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IMPACT OF THE FLEXOELECTRIC
COUPLING AND ELECTROSTRICTION
ON THE DISPERSION OF SOFT PHONON MODES
AND NEUTRON SCATTERING IN FERROELECTRICS

Within the Landau–Ginzburg–Devonshire (LGD) theory framework, the impact of the flexo-
coupling and electrostriction on the soft phonon dispersion and neutron scattering spectra is
analyzed, and analytical expressions are derived. The impact of the higher gradient term in
the LGD functional is studied analytically. The existence of incommensurate modulations in a
temperature interval higher than the Curie temperature 𝑇C, but lower than the temperature of
incommensurate phase transition 𝑇IC, 𝑇C < 𝑇 < 𝑇IC, and under the condition of the flexoco-
efficient magnitude ranging over the critical value, |𝑓 | > 𝑓cr(𝑇 ), is established. The influence
of the dynamic flexocoefficient 𝑀 , suggested in [1], on phonon spectra is studied. We consider
various parameters of the free energy functional; especially, we have discovered a significant
contribution of the electrostriction to the appearance of a commensurate phase. In the recent
years, the various methods based on the neutron scattering acquire more applications to study
phonons in solid crystals. We have analyzed neutron scattering spectra and shown that theo-
retical predictions are in a very good agreement with observed data.
K e yw o r d s: flexocoupling, electrostriction, soft phonon dispersion, neutron scattering spec-
tra, ferroelectrics.

1. Introduction
Physical properties of ferroics attract a permanent
attention of researchers [2]. We would like to draw
attention to the most striking interesting phenom-
ena both for fundamental physics and applications
induced by the flexoelectric effect. This effect pre-
dicted theoretically by Mashkevich and Tolpygo [3] in
1957 exists in any material, making the effect univer-
sal [1, 4–6]. Kvasov and Tagantsev [7] predicted the
existence of a cross-term in the kinetic energy and
named it the dynamic flexoelectric effect (see reviews
[1, 5] and references therein).

The investigation of dynamic characteristics of
phase transitions in ferroics [8] attracts a great atten-
tion of scientists for many years. Any phase transition
leads to the instability of some phonon vibrations. In
this case, the static displacements of atoms at the
phase transition correspond to frozen displacements
of the soft phonon vibration mode [9]. The frequency
𝜔TO of the transverse optic soft mode is temperature-
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dependent at the transition temperature 𝑇 = 𝑇c. Ex-
perimental methods, which give information about
the soft modes and the spatial modulation of the or-
der parameter in ferroics are dielectric measurements
[10], inelastic neutron scattering [9], [11–15], X-ray
[16–18], Raman [19], and Brillouin [15, 16], [20–23]
scatterings, and the pulse-echo method [19, 21].

The influence of static and dynamic flexoelectric
couplings on the soft phonon spectra in ferroics has
not been studied till the recent time [24–27], when
the Landau–Ginzburg–Devonshire (LGD) approach
was adopted to study the appearance of the spatially
modulated phases (SMP) due to the flexocoupling
and the properties of optic and acoustic phonons in
the ferroelectric and paraelectric phases. Flexocoup-
ling-induced soft acoustic modes and SMP in ferro-
electrics were revealed in [26].

Within the LGD theory, we will analyze the ex-
pressions for the frequency dispersion of soft trans-
verse acoustic (TA) and optic (TO) phonon modes
in dependence on the flexoelectric coupling constant
𝑓 in ferroelectrics. We consider various parameters of
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the free energy functional; especially, we discover a
significant contribution of the electrostriction to the
appearance of a commensurate phase. In recent years,
the various methods based on the neutron scattering
acquire a more application to study phonons in solid
crystals. Here, we will analyze the neutron scattering
spectra and will show that theoretical predictions are
in a very good agreement with observed data [26, 28].

