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CALCULATION OF THE POSITIVE
PARITY YRAST BANDS OF !99-19Hg NUCLEI

The Interacting Boson Model (IBM-1) has been used to calculate the low-lying positive parity
yrast bands in °°7 198 Hyg nuclei. The systematic yrast level and electric reduced transition
probabilities B(E2)], of those nuclei are calculated and compared with the available experimental
data. The ratio of the excitation energies of first 4T and first 2% excited states, R4z, 15 also
studied for the O(6) symmetry for these nuclei. Furthermore, as a measure to quantify the
evolution, we have studied systematically the yrast level R = EL1+ /E21+ of some of the low-
lying quadrupole collective states in comparison to the available experimental data. Moreover,
we have studied the systematic B(E2) values, and the moment of inertia as a function of the
squared rotational energy for even proton Z = 80 and 110 < N < 118 nuclei indicates the
disappearance of back-bending properties. The results of this calculation are in good agreement
with the corresponding available experimental data. The analytic IBM-1 calculation of the
yrast level and B(E2) values of even-even Hg nuclei is performed in the framework of O(6)
symmetry. The contour plot of the potential energy surfaces shows that the nuclei are deformed
and have ~y-unstable-like characters.
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1. Introduction

The mercury nuclei are situated in a transition re-
gion, which lies above the region of the deformed
prolate rare earth nuclei and just below the spherical
lead nuclei at Z = 82 [1]. These nuclei are character-
ized by changes between the spherical and deformed
shapes [2]. In calculations within the Interacting Bo-
son Model (IBM-1), these nuclei have been success-
fully treated as exhibiting the O(6) symmetry [3] of
this model. The IBM [4] has been successful in re-
producing the nuclear collective levels in terms of s
and d bosons, which are essentially the collective s
and d pairs of valence nucleons [5], respectively. As
the s and d bosons span a six-dimensional Hilbert
space, the Hamiltonian corresponding to the IBM-1
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has a group structure U(6). The three limiting sym-
metries of this Hamiltonian, U(2), SU(3), and O(6),
correspond to the geometrical shapes of a spherical
vibrator and a symmetric rotor and to the y-instabi-
lity, respectively [6, 7].

The application of this model to deformed and vi-
brating nuclei is currently a subject of considerable
interest and controversy. Here, we apply the IBM
model to account for even-even mercury isotopes. The
detailed work on the structure of mercury nuclei was
done in recent years. The collective nuclear structure
of light- and medium-mass atomic nuclei have been
studied by the energy level structures of the ground
band in the first instance, and the nuclear structure
was discussed with the use of the observables of col-
lectivity and deformation [8]. The structure of high-
spin states in the transitional nuclei 1°0:192:194Hg was
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described in the framework of the interacting boson
model with one and two broken pairs [9]. The ground
states of Hg and Pb isotopes in the framework of the
deformed relativistic mean field theory with pairing
interactions in the BCS theory and the oblate shape
and the charge radius of neutron-deficient Hg iso-
topes were well reproduced [10]. The average g factors
of high spin, high-excitation energy, and quasicon-
tinuum structures in '94193Hg have been measured,
by observing the precessions of the angular distri-
butions of gamma-ray transitions in several normal-
deformation bands that coalesce in the decay of the
entry distribution of states [11]. Nomura et al. [12]
applied the interacting boson model with configura-
tion mixing and with parameters derived from the
self-consistent mean-field calculation employing the
microscopic Gogny energy density functional to the
systematic analysis of the low-lying structure in Hg
isotopes. Bernards et al. [13] studied 0T states in
198Hg after the 2°°Hg(p, t)'%®*Hg transfer reaction up
to the 3-MeV excitation energy, and the experiment
was performed, by using a high-resolution Q3D mag-
netic spectrograph at the Maier—Leibnitz Laboratory
Tandem accelerator in Munich. Garcia—Ramos et al.
[14] described the even-even Hg isotopes, 72~200Hg,
by using the interacting boson model including the
configuration mixing and paid a special attention to
the description of the shape of nuclei and to its con-
nection with the shape coexistence phenomenon. The
electromagnetic properties of radioactive even-even
Hg isotopes were performed with 2.85 MeV nucleon
mercury beams from REX-ISOLDE and extracted
the magnitudes and relative signs of the reduced E2
matrix elements that couple the ground state and low-
lying excited states in 827188 Hg in view of Coulomb-
excitation experiments [15].

