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VACUUM BIREFRINGENCE
IN THE FIELDS OF A CURRENT COIL
AND A GUIDED ELECTROMAGNETIC WAVE

The vacuum birefringence effect in magnetic fields generated by either a laser-driven capacitor-
coil generator or an electromagnetic wave in a radio frequency guide has been theoretically
studied. The ellipticity acquired by a linearly polarized laser beam propagating in those fields is
calculated. The obtained results are compared with the parameters of the PVLAS experiment
aimed at the experimental observation of the vacuum birefringence effect in a magnetic field.
K e yw o r d s: quantum electrodynamics, strong fields, birefringence, vacuum polarization,
magnetic field, laser radiation.

1. Introduction

The equations of classical electrodynamics are lin-
ear, so that there is no interaction of photons with
other photons and external fields in the classical the-
ory. The uncertainty ratio, however, allows photons
to form virtual electron-positron pairs. Those pairs
can interact with fields and other photons. Thus, the
quantum theory predicts a number of nonlinear vac-
uum effects, among which there is a change of the
polarization for photons propagating in an external
magnetic field. This effect is known as the magnetic
vacuum birefringence. It was proposed for the first
time by Heisenberg and Euler in work [1]. In the
framework of scattering theory, this process is de-
scribed by the Feynman diagram depicted in Fig. 1.
The study of this process in the general case requires
the calculation of a polarization operator [2–5]. In
the low-energy approximation, ~𝜔 ≪ 𝑚𝑐2, the effec-
tive Lagrangian obtained in work [1] is widely used.

A high polarization degree of the optical radiation
from the isolated neutron star RX J1856.5–3754 [6]
is considered to be the first direct evidence of the
vacuum birefringence effect. According to the modern
models of pulsar atmosphere, a high polarization of
the radiation emitted by it can be explained, only if
vacuum effects in superstrong fields of neutron stars
are made allowance for [7–12].
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Under laboratory conditions, the effect has not
been observed yet, because it is too weak for the
experimentally attainable fields. The direct observa-
tion of a beam polarization change in the magnetic
field is the purpose of the PVLAS experiment (Po-
larizzazione del Vuoto con LASer), which is carried
out on the basis of the National Institute of Nu-
clear Physics in Ferrara, Italy [13–15]. The method is
based on the measurement of the ellipticity acquired
by a linearly polarized laser beam with the wave-
length 𝜆 = 1064 nm, when it passes through the dis-
tance 𝐿 = 1.64 m in vacuum in a magnetic field with
the induction 𝐵 ≈ 2.5 T. A Fabry–Perot resonator
is used to enhance the effect: it enlarges the beam
path length in the field by a factor of about 105. For
the indicated parameters, the theoretical value of the
induced ellipticity equals 𝜓 ≈ 1.6 × 10−16 per pas-
sage. Despite a significant progress in the experimen-
tal technology, the current accuracy of measurements
of the ellipticity is still an order of magnitude lower
than that required to register the effect [15].

In this work, the vacuum birefringence effect in
electromagnetic fields with various configurations
is studied theoretically. Section 2 contains a brief
overview of the theory describing a change of the
beam polarization in an external field. The elliptic-
ity acquired by a linearly polarized beam in the field
of a laser-driven coil generator is calculated in Sec-
tion 3. In Section 4, a possibility to observe the effect,
by using radio frequency waveguides, is discussed.
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2. Theory

While studying the evolution of the beam polarization
in an external field, it is convenient to apply a method
developed in work [16]. In this section, the relativistic
unit system is used: ~ = 𝑐 = 1.

From the practical viewpoint, the polarization of
photons is described by the Stokes parameters 𝑄,𝑈,
and 𝑉 . These parameters are closely related to the
probability density matrix of photons. The latter has
the following form in the basis of linear polarizations:

𝜌 =
1

2

(︁
𝐼 +𝑄 𝑈 − 𝑖𝑉
𝑈 + 𝑖𝑉 𝐼 −𝑄

)︁
. (1)

Hence, the evolution of Stokes parameters can be de-
termined, if we know the equation for 𝜌. Note that
the matrix 𝜌 can be expressed in terms of the mean
value of the photon number operator �̂�𝑖𝑗 = �̂�+𝑖 �̂�𝑗 ,

⟨𝐷𝑖𝑗(k)⟩ = (2𝜋)32𝜔𝛿3(0)𝜌𝑖𝑗(k). (2)

where 𝜔 and k are the frequency and the wave vec-
tor, respectively, of a photon. In turn, the evolution
of the photon number operator is determined by the
interaction Hamiltonian [17],⟨
𝑑�̂�𝑖𝑗

𝑑𝑡

⟩
≈ 𝑖

⟨[︁
ℋ̂int, �̂�𝑖𝑗

]︁⟩
. (3)

This expression was obtained in the lowest approxi-
mation order in the interaction of photons with the
field ℋ̂int. The right-hand side of Eq. (3) describes
only a change of the photon polarization, whereas
the terms corresponding to scattering processes were
neglected.