2. One-Component Approximation
in the Free Energy Functional
and the Lagrange Function

The LGD free energy 𝐹 of a ferroic such as a proper
or incipient ferroelectric acquires the simplest form
for the one-component polarization, 𝜂, coupled with
the strain tensor component, 𝑢, which depends only
on the coordinate 𝑥 in the one-dimensional (1D) case
[29]. In the simplest one-component 1D case consid-
ered hereinafter, the bulk part of the free energy 𝐹 ,
which depends on 𝜂, 𝑢, and their gradients, has the
form

𝐹𝑉 =

∫︁
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(︃
𝛼(𝑇 )

2
𝜂2 +

𝛽

4
𝜂4 +

𝛾

6
𝜂6 +

𝑔

2

(︂
𝜕𝜂

𝜕𝑥

)︂2
+

+
𝑤

2

(︂
𝜕2𝜂

𝜕𝑥2

)︂2
+

ℎ

2
𝜂2
(︂
𝜕𝜂

𝜕𝑥

)︂2
− 𝜂𝐸 − 𝑞𝑢𝜂2 +

+
𝑐

2
𝑢2 +

𝜈

2

(︂
𝜕𝑢

𝜕𝑥

)︂2
− 𝑓

2

(︂
𝜂
𝜕𝑢

𝜕𝑥
− 𝑢

𝜕𝜂

𝜕𝑥

)︂)︃
. (1)

The parameters 𝛼, 𝛽, 𝛾, 𝑔, 𝑤,𝐸, 𝑞, 𝑐, 𝜈, 𝑓 were con-
sidered in [24–26]. On the contrary to those papers,
we consider the non-zero gradient parameter ℎ.

The Lagrange function 𝐿 =
∫︀
𝑡
𝑑𝑡(𝐹 −𝐾) includes

the free energy 𝐹 given by Eq. (1) and the kinetic
energy
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which involves the dynamic flexocoupling [1, 7] with
the magnitude 𝑀 . Here, 𝜌 is the density of a material,
and 𝜇 is a kinetic coefficient. The elastic displacement
component 𝑈 is connected with the strain 𝑢 through
the relation 𝑢 = 𝜕𝑈

𝜕𝑥 .

3. Analytical Solutions
of Linearized Equations of State

The thermodynamic equations of state can be ob-
tained from the variation of the free energy (1) in

the components of the order parameter 𝜂 and strain
𝑢, 𝛿𝐹

𝛿𝜂 = 0 and 𝛿𝐹
𝛿𝑈 = 0. Let us find the solution of

these equations after their linearization in vicinities
of the spontaneous values 𝜂𝑠 and 𝑢𝑠

𝜂 = 𝜂𝑠+

∫︁
𝑑𝑘exp(𝑖𝑘𝑥)𝜂, 𝑢 = 𝑢𝑠+

∫︁
𝑑𝑘exp(𝑖𝑘𝑥)�̃�.

(3)

The homogeneous spontaneous strain and order
parameter values are denoted as 𝜂𝑠 and 𝑢𝑠, respec-
tively. The perturbation field is 𝐸 =

∫︀
𝑑𝑘 exp(𝑖𝑘𝑥)�̃�.

The spontaneous polarization and strain are ab-
sent (𝜂𝑠 = 0, 𝑢𝑠 = 0) in the high-temperature par-
ent phase, wherein the coefficient 𝛼 > 0. In the
low-temperature ordered phase (wherein 𝛼 < 0 and
𝜂𝑠 ̸= 0, 𝑢𝑠 ̸= 0), the spontaneous strain and polariza-
tion values can be determined from the equations of
state, namely,

𝑢𝑠 =
𝑞

𝑐
𝜂2𝑠 , 𝜂2𝑠 =

1

2𝛾

(︁√︀
𝛽*2 − 4𝛼𝛾 − 𝛽*

)︁
, (4)

where the coefficient

𝛽* =

(︂
𝛽 − 2

𝑞2

𝑐

)︂
.

Expression (4) is valid for ferroelectrics with the first-
and second-order phase transitions from the ordered
phase to the parent phase. In the particular case of
the second-order phase transition for the parameters
𝛽* > 0, 𝛾 = 0, the spontaneous polarization value
is 𝜂2𝑠 = −𝛼/𝛽*, so the condition 𝑐𝛽 > 2𝑞2 should be
valid for the transition realization.

In the particular case 𝛽* > 0, 𝛾 = 0, the spon-
taneous value 𝜂2𝑠 = −𝛼

𝛽* . Therefore, the condition
𝑐𝛽 > 2𝑞2 should be valid for the second-order phase
transition realization.