The bulk and decay properties, including the
deformation energy curves, charge mean square radii
Gamow-Teller (GT) strength distributions, and S-de-
cay half-life in neutron-deficient even-even and odd-A
Hg and Pt isotopes had been studied. From the cal-
culations in the deformed quasiparticle random-phase
approximation with residual interactions in both par-
ticle-hole and particle-particle channels, which were
performed on the top of a self-consistent deformed
quasiparticle Skyrme—Hartree—Fock basis, the nuclear
structure was described microscopically in [16].

In the same region of Hg isotopes, the evolution
properties of the yrast states and the electromagnetic
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reduced transition probabilities for even-even Pt iso-
topes were studied in [4, 17-19] within the framework
of the interesting boson model

2. Interacting Boson Model (IBM-1)

The IBM-1 of Arima and Iachello [20] has become
widely accepted as a tractable theoretical scheme
of correlating, describing, and predicting low-energy
collective properties of complex nuclei. In the IBM,
the spectroscopies of low-lying collective properties of
even-even nuclei were described in terms of a system
of interacting s bosons (L = 0) and d bosons (L = 2)
[17, 21]. In the original form of the model known
as IBM-1, proton and neutron-boson degrees of free-
dom are not distinguished. The model has an inherent
group structure associated with it. The IBM-1 Hamil-
tonian can be expressed as [22, 23]

H =¢,(s"3) + (d'd) +

1 1 ~ s (0)
+ Y ser+nic [ld  di]®) x [d x d) D]+
L=0,2,4
1 -
+ —wo |[dF x dT1® x [d x 5@ +
e |ld x df)® x [d x 3

- 900
+[df x s11@ x [d x d]@)} +

1
+ 5% [[dJr x d© x [5 x 5@ +

~ o~ (0)
+ st x s1]© x [dx d]<0>} +

1 (0)
+ o [[s' x 5110 x [5 x O]+

+ 1z [[d* x s1®) x [d x g}@)}(o). (1)

This Hamiltonian contains two terms of one-body
interactions, (es and &4), and seven terms of two-
body interactions [cr(L = 0,2,4), v(L = 0,2),
ur(L = 0,2)], where €, and g4 are the single-boson
energies, and ¢y, vy, and uy, describe the two-boson
interactions. However, it turns out that, for a fixed
boson number N, only one of the one-body terms
and five of the two-body terms are independent, as
it can be seen by noting N = ng + ng. Equation (1)
can be rewritten in terms of the Casimir operators of
the U(6) group. The O(6) symmetry of the IBM-1 is
based on the chain U(6) D O(6) D O(2) D O(3) of
nested subalgebra with quantum numbers N, o, T,
and L, respectively [22—-24].
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Table 1. Parameters used for IBM-1 calculations.
All parameters are given in MeV except for N and CHQ(x)

Nucl. Nz+N,=N € ap o a2 a3 oy CHQ(x)
190Hg 1+8=9 0.000 0.1279 0.0179 0.000 0.2206 0.000 0.000
19211 1+7=38 0.000 0.1408 0.0183 0.000 0.2234 0.000 0.000
194Hg 1+46=7 0.000 0.1875 0.0210 0.000 0.2159 0.000 0.000
196Hg 1+5=6 0.000 0.1884 0.0264 0.000 0.1902 0.000 0.000
198Hg 1+4=5 0.000 0.2336 0.0186 0.000 0.2143 0.000 0.000