In the low-energy approximation, it is expedient to
use the effective Euler–Heisenberg Lagrangian [1]

ℒint = −𝛼
2/(4𝜋)2

180𝑚4
[5(ℱ𝜇𝜈ℱ𝜇𝜈)2 −

− 14ℱ𝜇𝜈ℱ𝜈𝜆ℱ𝜆𝜎ℱ𝜎𝜇], (4)

where 𝛼 is the fine structure constant, and 𝑚 the
electron mass.

Fig. 1. Feynman diagram for the process of photon polariza-
tion change in a magnetic field. Double lines denote an electron
propagator in the external field

In order to consider the interaction of photons with
an external field, let us represent the electromagnetic
field tensor in Eq. (4) in the form ℱ𝜇𝜈 = 𝐹𝜇𝜈 + 𝑓𝜇𝜈 ,
where 𝐹𝜇𝜈 is a slowly changing external field, and the
quantum field 𝑓𝜇𝜈 plays the role of a small perturba-
tion in the Hamiltonian. In order to use Eq. (3), the
tensor 𝑓𝜇𝜈 has to be expressed in terms of the photon
creation and annihilation operators �̂� and �̂�+, which
enter the 4-potential 𝐴𝜈 :

𝑓𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇, (5)

𝐴𝜈 =
√
4𝜋

∫︁
𝑑3𝑘/(2𝜋)3√

2𝜔
×

×
∑︁
𝑠=1,2

[︀
�̂�k𝑠𝑒

𝜈
𝑠e

−𝑖𝑘𝑟 + �̂�+k𝑠𝑒
𝜈*
𝑠 e𝑖𝑘𝑟

]︀
, (6)

where 𝑒1,2 = (0, e1,2) is the photon polarization 4-
vector.

Using expressions (1)–(6) and making simple trans-
formations, we obtain a system of differential equa-
tions for the Stokes parameters. It is convenient to
rewrite this system in the vector form by introducing
the Stokes vector S = (𝑄,𝑈, 𝑉 ):

Ṡ = [Ω× S], (7)
Ω𝑥 = −𝐺(𝜀22 − 𝜀21),
Ω𝑦 = 2𝐺𝜀1𝜀2,
Ω𝑧 = 0.

(8)

Here, the notations

𝐺 =
𝛼2

4𝜋

2𝜔

15𝑚4
, (9)

𝜀𝑖 = Ee𝑖 −B [n× e𝑖], 𝑖 = 𝑥, 𝑦, (10)

are introduced; E and B are the vectors of electric
strength and magnetic induction, respectively, of the
external field; and n = k/𝑘 is a unit vector along the
wave propagation direction. Equation (7) was also ob-
tained in work [18] and analyzed in detail for a con-
stant uniform external field [19, 20]. The numerical
solution of Eq. (7) makes it possible to determine the
polarization of photons in a slowly varying electro-
magnetic field with an arbitrary configuration.

3. Laser-Driven Coil Generator

As follows from Eqs. (7)–(10), the magnitude of
the vacuum birefringence effect is proportional to
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the squared induction of an external magnetic field.
Hence, a natural way to experimentally detect this
effect consists in increasing the field strength. Un-
der laboratory conditions, the strongest stationary
field with an induction of about 45 T was ob-
tained with the help of hybrid superconducting mag-
nets [21]. The non-destructive methods of generat-
ing pulsed fields enable fields of about 100 T within
a few microseconds to be obtained. Recently, laser-
driven coil generators of magnetic field attract a con-
siderable interest. They make it possible to gener-
ate field pulses with an induction of several hun-
dred teslas and a duration of a few nanoseconds
[22–27].

The generator is a single conducting coil connected
to a capacitor-target (Fig. 2). One of the target plate
is irradiated with a powerful laser pulse. The resonant
absorption of radiation leads to a strong heating of
electrons, which are emitted from one capacitor plate
onto another and create a significant voltage drop be-
tween the plates. The electric current runs along the
coil and creates a strong magnetic field. The authors
of work [27] reported on the observation of a peak
magnetic field with an induction of 610± 30 T in ex-
periments using a generator with a coil 0.5 mm in
diameter.

