛
(3)
𝑠 ) were determined. However, the comparison of
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the concentration dependence of the effective mass
𝑚𝑐(𝑛𝑠) with experimental data was performed only
for the first subband. As a result, the calculated mass
values coincided with the experimental ones only for
the QW width 𝐿 = 20.5 nm. The experimental QW
width was equal to 𝐿 = 15 nm.

The results of such researches play an important
role for understanding the nature of the 2D elec-
tron gas: the structure of subbands, subband elec-
tron statistics, and so on. The aim of this work is to
calculate the subband dispersion curves making al-
lowance for the non-parabolic character of the con-
duction band and considering the dependence of the
Fermi energy, subband concentrations, and effective
mass of an electron at the Fermi level on the total
2D electron concentration 𝑛𝑠 in a single QW with
the width 𝐿 = 15 nm created on the basis of the
InAs/AlAs heterostructure.

2. Subband Dispersion

Let us consider a single QW of the width 𝐿 (region𝐴),
which is confined between potential barriers of the
height 𝑉 (region 𝐵). The energy is reckoned from the
bottom of the conduction band in the InAs bulk. In
this work, we neglect the deformation effects, which
result from the mismatch between the InAs and AlSb
lattice constants.
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In the effective mass approximation, the solution
of the three-dimensional Schrödinger equation is tried
in the form 𝜓 = 𝑒𝑖(𝑘𝑥𝑥+𝑘𝑦𝑦)𝜑(𝑧). Then the following
one-dimensional equations can be written for regions
𝐴 and 𝐵:

𝜕2𝜑𝐴(𝑧)

𝜕𝑧2
+ 𝑞2𝜑𝐴(𝑧) = 0, 𝑞 =

√︂
2𝑚𝐴

~2
𝐸 − 𝑘2, (1)

𝜕2𝜑𝐵(𝑧)

𝜕𝑧2
−𝜒2𝜑𝐵(𝑧) = 0, 𝜒 =

√︂
2𝑚𝐵

~2
(𝑉 − 𝐸) + 𝑘2.

(2)

Here, 𝑘2 = 𝑘2𝑥 + 𝑘2𝑦, and 𝑚𝐴,𝐵 are the energy-
dependent electron effective masses in materials 𝐴
and 𝐵. By solving Eqs. (1) and (2) and using the
boundary conditions

𝜑𝐴(0) = 𝜑𝐵(0),

1

𝑚𝐴

𝑑𝜑𝐴(𝑧)

𝑑𝑧

⃒⃒⃒⃒
𝑧=0

=
1

𝑚𝐵

𝑑𝜑𝐵(𝑧)

𝑑𝑧

⃒⃒⃒⃒
𝑧=0

, (3)

𝜑𝐴(𝐿) = 𝜑𝐵(𝐿),

1

𝑚𝐴

𝑑𝜑𝐴(𝑧)

𝑑𝑧

⃒⃒⃒⃒
𝑧=𝐿

=
1

𝑚𝐵

𝑑𝜑𝐵(𝑧)

𝑑𝑧

⃒⃒⃒⃒
𝑧=𝐿

, (4)

we obtain the formula for the dispersion 𝐸 = 𝐸𝑛(𝑘):

𝐸 = 𝐸‖ + 𝐸0

[︃
𝜋 𝑛−

− 2Arcsin

(︃√︃
𝛾2(𝐸 − 𝐸‖)

𝛾(𝛾 − 1)𝐸 + 𝛾𝑉 + (1− 𝛾2)𝐸‖

)︃]︃2
. (5)

Here, 𝐸‖ = ~2𝑘2/2𝑚𝐴, 𝐸0 = ~2/2𝑚𝐴𝐿
2, and 𝛾 =

= 𝑚𝐵/𝑚𝐴. The non-parabolic character of the con-
duction bands in InAs and AlSb is taken into account,
by using the simplified formula

𝑚𝐴 = 𝑚𝐴(0)(1 + 𝛼𝐴𝐸), (6)

𝑚𝐵 = 𝑚𝐵(0) (1 + 𝛼𝐵(𝐸 − 𝑉 )), (7)

where 𝑚𝐴,𝐵(0) are the effective masses of electrons at
the bottom of the conduction bands in regions 𝐴 and
𝐵, and 𝛼𝐴,𝐵 are the parameters of band nonparabol-
icity in those regions.