4.0 T T T T T T T T

\ SU(3) ] ]
o 3.0 4 .
g ]
s | 0) 3
—_ L | 4
& 2.5 = ] — w = *N ]
w u ]
I 20 . ] e 10 *-—|EM-t1

I 1 —e— Exp -
U(5) ‘IA i: 194Hg '/
15 T T T T T T T T T T T 2] i I/
108 110 112 114 116 118 120 0_— - I Lo
Neutron Numbers 10T —m—1BMATT I . I ;
Fig. 1. E41F / EQT values of low-lying energy levels of 8] —e— Expt -
190—198Hg nuclei /

Then the IBM-1 Hamiltonian in Eq. (1) can be
written in the general form as [24, 25]:

H= eng + 040]5.]5 + al.i/.i/ + OQQ.Q +

+OZ3T3.T3 —+ CE4T4.T4, (2)

where: g = (s, dT)~is~ the total number of dposon
operators, p = 1/2[(d.d) — (5.3)] is the pairing op-
erator, L = /10[d" x d]! is the angular momentum
operator, Q = [df x 5 + st x d|® + x[d} x d]® is
the quadrupole operator ( is the quadrupole struc-
ture parameter and takes the values 0 and :I:g ),
T, = [df x d]") presents the octupole (r = 3) and
hexadecapole (r = 4) operators, and € = ¢4 — €5 is
the boson energy.

The parameters ag, a1, as, as, and a4 desig-
nate the strength of the pairing, angular momentum,
quadrupole, and octupole and hexadecapole interac-
tions between the bosons.

3. Results and Discussion

The Hg nuclei have the proton number equal to 80
and the neutron numbers 110, 112, 114, 116, and
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Fig. 2. Comparison of the ratios Ry, = E(LT)/E(2]) as func-
tions of the angular momentum (L) in the yrast band for the
nuclei

118. According to the IBM-1, the numbers of neu-
tron boson holes 8, 7, 6, 5, and 4, and there is one
proton hole. The total numbers of bosons are 9, §,
7, 6, and 5 of 1997198 Hg nuclei. The symmetry shape
of a nucleus can be predicted from the energy ratio
R = EAT/E2], where E4 is the energy level at
47, and E2] is the energy level at 27 . Actually, R
has a limit value of ~2 for the vibration nuclei [U(2)
symmetry|, ~ 2.5 for v-unstable nuclei [O(6) symme-
try], and ~3.33 for rotational nuclei [SU(3) symme-
try| [24]. The R values of low-lying energy levels of
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Table 2. Comparison of theoretical and experimental

[26—31] excitation energies (in units of MeV) of 190—198Hg nuclei

Nucl. B2 B(4]) BE(4)/EB@2T) EQ2]) E(4}) B()/BE)
190Hg 0.41632 1.02002 2.45008 0.41632 1.04177 2.50232
192Hg 0.42279 1.03695 2.45263 0.42279 1.05758 2.50143
194Hg 0.42796 1.06674 2.49261 0.42789 1.06419 2.48706
196 g 0.42454 1.09815 2.58668 0.42598 1.06144 2.49176
198Hg 0.41180 1.01550 2.46600 0.41180 1.04849 2.54611
Table 3. Reduced transition probability B(E2) | in even 90—198Hg nuclei
Nucl oeb \l(rast Energy (MeV) Transition B(E‘22) gxp. B(E22) I]23M—1
evel level e“b e“-b
190Hg 04503 2 0.41632 2+ - 0t - 0.0474
4 0.6037 4t 2t - 0.0649
6 0.79107 6t — 4t - 0.0710
8 0.97846 8t 6t - 0.0708
10 1.16584 10t — 8+ - 0.0663
12 1.35323 12+ — 10t - 0.0584
192g 08009 2 0.42279 2+ - 0t - 0.1232
4 0.61416 4t 5 2t - 0.1668
6 0.800556 6t — 4t - 0.1796
8 0.99693 8t 6t - 0.1750
10 1.18832 10T — 8+ 0.157906 0.1579
12 1.3797 12+ — 10t 0.12500 0.1309
194Hg 10931 2 0.42796 2t — 0t - 0.1840
4 0.63878 4+t - 2t - 0.2458
6 0.8496 6t — 4t - 0.2589
8 1.06043 8t -6t - 0.2433
10 1.27125 10T — 8+ 0.206799 0.2068
12 1.48207 12t — 10t 0.160103 0.1529
196Hg 13699 2 0.42454 2t 07 0.225201 0.2252
4 0.67361 4t 2t - 0.2949
6 0.92268 6t — 4t - 0.3003
8 1.17175 8t -6t - 0.2661
10 1.42082 10T — 8+ 0.229935 0.2021
12 1.66989 12t — 10t - -
198Hg 14811 2 0.4118 2t s 0t 0.1974 0.1974
4 0.6037 4t — 2t - 0.2507
6 0.7956 6+t — 4t - 0.2413
8 0.9875 8t 6t - 0.1914
10 1.1794 10t — 8+ - -
12 - 12+ — 10t - -