Let us estimate the ellipticity induced by the vac-
uum birefringence effect in a possible experiment with
a similar field generator. For simplicity, we assume
the field to be quasistationary. This assumption is
based on the fact that the time interval required
for the beam to cross characteristic field dimensions
amounts to picoseconds, whereas the field lifetime is
three orders of magnitude longer. Let us assume that
the generator is a coil with current and use a cylin-
drical coordinate frame (𝜌, 𝜑, 𝑧) with the origin at the
coil center and the axis 𝑂𝑧 directed perpendicularly
to the coil plane. The coil radius is 𝑅 = 0.5 mm,
and the induction at its center 𝐵0 = 500 T. The field
created by the coil with the current at an arbitrary
spatial point (𝜌, 𝜑, 𝑧) is determined in terms of the
coil radius and the induction at the coil center as fol-
lows:

𝐵𝜌 =
𝐵0𝑅

𝜋

𝑧

𝑢2𝑤𝜌
[(𝑧2+ 𝜌2+𝑅2)𝐸(𝑞2)− 𝑢2𝐾(𝑞2)],

𝐵𝜙 = 0,

𝐵𝑧 =
𝐵0𝑅

𝜋

1

𝑢2𝑤
[(𝑅2− 𝑧2− 𝜌2)𝐸(𝑞2) + 𝑢2𝐾(𝑞2)], (11)

where the notations

𝑞2 = 1− 𝑢2/𝑤2,

𝑢 = 𝑧2 + (𝑅− 𝜌)2,

𝑤 = 𝑧2 + (𝑅+ 𝜌)2

(12)

were introduced.
Equations (7) were numerically integrated for the

external field (11). The initial laser beam polarization
was chosen linear with the Stokes parameters

S0 = (0, 1, 0), (13)

i.e. the beam polarization plane formed an angle of
45∘ with the axes of the coordinate system, in which
the polarization is determined.

Having passed through the external field, the lin-
early polarized beam acquires a non-zero circular po-
larization 𝑉 ̸= 0. In practice, it is convenient to char-
acterize the polarization by the ellipticity parameter
𝐾. In the case 𝑈 = 1 and 𝑉 ≪ 1, it can be deter-
mined as

𝐾 ≈ 2𝑉. (14)

Figure 3 illustrates the resulting ellipticity of beams
propagating perpendicularly to the coil plane. The
picture is symmetric with respect to its rotation by
180∘. Really, Eqs. (7)–(10) are quadratic in the field,
so they do not change at the substitution B → −B.
From Eqs. (10), it also follows that the contribution
is made only by the field components that are per-
pendicular to the beam wave vector. Figure 3 con-
firms that the effect is absent for a beam propagating
through the coil center. The most pronounced effect
is observed near the coil wire, but this situation is
unfavorable for the experimental effect observation,
because the coil is being destroyed in the course of
the experiment, and the region near it becomes filled

Fig. 2. Schematic diagram of a laser-driven coil generator
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Fig. 3. Ellipticity of beams propagating perpendicularly to
the coil plane

Fig. 4. Dependence of the beam ellipticity on the distance
passed in the coil field. The beam propagates in parallel to the
coil at the distance 𝑑 from its plane and across the coil axis.
Vertical lines mark the coil position

Fig. 5. Ellipticity of beams propagating in parallel to the coil
plane

with a plasma, which inevitably gives rise to a result
uncertainty.

More expedient is a configuration, in which the
beam propagates in parallel to the coil plane at the
distance 𝑑 from it. Figure 4 exhibits the final ellip-
ticity of the beams in this case. Note that the effect
can be enhanced by applying two generators in the
Helmholtz configuration, as was done in work [27]. Fi-
gure 5 depicts the corresponding ellipticity evolution
of the beam with the distance passed by the beam in
the coil field for various values of the parameter 𝑑. As
one can see, the magnitude of the effect can reach a
value of 10−15, which is an order of magnitude larger
than in the PVLAS experiment [14, 15].

Note that, in the PVLAS experiment [14, 15], a
Fabry–Perot resonator with the gain factor 𝑁 ∼ 105

is used in order to increase the beam path length in
the field. The pulsed character of a laser-driven gen-
erator field can restrict possible values of the gain
factor. Really, let us suppose that the interferometer
size is compared with the coil size by the order of
magnitude. Then the time of the passage of a beam
through a resonator is about 10−12 s. Taking into ac-
count that the field lifetime amounts to a few nanosec-
onds, we obtain that the maximum gain factor also
reaches 105.