After the linearization, the equations of state ac-
quire the form

𝜂 = �̃�(𝑘)�̃�, �̃� = − (𝑖𝑓𝑘 − 2𝑞𝜂𝑠)

𝑐+ 𝜈𝑘2
�̃�(𝑘)�̃�. (5)

The linear susceptibility �̃� introduced in Eq. (5) is
given by the expression

�̃�(𝑘) =

(︃
𝛼+ 3𝛽𝜂2𝑠 + 5𝛾𝜂4𝑠 − 2𝑞𝑢𝑠 +

+ 𝑔𝑘2 + ℎ𝑘2𝜂2𝑠 + 𝑤𝑘4 − 4𝑞2𝜂2𝑠 + 𝑓2𝑘2

𝑐+ 𝜈𝑘2

)︃−1

. (6)
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The condition of instability of solution (5) corre-
sponds to the divergence of susceptibility (6). By sub-
stituting expression (4) for 𝑢𝑠 into Eq. (6), we get the
instability condition in the form(︀
𝛼𝑠 + 𝑔eff𝑘2 + ℎ𝑘2𝜂2𝑠 + 𝑤𝑘4

)︀ (︀
𝑐+ 𝜈𝑘2

)︀
−

− 𝑓2𝑘2 − 4𝑞2𝜂2𝑠 = 0. (7)

Here, we introduced the parameter 𝛼𝑠 and effective
gradient coefficient 𝑔eff :

𝛼𝑠 = 𝛼+

(︂
3𝛽 − 2

𝑞2

𝑐

)︂
𝜂2𝑠 + 5𝛾𝜂4𝑠 , (8)

𝑔eff = 𝑔 + ℎ𝜂2𝑠 +
𝛼𝑠𝜈

𝑐
− 𝑓2

𝑐
. (9)

One can show that the parameter 𝛼𝑠 is always pos-
itive. It is equal to 𝛼 in the parent phase, wherein
𝜂𝑠 = 0. The inhomogeneous SMP can appear, if the
renormalized gradient coefficient (9) becomes nega-
tive. Since the elastic stiffness is always positive (𝑐 >
> 0), the homogeneous phase 𝜂 = 𝜂𝑠 is absolutely
stable under the condition 𝑓2 < 𝑐𝑔+ 𝑐ℎ𝜂2𝑠 +𝛼𝑠𝜈. The
condition is temperature-dependent because of the
temperature dependence of the coefficient 𝛼𝑠(𝑇 ).

If the strain gradient coefficient 𝜈 is zero, and the
nonlinear gradient parameter ℎ is zero as well, the
condition 𝑓2 < 𝑐𝑔 + 𝑐ℎ𝜂2𝑠 + 𝛼𝑠𝜈 reduces to the in-
equality 𝑓2 < 𝑐𝑔, which is nothing more than the
scalar form of the tensor relation 𝑓2

𝑘𝑙𝑚𝑛 < 𝑔𝑖𝑗𝑘𝑙𝑐𝑖𝑗𝑚𝑛

from Ref. [30]. Later on, the condition 𝑓44 < 𝑔44𝑐44
(along with other similar conditions) has been derived
for the symmetry of perovskite by Yudin, Ahluwalia,
and Tagantsev [31] and interpreted as the upper limit
for the static flexoelectric tensor without the gradient
𝜈𝑖𝑗𝑘𝑙𝑚𝑛

2

(︁
𝜕𝑢𝑖𝑗

𝜕𝑥𝑚

𝜕𝑢𝑘𝑙

𝜕𝑥𝑛

)︁
and other higher order gradients in

the free energy of ferroelectrics. Mao and Purohit de-
rived more complex stability conditions for the spa-
tially confined systems with the strain gradient tensor
𝜈𝑖𝑗𝑘𝑙𝑚𝑛 ̸= 0 [see Eq. (28) in Ref. [32]], which can be
reduced to the simple inequality 𝑓2 < 𝛼𝜈. Stengel
used the inequality 𝑓2 < 𝑐𝑔 for the critical value of
the flexoelectric coefficient [see Eq. (106) in Ref. [33]].

If one can neglect the smallest term 𝜈𝑤𝑘6 in
Eq. (7), it reduces to the biquadratic equation with
four roots:

𝑘± =

{︂
1

2(1 + �̃�)

(︂
𝑓2 − 1− �̃�𝜈 ±

±
{︂
(𝑓2 − 1− �̃�)2 − 4�̃�(1 + �̃�)

(︂
1− �̃�2

�̃�

)︂}︂1/2)︂}︂1/2
, (10)

where we have introduced the dimensionless parame-
ters 𝑘, 𝑓, �̃�𝜈 , �̃�, �̃�:

𝑘 =

√︂
𝜈

𝑐
𝑘, 𝑓 =

𝑓
√
𝑔𝑠𝑐

, �̃� =
𝛼𝑠𝜈

𝑔𝑠𝑐
,

�̃� =
2 𝜂𝑠
𝑐

√︂
𝜈

𝑔𝑠
𝑞, �̃� =

𝑐𝑤

𝜈𝑔𝑠
,

(11)

and 𝑔𝑠 is renormalized parameter defined as 𝑔𝑠 = 𝑔+
+ℎ𝜂2𝑠 . Subscripts 1 and 2 in expression (10) corre-
spond to the “+” and “–” signs before the outer square
root. The solution 𝑘+1,2 corresponds to the “+” sign
before the inner square root, and the root 𝑘−1,2 corre-
sponds to the “–” sign before it.

Expression (9) for 𝑔eff written in the dimension-
less variables (11) acquires the form 𝑔eff = 𝑔𝑠(1+
+ �̃�− 𝑓2). Thus, the necessary condition of the SMP
appearance 𝑔eff < 0, written in the dimension-
less variables (11), is equivalent to the inequality
sign(𝑔𝑠)(1 + �̃� − 𝑓2) < 0. However, as one can see
from Eq. (10), the condition 𝑔eff < 0 is not sufficient
per se, because the additional condition of the posi-
tive inner determinant,

(𝑓2 − 1− �̃�)2 ≥ 4�̃�(1 + �̃�)

(︃
1− �̃�2

�̃�

)︃
,

should be valid. Taking into account that the gradient
parameter ℎ can accept positive, as well as negative,
values, we note that the parameter 𝑔𝑠 which has the
form 𝑔𝑠 = 𝑔+ℎ𝜂2𝑠 for the given parameter 𝑔 can effec-
tively be overriden and switch it sign to the opposite
value, so one can additionaly control the stability of
SMP by the nonlinear gradient parameter ℎ.

4. Soft Phonon Dispersion
in Ferroics with CP and ICP

Soft phonon dispersion can be calculated from the
time-dependent dynamic equations of state for the
polarization and the elastic displacement components
𝜂 and 𝑈 , respectively [24]. The nonlinear gradient pa-
rameter 𝑤 is usually small, so its influence will be ne-
glected hereinafter. The dynamic equations of state
are obtained from the variation of the Lagrange func-
tion 𝐿 =

∫︀
𝑡
𝑑𝑡(𝐹 − 𝐾) in 𝜂 and 𝑈 , where the free

energy 𝐹 is given by Eq. (1), and the kinetic energy
𝐾 is given by Eq. (2). The solutions of the dynamic
equations 𝛿𝐿

𝛿𝑈 = 0 and 𝛿𝐿
𝛿𝜂 = 0 can be found in the

spatial (𝑘) and frequency (𝜔) domains, using Fourier
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integrals for the polarization, 𝜂 = 𝜂𝑠+
∫︀
𝑑𝑘 exp(𝑖𝑘𝑥+

+ 𝑖𝜔𝑡)𝜂, displacement, 𝑈 = 𝑢𝑠𝑥 +
∫︀
𝑑𝑘 exp(𝑖𝑘𝑥+

+ 𝑖𝜔𝑡)�̃� , and perturbation field, 𝐸 =
∫︀
𝑑𝑘 exp(𝑖𝑘𝑥+

+ 𝑖𝜔𝑡)�̃� after the linearization in vicinities of the
spontaneous values 𝜂𝑠 and 𝑢𝑠, respectively.

The generalized linear susceptibility function
�̃�(𝑘, 𝜔) is defined by the expression 𝜂 = �̃�(𝑘, 𝜔)�̃�.
The condition of the susceptibility divergence leads
to the equation for the phonon dispersion 𝜔(𝑘), which
can be defined by a power series of the form

𝑘6 + (�̃�+ 1− 𝑓2 − �̃� �̃�2)𝑘4 + (�̃�− �̃�
2 −

− (1−2�̃�𝑓+ �̃�)�̃�2)𝑘2−(�̃�−(�̃�−�̃�2)�̃�2)�̃�2 = 0 (12)

where the parameters 𝑘, 𝑓 , �̃�, and �̃� were initially
defined in Eq. (11). We have introduced here the di-
mensionless frequency �̃� and the parameters �̃� and
�̃� in the following way:

�̃� =

√
𝜌 𝜈

𝑐
𝜔, �̃� =

𝑀

𝜌

√︂
𝑐

𝑔𝑠
, �̃� =

𝜇 𝑐

𝜌 𝑔𝑠
. (13)

In what follows, we are going to consider the bicu-
bic equation (12) for the wave vector, rather than a
biquadratic one for the frequency. There are a few im-
portant reasons for why we have decided to switch to
studying the dependence of the wave vector on the
frequency, but not vice versa.