190-198 o puclei are 2.50, 2.50, 2.48, 2.49, and 2.54,
respectively, which are shown in Fig. 1. From this fig-
ure, we have predicted the O(6) symmetry for even-
even 797198Hg nuclei.
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3.1. Yrast levels

The yrast levels (2, 4, 6, 8, and 10) of 10~ 198Hg nuclei
have been calculated by taking the number of free pa-
rameters in the Hamiltonian to be minimum. These
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parameters are determined from the experimental en-
ergy levels (2% and 4™). Each nucleus at the evolving
states is described, by using Eq. (2).

Table 1 shows the IBM-1 parameters that are
used in the calculations of yrast states of those nu-
clei. All parameters are given in MeV except for N
and CHQ(x). Table 2 shows comparisons of theoret-
ical and experimental excitation energies (in units
of MeV) up to 15* 47 levels, and their ratio R =
= E47 /E2] gives the energy level fit, as well as ro-
tational and gamma soft nuclear deformations.

Figure 2 demonstrates the comparison of the ra-
tios R, = E(L1)/E(2]) as functions of the angular
momentum (L) in the yrast band for those nuclei. To
measure the evolution of the nuclei collectively, we
present the energies of the yrast sequences within the
IBM-1 (normalized to the energy of their respective
2;’ levels) in the nuclei and have compared with pre-
vious experimental values [26-31].

From Fig. 2, we can see that the IBM-1 calcula-
tion fits the O(6)-based predictions. The comparison
of the results of calculations and the experimental
values shows the excellent agreement, and R in-
creases toward higher spin states. The Ry values of
190-198Hg pyclei indicate that their excitations are
similar and have a lower value of R; because of the
O(6) symmetry.

3.2. Reduced Transition Probabilities B(E2)

The low-lying levels of even-even nuclei (L; = 2, 4, 6,
8, 10, and 12) usually decay by one E2 transition to
the lower-lying yrast level with Ly = L; — 2. The re-
duced transition probabilities in the IBM-1 are given
for the anharmonic vibration limit within O(6) as [4,
23, 24]

B(E2; L+2— L) ]=
5 L+2

_a28(L+5)(2N L)(2N + L +38), (3)
where L is the angular momentum, and N is the bo-
son number, which is equal to half the number of va-
lence nucleons (proton and neutrons). From the given
experimental value B(E2) of transition (L +2 — L),
one can calculate the value of the parameter o3 for
each isotope, where a2 indicates the squared effective
charge. This value is used to calculate the reduced
transition probabilities B(E2; L + 2 — L) |. Table 3
indicates the reduced transition probabilities for all
nuclei and the excellent agreement of the calculated