Thus, a conclusion can be drawn that the appli-
cation of laser-driven coil generator in experiments
aimed at the observation of the vacuum birefringence
can increase the effect by an order of magnitude. On
the other hand, the destructive behavior of a gen-
erator may complicate such experiments and reduce
their accuracy.

Let us evaluate the residual atmosphere pressure
𝑝, at which the vacuum birefringence effect has the
same magnitude as the similar Cotton–Mouton effect
in gases. The ellipticity associated with the latter can
be found from the expression [15, 28]

𝐾 =
𝜋𝐿

𝜆

(︂
𝐵

1T

)︂2 (︁ 𝑝

1 atm

)︁
Δ𝑛𝑢, (15)

where Δ𝑛𝑢 is the effect magnitude at a pressure of
1 atm and a field induction of 1 T. The Δ𝑛𝑢-values
were measured experimentally [28, 29]. For example,
Δ𝑛𝑢 ≈ 4.3× 10−15 for argon. Then, for typical prob-
lem parameters, we have 𝑝 ∼ 10−9 atm. Note that a
similar evaluation for the PVLAS experimental con-
ditions gives the same value.
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4. Radio Frequency Waveguide

Recently, a possibility to observe the vacuum bire-
fringence effect in a laser wave field has become of
considerable interest. Modern laser installations can
produce magnetic fields, whose strengths far exceed
the values reachable under laboratory conditions. In
the framework of the Extreme Light Infrastructure
(ELI) project, the creation of even more powerful
lasers is planned, whose fields should reach a critical
quantum-electrodynamic value of about 1016V/cm.

In this paper, we will consider an alternative exper-
imental setup, in which the role of an external field
is played by an electromagnetic wave propagating in
a rectangular hollow waveguide (Fig. 6). Currently,
the most powerful sources of microwave radiation are
klystrons. In particular, in the SLAC National Ac-
celerator Laboratory (USA), klystrons with an oper-
ating frequency of 11.424 GHz and a peak power of
75 MW have been built [30].

It is known [31] that the field ℱ in a waveguide
exists in the form of standing waves in transverse di-
rections and a running wave in the longitudinal direc-
tion:

ℱ = ReF(𝑥, 𝑦)e𝑖(𝜔𝑡−Γ𝑧). (16)

The transverse wave numbers are determined by the
waveguide geometry,

𝜒2 = 𝜒2
𝑥 + 𝜒2

𝑦,

𝜒𝑥 =
𝑚𝜋

𝑎
, 𝜒𝑦 =

𝑛𝜋

𝑏
,

(17)

where 𝑎 and 𝑏 are the lengths of waveguide sides, and
𝑚 and 𝑛 are integer numbers. The longitudinal wave
number Γ is determined as

Γ2 =
(︁𝜔
𝑐

)︁2
− 𝜒2. (18)

The frequency 𝜔𝑐, at which Γ = 0, is called criti-
cal. For frequencies lower 𝜔𝑐, the longitudinal wave
number becomes imaginary, and the propagation of
the wave is impossible (the cutoff phenomenon).

A specific feature of the waves propagating in hol-
low waveguides is the presence of the longitudinal
component of their electric or magnetic field. Accor-
dingly, the corresponding waves are classed to the 𝐻-
or 𝐸-type. The numbers 𝑚 and 𝑛, which determine
the transverse wave number, are usually indicated as
subscripts near the mode type. The lowest frequencies

RF

Analyzer

Laser

Fig. 6. Application of a radio frequency waveguide as the
source of an external field

are characteristic of the H01 and H10 waves, which are
called the main ones.

The transverse field components of the H-wave are
determined by the following formulas:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝐸𝑥 = −𝐹0
𝜒𝑦

𝜒
cos𝜒𝑥𝑥 sin𝜒𝑦𝑦,

𝐸𝑦 = −𝐹0
𝜒𝑥

𝜒
sin𝜒𝑥𝑥 cos𝜒𝑦𝑦,

𝐵𝑥 = −𝐹0
𝜒𝑥

𝜒
𝑊𝐸 sin𝜒𝑥𝑥 cos𝜒𝑦𝑦,

𝐵𝑦 = −𝐹0
𝜒𝑦

𝜒
𝑊𝐸 cos𝜒𝑥𝑥 sin𝜒𝑦𝑦,

(19)

where 𝑊𝐸 is the wave impedance.
The field amplitude 𝐹0 in the presented equations

can be determined from the energy flux 𝑃 through
the waveguide cross-section,

𝐹 2
0 = 𝑃

4𝜋

𝑐

𝑊𝐻

𝑎𝑏
𝛿0, (20)

where 𝛿0 = 4 for the main wave, and 𝛿0 = 8 for
all others. In the case of a waveguide not filled with
an insulator, the following relations are valid for the
wave impedances 𝑊𝐻 and 𝑊𝐸 :