First of all, on the contrary to the biquadratic equa-
tion case, we receive yet another solution here, a quite
different branch of oscillations. As can be seen from
our previous papers [24–27], the biquadratic equa-
tion for a frequency give us two well-known solutions:
the acoustic branch with linear dispersion relation in
vicinities of small wave vectors and the optic branch
with non-zero oscillations at the zero wave number
𝑘 = 0. From the bicubic equation (12), we get the
third independent solution, which describes the relax-
ation oscillations. This means that there is a damp-
ing in the system that can be measured and studied
by experimental observations. It is impossible just to
neglect or ignore this solution, and it is mandatory
to consider the relaxations in the system to complete
our full analysis. So far, solutions of the bicubic equa-
tion (12) for the wave vector give us a full analytical
description of the system behavior.

The second important reason for why we prefer to
study the bicubic equation for the wave vector is ex-
perimental observations of the neutron scattering on
samples of the considering systems, which give us the

dependence of the intensity of scattered ray beams on
the frequency. So far, in order to compare experimen-
tal observations with the our theoretical predictions,
we should find out the dependence of the wave num-
ber on the wave frequency.

5. Neutron Scattering

The structure factors are the numbers that express
the amplitude of reflection from the surface. The to-
tal scattering power of all atoms is given by the sum of
the individual scattering amplitudes [see Eq. (8.2.43)

in Ref. [34]]: 𝑆𝑘 = 1
𝑁

⃒⃒⃒∑︀𝑁
𝑗=1 𝑒

𝑖𝑘𝑟𝑗

⃒⃒⃒2
, where we have

marked the 𝑗th atom by index 𝑗, and 𝑁 is the total
number of atoms in the system. The intensity of re-
flection from the surface has the direct relation to
the structure factors: 𝐼 ∼ 𝑆𝑘 [see Eq. (8.2.46) in
Ref. [34]].

In the harmonic approximation, the intensity of the
scattered ray beams has the form (see Appendix A)

𝐼 ∼ 𝑘2

𝜔2
. (14)

In order to consider the behavior of the dispersion
relation in the region of small wave vectors, we can
neglect the term ∼𝑘6 in Eq. (12), so the dispersion
relation has the form

𝑘2 = − �̃�𝜔

2𝛿𝜔
±

√︁
�̃�2
𝜔 + 4𝛿𝜔(�̃�− (�̃�− �̃�2 )�̃�2)

2𝛿𝜔
, (15)

where �̃�𝜔 = �̃�− �̃�2−(1−2�̃�𝑓+ �̃�)�̃�2, 𝛿𝜔 = (�̃�+1−
− 𝑓2 − �̃� �̃�2). As it will be shown below, the solution
with “+” before the square root corresponds to the
acoustic dispersion and that with “–” corresponds to
the optic one (see explanations to Eq. (21)).

Experimental data on the neutron scattering in-
tensity are presented in Fig. 1. There was raised the
question about the nature of the increase near 𝑇IC in
the Ref. [29] (see Fig. 1). It was suggested that the
second-order phase transition becomes a first-order
one, which relates to the strain coupling [35]. It will
be shown in Section 8 that the electrostriction itself
may be responsible for the intensity pick widening.

6. Acoustic Dispersion

Ar small frequencies and small wave vectors, the dis-
persion relation (12) acquires the linear form

𝜔 =

√︃
𝑐

𝜌

(︂
1− 4

𝜂𝑠2𝑞2

𝑐𝛼𝑠

)︂
𝑘, (16)
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a

b
Fig. 1. Neutron scattering intensity observational data and
predicted values in the harmonic approximation. Experimen-
tal data are denoted by red squares, and theoretical predictions
are given as blue triangles with eye-guiding solid line. Experi-
mental data are taken from Ref. [29], our modeling is based on
Eq. (14). Intensity is given in arbitrary units (a.u.). It sharply
increases, by approaching the phase transition (a). The satel-
lite Bragg reflection shows the additional intensity pick below
𝑇IC (b)

which represents the acoustic dispersion law. Combi-
ning this result with Eq. (14), we can find out the
most important thing about the neutron scattering,
namely the temperature resonance of the intensity of
scattered rays when the temperature constant 𝛼𝑠 ap-

proaches the squared electrostriction: 𝛼𝑠 = 4 𝜂𝑠
2

𝑐 𝑞2

(�̃� = �̃�2). This transition takes place at the temper-
ature 𝑇IC of the transition from the commensurate
phase to an incommensurate one and can be found
by equating the r.h.s. of expression (16) to zero. In
view of Eq. (4), we have