ISSN 2071-0186. Ukr. J. Phys. 2017. Vol. 62, No. 8

36 —

n
e
27 L L] .
n
18 | / -
L " | . ! A | A
45 | ]
192
36 J iy
s —H™
27 |- /l/ -
— [ ]
S 18} / —
[} L ! ] 1 .
=3 194
~ m— "¥H [
S o — .
N /
]
18 / -
45 E ! . ! . ! . |
36 | —m— "°Hg -
27 b —— i
-—
—
18 L / _
L ] . ] A ! A ] A ] .
45 | N
36 || —m— "Hg| -
™
27 e .
[ ]
18 | / —
L ! . 1 A 1 .
0.0 0.1 0.2 0.3 0.4

(ho)Y(MeVY
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values with the experimental data. It is shown that
B(E2) values are maximum for the transition (8%
to 67) in each nuclei. Moreover, the reduced tran-
sition probabilities decrease, as the neutron number
increases toward the shell N = 126.

3.3. Back-bending

The positive parity yrast levels are connected by
a sequence of stretched E2 transitions with ener-
gies, which increase smoothly except for around the
backbends. The transition energy AFE; ;_o should
increase linearly with I for the constant rotor as
AE; —o = I/29(4] — 2) does not increase, but de-
creases for certain I values. The relation between the
moment of inertia (J) and the gamma energy E., is
given by
2(2I -1) 47 -2

219/h2 = = ) (4)

E(—EI-2) E,
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Fig. 4. The potential energy surface in the yA3g lane for 199—198Hg nuclei

and the relation between E, and hw is given by
E(I)-E(I-2)

VIT+1) /T2 -1

E,
= : (5)
VIT+D) — /T2 1)
The moment of inertia 219/h% and the rotational fre-
quency fuw have been calculated from Egs. (4) and (5),
respectively. The ground-state bands up to 10 units of
angular momentum are investigated with regard for
the moment of inertia in Hg isotopes. The moments
of inertia are plotted versus the squared rotational
energy in Fig. 3. Usually, in the lowest order accord-
ing to the variable moment of inertia (VMI) model,
this should give a straight line in the plot of the in-
ertia 209/h% as a function of hw?. There is no back-
bending for Hg nuclei. The back-bending phenomena
disappear clearly in the diagram 29/A% vs (Aw)?. The
back-bending phenomenon can be phenomenological

reproduced as an effect due to the crossing of two
bands.

3.4. Potential energy surface (E(N,3,7))

The calculated results can be discussed separately
for the potential energy surface (E(N, 8, v)), which
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gives a final shape to the nucleus according to the
Hamiltonian [23, 24]:

<Naﬂ77|H‘Na/677>
(N, B,7IN, 3,7)

The expectation value of the IBM-1 Hamiltonian with
the coherent state (|V,3,7)) is used to create the
IBM energy surface [23, 24].

The state is a product of boson creation operators
(b!) with

[N, B,7) =

E(N,B,v) =

(6)

—=t)"10) (”)
bi=(1+p5%)712x

X {5T+ﬂ cos 7y (dg) +\/gsin’y (d; + d12> } (8)

The energy surface, as a function of 5 and -, is given
by [24]

E(N,B,7) = NeaB2/1 + 82+ N(N — 1)/(1 + 8%)? x

X (a1ﬂ4 + 33 cos 3y + as % + ay), (9)
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Fig. 5. Potential energy surface E(N, 3,7) as a function of the deformation parameter for 199~198Hg isotopes

where the o are related to the coefficients Cp, vs,
v, ug, and u of Eq. (1). The quantity 8 is the mea-
sure of a total deformation of the nucleus, where
the shape is spherical for 5 = 0 and is distorted if
B # 0, and y is the amount of deviation from the
focus symmetry and correlates with the nucleus. If
~v = 0, the shape is prolate. If v = 60, the shape
becomes oblate. In Fig. 4, the contour plots in the
~ — B plane resulting from E(N, 3,) are shown for
190-198 o jsotopes. For most of the considered Hg nu-
clei, the mapped IBM energy surfaces have triaxial
shape. The triaxial shape is associated with interme-
diate values 0 < v < 7/3. The triaxial deformation
helps to understand the prolate-to-oblate shape tran-
sition that occurs in the considered Hg isotopes. The
Hg nuclei considered here do not display any rapid
structural change, but remain v-soft. This evolution
reflects the triaxial deformation, as one approaches
the neutron shell closure N = 126.