Equation (5) is inconvenient for the description of
the electron statistics, because it cannot be solved for

the variable 𝐸 or 𝑘. In the approximation of infinitely
high wall, 𝑉 → ∞, this equation acquires a simple
form: 𝐸 = 𝐸‖ + 𝐸0𝜋

2𝑛2. This approximation, how-
ever, overestimates the energy values in comparison
with Eq. (5) (see Fig. 1).

Let us assume that, at 𝑘 = 0 and for the given
value of 𝑛, the numerical solution of Eq. (5) equals
𝐸𝑛. Then it is convenient to express the right-hand
side of Eq. (5) in the form 𝐸𝑛(1+𝛼𝐴𝐸𝑛). If this quan-
tity is assumed to be independent of 𝑘, Eq. (5) brings
about the following approximation for 𝐸(𝑛, 𝑘):

𝐸(1 + 𝛼𝐴𝐸) ≈ ~2𝑘2

2𝑚𝐴(0)
+ 𝐸𝑛(1 + 𝛼𝐴𝐸𝑛), (8)

where 𝐸𝑛 is the bottom energy for the 𝑛-th sub-
band. Its value for every 𝑛 = 1, 2, 3, ... can be deter-
mined, first, numerically from Eq. (5) at 𝑘 = 0 and,
afterward, by substituting the result into Eq. (8) for
further applications. Then the bottom energy values
obtained for every subband from Eq. (5) and from
approximation (8) coincide with each other.

For the InAs/AlSb structure with the QW width
𝐿 = 15 nm, we obtain from Eq. (5) that 𝐸1 =
= 0.0445 eV, 𝐸2 = 0.154 eV, and 𝐸3 = 0.295 eV. The
values of band parameters for InAs and AlSb – the en-
ergy gap width 𝐸𝑔, effective mass 𝑚(0), nonparabol-
icity parameter 𝛼, and conduction band jump 𝑉 –
which were used at calculations, are quoted in Table.

Fig. 1. Dispersion curves 𝐸𝑛(𝑘) for three first subbands
(𝑛 = 1, 2, 3) in the InAs/AlSb quantum well with the width
𝐿 = 15 nm: according to Eq. (5) (solid curves), according
to approximation (8) (dashed curves), and at 𝑉 = ∞ (dotted
curves)
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Fig. 2. Fermi energy dependence on the two-dimensional
electron concentration in the InAs/AlSb quantum well with
𝐿 = 15 nm and 𝑉 = 1.35 eV

Band parameters for InAs and AlSb at 4.2 K

InAs(A) AlSb(B)

𝐸𝑔 , eV 0.42 2.37
𝑚(0) 0.023 0.11
𝛼, eV−1 2.27 0.334
𝑉 (𝑧), eV 0 1.35

The calculated dispersion curves 𝐸𝑛(𝑘) obtained
according to Eq. (5) and approximation (8) are com-
pared in Fig. 1. It is evident that approximation (8) is
quite exact. It is convenient to be used, while study-
ing the electron statistics and the kinetic, optical,
or other parameters of the 2D electron gas. A short-
coming of approximation (8) consists in that 𝐸𝑛 de-
pends on the structure parameters 𝐿, 𝑉 , 𝑚𝐴,𝐵(0),
and 𝛼𝐴,𝐵 . Therefore, every time when those param-
eters change, the value of 𝐸𝑛 has to be recalculated
numerically from Eq. (5) at 𝑘 = 0.

3. Degenerate 2D Electron
Gas: Fermi Energy, Subband Filling

The equation for the electron concentration can be
written in the form

𝑛𝑠 = 𝑁0

∑︁
𝑛=1

𝐸F∫︁
𝐸𝑛

𝑑

(︂
~2𝑘2

2𝑚𝐴(0)

)︂
, (9)

where

𝑁0 =
𝑚𝐴(0)

𝜋 ~2
=
𝑚𝐴(0)

𝑚0

0.413× 1015

eV cm2 .