𝑇IC = 𝑇𝐶 +

(︁
𝛽 − 2

𝑞2

𝑐

)︁2
4𝛾𝛼𝑇

. (17)

According to Eq. (16) and Eq. (17), the softening
of the acoustic mode occurs at the temperature 𝑇IC

that is always higher than the Curie temperature 𝑇C:
𝑇IC > 𝑇C.

There is also the second solution 𝑇IC = 𝑇C.
This kind of ferroics undergoes a direct second-
order phase transition at the Curie point 𝑇C. The
Sn2P2(S1−𝑥Se𝑥)6 family of uniaxial ferroelectrics is
an excellent model system for studying the ap-
pearance of an intermediate IC phase, since the
mixed crystals can be grown for all values of 𝑥(0 <
< 𝑥 < 1). Sn2P2Se6 shows an intermediate incom-
mensurate phase at ambient pressure, in contrast to
Sn2P2S6 [29].

Equation (17) allows us to plot the dependence of
an incommensurate phase transition temperature 𝑇IC

vs the electrostriction. There is a slight dependence
in the region of small electrostriction values. But, as
the electrostriction parameter increases, one can no-
tice a strong increase of the phase transition temper-
ature 𝑇IC. This temperature was reported in [29] for
a sample of Sn2P2Se6: 𝑇IC = 221 K. Therefore, we
can find the electrostriction 𝑞 = 6 × 109 Jm/C2 in
this case. One can retrieve it directly from Eq. (17)
by solving a simple quadratic equation as well. Note
that, at the point 𝑞 ≈ 0, the temperature 𝑇IC equals
193.26 K. It is just 0.26 K above the Curie point.

The plots of the phase transition temperature 𝑇IC

(lower panel) and the sound velocity dependence on
the electrostriction (upper panel) are presented in
Fig. 2.

7. Phonon Damping

In order to find out the condition of the appearance
of a damping in a system, one should examine the
damping region by the standard replacement 𝜔 → 𝑖𝜔
in the Eq. (15). Accordingly, the critical frequency
of the appearance of the damping in a system can be
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found by setting the expression under the square root
in Eq. (15) equal to zero

�̃�cr
damp =

=
�̃�− �̃�2√︁

4 (�̃�− 𝑓2 + 1)�̃�− 2 (1 + �̃�− 2�̃�𝑓)(�̃�− �̃�2)
.

(18)
It is possible to suggest that the appearance of the

damping in a system has the direct influence on the
intensity of scattered rays and leads to a softening
of the acoustic mode. It causes the appearance of the
main pick of the structure factor. Taking into account
that the central peak increases in intensity, by ap-
proaching the phase transition, and shows a slight
narrowing, as 𝜔cr

damp does, it is possible that the line
width of the structure factor is close to 𝜔cr

damp, which
decreases, when the temperature 𝑇 approaches the
phase transition temperature 𝑇IC.

8. Soft Optic Mode

Near the phase transition temperature 𝑇IC (�̃� ≈ �̃�2),
the dispersion relation at small wave vectors and
nonzero frequencies in accordance with Eq. (12) has
the form:

(�̃�− �̃�2) �̃�2 = �̃�+ (1− 2�̃�𝑓 + �̃�)𝑘2. (19)

So we have the Lorentz type of Green’s function. The
case where the wave vector approaches zero is of spe-
cial interest, because this allows us to determine the
frequency at zero point. So far, we have an important
fitting expression

�̃�𝑜 =

√︃
�̃�

�̃�− �̃�2
, (20)

where �̃�𝑜 = �̃�𝑘=0. The parameter 𝜔𝑜 can be deter-
mined as the frequency at 𝑘 = 0. The dispersion re-
lation has singularity at the point of the critical dy-
namic flexoconstant 𝑀 cr =

√
𝜌𝜇. In accordance with

Eq. (19), the square of the frequency linearly depends
on the square of the wave vector: 𝜔2 = 𝜔2