Figure 5 shows the potential energy surface
E(N, ,~) as a function of the deformation parame-
ter 3 with v = 0 and 60 for '?°~198Hg isotopes. From
this figure, the plane figure shows the symmetry be-
tween the potential energy surfaces at v = 0 and 60

ISSN 2071-0186. Ukr. J. Phys. 2017. Vol. 62, No. 8

at f ~ 1.5 for the Hg nuclei that are deformed and
have the y-unstable shape.

4. Conclusions

We have reported on the evolution of positive par-
ity yrast levels and reduced transition B(E2) val-
ues for 1997198 Hg nuclei within the IBM-1 and com-
pared with previous experimental values. The pre-
dicted low-lying levels and the reduced probabili-
ties are consistent with the experimental results. The
back-bending phenomena of those nuclei disappear
clearly in the diagram 29/h? vs(hw)?. The analytic
IBM-1 calculation of those values for even-even Hg
nuclei with N = 110— 118 has been performed within
the O(6) symmetry. The results are extremely useful
for compiling the nuclear data table. The contour plot
of the potential energy surfaces shows that the inter-
ested nuclei are deformed and have y-unstable-like
character.

We thank University of Kerbela-College of Science-
Department and University of Babylon-College of
Science-Department of Physics for supporting this
work.
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PO3PAXYHOK IPACT-CMVYT
3 ITIO3UTUBHOIO TAPHICTIO JIJIST SAIEP 190-1981]g

Peszmowme

Mopgens B3aemomitounx 6ozouis (MBB-1) sacrocoBaHo 1y1s1 pos-
PaxyHKy HU3bKOJIEXKAYUX 1PACT-CMYT 3 ITO3UTHUBHOIO ITaPHICTIO
B 190-198Hg gnpax. Cucremarwanuii ipacT-piBens i HaBemeHi
iimoBipHOCTI eslekTpuaaux nepexoznis B(E2) | mis nux sagep
po3paxoBaHi i HOPIBHIOIOTHCS 3 €KCIIEpUMEHTAJbHUMH JIaHU-
mu. Busveno signomenns Ry o eHeprifi 30yzxKeHHsI Iepiux
4% i 2% nopymenux craunis s O(6) cumerpii. s KinbkicHol
XapaKTEPUCTUKH E€BOJIIOII] CHCTEMaTHIHO JOCJIIXKEHO ipacT-
piBenb R = E Lt / EQT JEAKUX HU3BKOJIEKATUX KBAJPYIIOJIb-
HUX KOJIEKTUBHUX CTaHIB i IPOBeJEHO NMOPIBHAHHS 3 €KCIIepU-
MeHTOM. Busnaueno cucremarnuni B(F2) Besuunnu. MomenT
iHepIil K (pYHKIlis KBaJpaTa 06epTaJIbHOI eHepril sijep 3 map-
HuM 4gucjaoMm npotoHiB Z = 80 i 110 < N < 118 cBiguurs
PO 3HMKHEHHS BJIACTUBOCTI 3BOPOTHOrO BUI'MHY. Pe3sysbpraTn
PO3paxyHKIiB 3HAXOAATHCA B XOpOIIiil BiamoBimHOCTi 3 eKcie-
puMeHTOM. BUKOHAHO aHAJITUYHUI PO3PaxXyHOK ipacT-piBHA i
B(E2) Besnmuun juis napro-napuux Hg simep B pamkax MBB-
11 O(6) cumerpil. I'pacdikn nOBEpXOHb MOTEHIIAILHOI eHepril
IIOKa3yI0Th, IO sJpa AedOopMOBaHi i y-HecTabiIbHI.
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