Making allowance for approximation (8), we have

𝑛𝑠 =
∑︁
𝑛=1

𝑛(𝑛)𝑠 . (10)

Here,

𝑛(𝑛)𝑠 = 𝑁0

[︀
𝐸F + 𝛼𝐴𝐸

2
F − (𝐸𝑛 + 𝛼𝐴𝐸

2
𝑛)
]︀
𝜃(𝐸F − 𝐸𝑛)

is the electron concentration in the 𝑛-th subband. In
Eq. (10), the terms under the sum sign must be
positive. Negative terms are excluded by the Heavi-
side function. Equation (10) establishes a relation be-
tween the Fermi energy 𝐸F and the total 2D concen-
tration of electrons 𝑛𝑠. It also determines the elec-
tron concentrations in separate subbands, 𝑛(𝑛)𝑠 , for
the given 𝑛𝑠.

Equation (10) makes it possible to evaluate the
critical concentration 𝑛𝑐1, at which the Fermi level
reaches the bottom of the second subband, i.e. 𝐸F =
= 𝐸2. In the InAs/AlSb structure with the QW width
𝐿 = 15 nm, it equals

𝑛𝑐1 = 𝑁0(𝐸2 − 𝐸1) [1 + 𝛼𝐴(𝐸2 + 𝐸1)] =

= 1.511012 cm−2. (11)

According to the estimation of work [7], 𝑛𝑐1 ≈ 1.8×
× 1012 cm−2, whereas the experimental value equals
1.2×1012 cm−2, which is rather close to our one. Ana-
logously, it is possible to evaluate the critical con-
centration 𝑛𝑐2, at which the Fermi level reaches the
bottom of the third subband, i.e. 𝐸F = 𝐸3. It equals
𝑛𝑐2 ≈ 6.87× 1012 cm−2.

The dependence of the Fermi energy on the to-
tal electron concentration 𝐸F(𝑛𝑠) described by for-
mula (10) is plotted in Fig. 2. One can see that the de-
pendence 𝐸F(𝑛𝑠) includes cusps, at which the Fermi
energy growth is slowed down. Those cusps reflect
drastic changes (jumps) in the density of states at
the critical points 𝑛𝑠 = 𝑛𝑐1, 𝐸F = 𝐸2, 𝑛𝑠 = 𝑛𝑐2,
and 𝐸F = 𝐸3. They take place at the critical concen-
trations 𝑛𝑐1, 𝑛𝑐2, ..., when the Fermi level crosses the
bottom of the next subband.

The dependences of the electron concentrations in
the subbands on the total concentration, 𝑛(𝑛)𝑠 (𝑛𝑠),
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are depicted in Fig. 3. These dependences can be
obtained as follows. According to formula (10), the
subband concentrations depend on the Fermi en-
ergy: 𝑛(1)𝑠 (𝐸F), 𝑛

(2)
𝑠 (𝐸F), and 𝑛

(3)
𝑠 (𝐸F). Assigning

various values to 𝐸F (for example, from an interval
of 0–0.4 eV), we can find the concentration in ev-
ery subband, and their sum gives the total concentra-
tion 𝑛𝑠. So, we can plot graphically the dependences
𝑛
(𝑛)
𝑠 (𝑛𝑠).
As the total concentration grows, the first sub-

band becomes filled first. Its concentration increases
linearly until the filling of the second subband be-
gins. When the filling of the next subband begins, the
growth in the dependences for the lower subbands be-
comes slower, and we obtain cusps. In the calculated
dependences 𝑛(𝑛)𝑠 (𝑛𝑠), those cusps are observed at the
critical points: 𝑛𝑠 = 𝑛𝑐1, 𝐸F = 𝐸2 and 𝑛𝑠 = 𝑛𝑐2,
𝐸F = 𝐸3, being a result of a jump-like growth in the
density of states.