𝑘=0+𝑐2𝑜𝑘
2,

where the upper limit of the phonon velocity 𝑐𝑜 can
be expressed as 𝑐𝑜 = 𝑐𝑜

√︁
𝑐
𝜌 . The dimensionless speed

variable 𝑐𝑜 has the form

𝑐𝑜 =

√︃
1− 2�̃�𝑓 + �̃�

�̃�− �̃�2
. (21)

Fig. 2. Influence of the electrostriction on the sound speed 𝑐𝑎
(upper panel) and incommensurate phase transition tempera-
ture 𝑇IC (lower panel). Numerical calculations were performed
for a Sn2P2Se6 sample. The parameters 𝛽, 𝑐, 𝑇C, 𝛼𝑇 , 𝛾, 𝜌 are
listed in the Table. The sound velocity as a function of the
electrostriction was calculated at a temperature 𝑇 = 100 K

The parameter 𝑐2𝑜 can be determined as the tangent
of an angle of the dispersion curve in the range of
small values of the wave vector on the plane 𝜔2 − 𝑘2.

The expression (1 − 2�̃�𝑓 + �̃�) under the square
root in Eq. (21) should be positive definite. So, the
quantity �̃�𝜔 in Eq. (15) has a negative value, and we
can conclude that the sign “–” before the square root
in Eq. (15) defines the optic branch, as well as sign
“+” before the square root determines the acoustic
dispersion.

Note that, for the large enough wave vectors
and frequencies, the term �̃� can be neglected in
Eq. (19). In this particular case, we have the linear
phonon dispersion relation 𝜔 = 𝑐𝑜𝑘.

One can determine previously unknown parameters
of the kinetic coefficient �̃� and the dynamic flexoco-
efficient �̃� by combining Eqs. (20) and (21):

�̃�± = 𝑓 ±

√︃
𝑓2 − 1 +

(−1 + 𝑐𝑜
2)�̃�

𝜔𝑜
2 , (22)

�̃�± =

⎛⎝𝑓 ±

√︃
𝑓2 − 1 +

(−1 + 𝑐𝑜
2)�̃�

𝜔𝑜
2

⎞⎠2 + �̃�

𝜔𝑜
2 . (23)

These equations unveil a degenerate phonon energy
level with a frequency 𝜔𝑜 at 𝑘 = 0. It corresponds to
the different sets of the parameters {𝜇+,𝑀+} and
{𝜇−,𝑀−}. Such a finding can point out to a possi-
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Model parameters in the LGD free energy (1) and the kinetic
energy (2) for several ferroelectrics with 𝑔 > 0 and 𝑔 < 0

Symbol and dimension Sn2P2S6 Sn2P2Se6

𝛼𝑇 (×105 Jm/Kc2) 16 26

𝑇C(K) 337 193

𝑇IC(K) − 221

𝛽 (×108 JC−4m5) +7.42 –4.8
𝛾 (×109 JC−6m9) 35 85

𝑞 (×109 Jm/C2) 4 (reference interval 1.6–4.7 ) 6

𝑐 (×1010 Pa) 1.6 (since 𝑐44 = 1.6± 0.3) 1.6

𝑔 (×10−10 C−2m3J) 0.5 (fitting parameter) −0.6 (fitting parameter)
𝑤 (×10−29 Jm5/C2) 1.8 (reference value 1.8) 2.5 (reference value 2.2)
𝜈 (×10−9 Vs2/m2) 5 (fitting parameter) 1 (fitting parameter)

𝑓(V) ±(1.6–1.8) (fitting parameter) ±1.0 (fitting parameter)
𝜌 (×103 kg/m3) 1.801 2.547

𝜇 (×10−18 s2mJ) 11.0 (fitting parameter) 14.5 (fitting parameter)
𝑀 (×10−8 Vs2/m2) ±2.5 (fitting parameter) ±1.5 (fitting parameter)

ble phonon energy level splitting in the strong exter-
nal fields. From Eqs. (22) and (23), one can conclude
that the nonzero dynamic flexocoefficient 𝑀 causes
degenerate phonon spectra, and a further research is
required to provide evidence of the influence of the
dynamic flexoelectric effect on the dispersion relation.