𝑊𝐸 =
Γ

𝜔/𝑐
, 𝑊𝐸𝑊𝐻 = 1. (21)

The field amplitude of the E-wave is determined by
similar expressions [31].

Let us determine the ellipticity acquired by a lin-
early polarized test beam (𝑈 = 1) propagating in
a waveguide in parallel to its axis. For the compar-
ison to be convenient, let us take the test beam
wavelength 𝜆 = 1064 nm and the path length 𝐿 =
= 164 cm, which corresponds to the conditions of
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Fig. 7. Ellipticity of beams propagating along a waveguide at
various points of its cross-section: H10 (upper panel) and E21

(bottom panel) waves

the PVLAS experiment. The parameters of a source
producing microwaves that play the role of an ex-
ternal field are chosen proceeding from the charac-
teristics of high-power klystrons developed at the
SLAC center: a power of 75 MW and the frequency
𝜈 = 11.424 GHz. In order to determine field (19),
the geometric dimensions of a waveguide are nee-
ded. Note that the parameters of the main wave H10

depend only on the side length 𝑎. As an illustra-
tion, let us put the side ratio 𝑎 : 𝑏 = 3 : 1. The ac-
tual size of side 𝑎 will be determined from the condi-
tion that the microwave operating frequency detuning
from the critical waveguide frequency should be equal
to (𝜔 − 𝜔𝑐)/𝜔 = 0.1.

Figure 7 demonstrates the ellipticity of a test beam
at various points of a waveguide cross-section. As
one can see, the ellipticity magnitude is 10−18 by
the order of magnitude, which is much worse than
in the PVLAS experiment with a constant magnetic
field. Such a discrepancy results from a low field in-
duction in the waveguide, which amounts, in our case,
to only about 0.2 T. To achieve a value of 2.5 T, the
power 𝑃 must reach a value of about 15 GW, which
is now impossible from the practical viewpoint.

5. Conclusions

The effect of vacuum birefringence in an external field
was theoretically predicted at the beginning of the
twentieth century, but has not been observed experi-
mentally till now. At present, the most exact exper-

iment aimed at measuring the vacuum birefringence
remains the PVLAS one [14,15], in which a magnetic
field of 2.5 T is used as an external one. High expec-
tations are put on future laser installations, which
should achieve the critical field strength value.

In this paper, we have considered a possibility
to observe the effect in alternative configurations of
an external field: in the field of a laser-driven coil
generator and the field of a radio frequency waveg-
uide. In the former case, the observed birefringence
effect can be an order of magnitude larger than its
value under the PVLAS experimental conditions. On
the other hand, the destructive behavior of the gen-
eration can create practical difficulties and reduce
the experimental accuracy. In the case where a mi-
crowave field and a waveguide are used, the effect
is much lower for available microwave sources. The
power that is required to enhance the effect to ob-
servable values is about 15 GW, which far exceeds
current capabilities.

This work was sponsored by the grant of the Presid-
ium of the National Academy of Sciences of Ukraine
for Young Scientists (No. 0117U001760).
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ПОДВIЙНЕ ПРОМЕНЕЗАЛОМЛЕННЯ ВАКУУМУ
В ПОЛI КIЛЬЦЯ ЗI СТРУМОМ ТА НАПРАВЛЕНОЇ
ЕЛЕКТРОМАГНIТНОЇ ХВИЛI

Р е з ю м е

Теоретично розглянуто ефект подвiйного променезаломле-
ння вакууму в зовнiшньому полi, створеному кiльцевим ге-
нератором магнiтного поля з лазерною ЕРС, а також в полi
направленої хвилi в прямокутному хвилеводi. Розраховано
елiптичнiсть, якої набуває лiнiйно поляризований лазерний
промiнь, що поширюється в полях вказаної конфiгурацiї.
Одержанi результати порiвнюються з характеристиками су-
часного експерименту PVLAS, метою якого є спостережен-
ня ефекту подвiйного променезаломлення вакууму в магнi-
тному полi.
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