Figure 3 also exhibits the experimental depen-
dences of the electron concentrations in the subbands
𝑛
(𝑛)
𝑠 (SdH) on the total concentration 𝑛𝑠 (Hall) [8].

4. Concentration Dependence
of the Cyclotron Mass

Similarly to the case of 3D systems [9, 10], let us
establish a relation between the effective mass and
the total 2D concentration of electrons, 𝑚𝑐(𝑛𝑠). In
approximation (8), the effective mass at the Fermi
level, 𝑚𝑐(𝐸F), does not depend on the subband num-
ber. Even at more exact calculations on the basis of
Eq. (5), the effective masses in various subbands differ
insignificantly. This fact is also confirmed by numeri-
cal calculations in work [8]. In approximation (8), the
effective mass at the Fermi level equals

𝑚𝑐(𝐸F) = 𝑚(0) (1 + 2𝛼𝐸F). (12)

The plot of the dependence 𝑚𝑐(𝑛𝑠) is shown in
Fig. 4. This dependence can be obtained by exclud-
ing 𝐸F from Eqs. (10) and (12). Figure 4 also ex-
hibits the experimental values of the effective (cy-
clotron) mass 𝑚𝑐 at the Fermi level measured at var-
ious total 2D electron concentrations [8]. The cusps
in the dependence 𝑚𝑐(𝑛𝑠) are observed at the crit-
ical points 𝑛𝑠 = 𝑛𝑐1, 𝐸F = 𝐸2, and 𝑛𝑠 = 𝑛𝑐2,
𝐸F = 𝐸3.

From Fig. 4, one can see that the dependence
𝑚𝑐(𝑛𝑠) obtained in this work differs from the depen-

Fig. 3. Dependences of the electron concentrations in three
first subbands – 𝑛

(1)
𝑠 , 𝑛

(2)
𝑠 , and 𝑛

(3)
𝑠 – on the total two-

dimensional concentration in the InAs/AlSb quantum well with
𝐿 = 15 nm and 𝑉 = 1.35 eV, and their comparison with ex-
perimental data [8]

Fig. 4. Dependence of the effective mass on the total two-
dimensional concentration in the InAs/AlSb quantum well with
𝐿 = 15 nm and 𝑉 = 1.35 eV, and its comparison with experi-
mental data [8]

dence given in work [8]. The total concentration 𝑛𝑠
is reckoned along the abscissa axis. The dependences
𝑚𝑐(𝑛𝑠) in Fig. 4 and 𝐸F(𝑛𝑠) in Fig. 2 are similar, be-
cause 𝑚𝑐(𝐸F) is proportional to 𝐸F. Hence, the non-
parabolic dispersion law in the conduction band re-
sults in a monotonic growth of the effective mass with
the concentration 𝑛𝑠. The slowdown of the growth
rate at critical points is associated with a jump-like
increase in the density of states.
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5. Conclusions

By experimentally varying the concentration of the
2D electron gas in a wide interval of 1011−1013 cm−2,
we can study the structures of emerged subbands,
their relative filling, and the concentration depen-
dence of the carrier effective mass. In this work, a
useful approximation for the subband dispersion and
simple relations for the calculation of the electron
statistics, which satisfactorily describe experimental
results [8], are obtained in the case of the degener-
ate electron gas in the InAs/AlSb quantum well het-
erostructure. The approximation is also useful for the
calculation of the kinetic, optical, and magnetic prop-
erties of the 2D electron gas. Furthermore, the algo-
rithms described above can be applied to other het-
erostructures with QWs on the basis of semiconduc-
tors of the A3B5 group.

The work was carried out in the framework of the
project of the State Scientific and Engineering Pro-
gram (grant F2-OT-O-15494).

1. Yu.B. Vasilyev, F. Gouider, G. Nachtwei, P.D. Buckle. Cy-
clotron resonance in heterostructures with InSb/AlInSb
quantum wells. Fiz. Tekh. Poluprovodn. 44, 1559 (2010)
(in Russian).