9. Summary

We have studied the contribution made by the higher
gradient term ℎ in the LGD functional to the appear-
ance of SMP. We have analyzed the dynamic flexoco-
efficient 𝑀 and proposed a way how its value can
be extracted from the phonon spectra. We have dis-
covered how the critical temperature 𝑇IC depends on
various parameters of the free energy functional, with
a special emphasis on the electrostriction, which sig-
nificantly contributes to the appearance of a com-
mensurate phase. In the recent years, various meth-
ods based on the neutron scattering acquire more ap-
plications to study phonons in solid crystals. Here,
we have analyzed the neutron scattering spectra and
shown that theoretical predictions are in a very good
agreement with observed data.

APPENDIX A.
Structure Factor

The structure factors are the numbers that express the ampli-
tude of reflection from the surface. The total scattering power

of all atoms is given by the sum of the individual scattering am-

plitudes [see Eq. (8.2.43) in Ref. [34]]: 𝑆𝑘 = 1
𝑁

⃒⃒⃒∑︀𝑁
𝑗=1 𝑒

𝑖𝑘𝑟𝑗
⃒⃒⃒2

,
where we have denoted the 𝑗th atom by index 𝑗, and 𝑁 is the
total number of atoms in the system. The intensity of reflec-
tion from the surface has the direct relation to the structure
factors: 𝐼 ∼ 𝑆𝑘 [see Eq. (8.2.46) in Ref. [34]].

Let us introduce collective variables 𝜌𝑘: 𝜌𝑘 =
1

√
𝑁

×

×
∑︀𝑁

𝑗=1 𝑒
−𝑖𝑘𝑟𝑗 . Note that 𝑆𝑘 = |𝜌𝑘|2.

In the harmonic approximation,

|�̇�𝑘|2 = 𝜔2|𝜌𝑘|2.

On the other hand, the direct derivation gives us the expres-
sion

|�̇�𝑘|2 =
1

𝑁

𝑁∑︁
𝑗=1

(𝑘�̇�𝑗)
2 +

1

𝑁

∑︁∑︁
�̸�=𝑗

(𝑘�̇�𝑖) (𝑘�̇�𝑗) 𝑒
−𝑖𝑘(𝑟𝑖−𝑟𝑗).

Averaging r.h.s. over speeds, we finally find the expression
for structure factors: 𝜔2𝑆𝑘 = 𝑘2⟨𝜐2⟩, where ⟨𝜐2⟩ is the aver-
aged squared speed, and we have obtained, in a natural way,
the intensity of scattered neutron ray beams:

𝐼 ∼
𝑘2

𝜔2
.
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К.Щербаков

ВПЛИВ ФЛЕКСОЗВ’ЯЗКУ
ТА ЕЛЕКТРОСТРИКЦIЇ НА ДИСПЕРСIЮ
М’ЯКИХ ФОНОННИХ МОД ТА РОЗСIЯННЯ
НЕЙТРОНIВ В СЕГНЕТОЕЛЕКТРИКАХ

Р е з ю м е

В рамках формалiзму Ландау–Гiнзбурга–Девоншира
(ЛГД) було встановлено та проаналiзовано вирази, що опи-
сують дисперсiю м’яких фононiв, спектри розсiяння нейт-
ронiв в залежностi вiд флексозв’язку та електрострикцiї.
Також аналiтично вивчено вплив вищих градiєнтних до-
данкiв в ЛГД функцiоналi. Встановлено iснування неспiв-
мiрних модуляцiй у температурному дiапазонi вище темпе-

ратури Кюрi 𝑇C, але нижче за температуру переходу в
неспiвмiрну фазу 𝑇IC, 𝑇C < 𝑇 < 𝑇IC, та при умовi, що
абсолютна величина флексокоефiцiєнта 𝑓 є вищою за
деяке критичне значення 𝑓cr(𝑇 ), |𝑓 | > 𝑓cr(𝑇 ). Вивчено
вплив динамiчного флексокоефiцiєнта 𝑀 , запропонованого
в [1], на фононнi спектри. В роботi ми аналiзуємо рiзнi
параметри ЛГД функцiонала i, що є суттєвим, показали
що електрострикцiя дає суттєвий внесок в появу спiвмiрної
фази. В останнi роки спостерiгається значний розвиток рi-
зних методiв, що ґрунтуються на технологiях розсiювання
нейтронiв i потребують ширшого вивчення фононiв в твер-
дих тiлах. В статтi було проаналiзовано експериментальнi
данi розсiювання нейтронiв i показано, що теоретичнi
розрахунки добре узгодженi iз спостережуваними даними.
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