2. K.E. Spirin, K.P. Kalinin, S.S. Krishtopenko, K.V. Mare-
myanin, V.I. Gavrilenko, Yu.G. Sadofyev. Peculiarities of
persistent photoconductivity in InAs/AlSb double quan-
tum well heterostructures with tunnel transparent separa-
tion barrier. Fiz. Tekh. Poluprovodn. 46, 1424 (2012) (in
Russian).

3. D. Barate, R. Teissier, Y. Wang, A.N. Baranov. Short
wavelength intersubband emission from InAs/AlSb quan-
tum cascade structures. Appl. Phys. Lett. 87, 051103
(2005) [DOI: 10.1063/1.2007854].

4. M.J. Yang, P.J. Lin-Chung, R.J. Wagner, J.R. Waterman,
W.J. Moore, B.V. Shanabrook. Far-infrared spectroscopy
in strained AlSb/InAs/AlSb quantum wells. Semicond.
Sci. Technol. 8, S129 (1993) [DOI: 10.1088/0268-
1242/8/1S/029].

5. M.J. Yang, P.J. Lin-Chung, B.V. Shanabrook, J.R. Water-
man, R.J. Wagner, W.J. Moore. Enhancement of cyclotron

mass in semiconductor quantum wells. Phys. Rev. B 47,
1691 (1993) [DOI: 10.1103/PhysRevB.47.1691].

6. C. Gauer, J. Scriba, A. Wixforth, J.P. Kotthaus, C.R. Bo-
lognesi, C. Nguyen, B. Brar, H. Kroemer. Energy-depen-
dent cyclotron mass in InAs/AlSb quantum wells. Semi-
cond. Sci. Technol. 9, 1580 (1994) [DOI: 10.1088/0268-
1242/9/9/002].

7. R.J. Warburton, C. Gauer, A. Wixforth, J.P. Kotthaus,
B.Brar, H.Kroemer. Intersubband resonances in InAs/AlSb
quantum wells: Selection rules, matrix elements, and the
depolarization field. Phys. Rev. B 53, 7903 (1996) [DOI:
10.1103/PhysRevB.53.7903].

8. V.Ya. Aleshkin, V.I. Gavrilenko, A.V. Ikonnikov, Yu.G. Sa-
dofyev, J.P.Bird, S.R. Jonhson, Y.-H. Zhang. A cyclotrone
resonance in both doped and non-doped InAs/AlSb het-
erostructures with quantum wells. Fiz. Tekh. Poluprovodn.
39, 71 (2005) (in Russian).

9. I.M. Tsydilkovskii. Electrons and Holes in Semiconductors
(Nauka, 1972) (in Russian).

10. B.M. Askerov, Electron Transport Phenomena in Semi-
conductors (World Scientific, 1994) [ISBN: 978-981-02-
1283-4].

Received 16.03.16
Translated from Russian by O.I. Voitenko

П.Ж.Байматов, Б.Т.Абдулазiзов

КОНЦЕНТРАЦIЙНА ЗАЛЕЖНIСТЬ
ЕФЕКТИВНОЇ МАСИ ЕЛЕКТРОНА, ЕНЕРГIЇ
ФЕРМI I ЗАПОВНЕННЯ МIНIЗОН У ЛЕГОВАНIЙ
КВАНТОВIЙ ЯМI InAs/AlSb

Р е з ю м е

Представлено результати дослiдження властивостей виро-
дженого двовимiрного електронного газу в одиночнiй гете-
роструктурнiй квантовiй ямi InAs/AlSb. Непараболiчностi
зони провiдностi InAs i AlSb описуються простою модел-
лю Кейна. Обчислено дисперсiйнi кривi для перших трьох
мiнiзон. Представлено також результати розрахункiв енер-
гiї Фермi, концентрацiї в мiнiзонах i ефективної маси еле-
ктронiв на рiвнi Фермi як функцiї повної двовимiрної кон-
центрацiї. Отриманi результати задовiльно узгоджуються з
експериментальними даними.
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