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A MODEL OF GAS DIFFUSION
IN A METAL PLATE WITH PHASE TRANSFORMATION

A model of gas diffusion in a metal plate has been proposed, in which a phase transformation
“metal–gassed metal” takes place, when the gas concentration exceeds a certain critical value,
and the properties of the system change qualitatively. The phase transformation is modeled by
changing the coefficient of gas diffusion. In particular, a system of two phases with different
diffusion coefficients and a moving interface between them is considered. The gas concentra-
tions in both phases at the interface are assumed to be the known constants. An analytical
solution is obtained in the approximation that the diffusion in the metal phase (the initial
state of a metal layer) is much quicker than that in the gassed-metal one, with the both be-
ing much quicker than the motion of the phase interface. In the framework of this model, the
spatial distribution of the gas concentration in the gassed-metal phase is calculated, and the
analytic formula describing the motion of a phase interface is derived.
K e yw o r d s: gas, metal, diffusion, phase transformation, moving interface.

1. Introduction

In this paper, the problem of gas diffusion in metal is
considered. This topic remains to be of interest and
promising despite its rather long history and signif-
icant advances. In particular, one of the most chal-
lenging areas of modern researches concerning the dif-
fusion in solids is associated with the study of the
hydrogen diffusion in pure metals and metallic al-
loys. The interest in systems of the metal-hydrogen
type is stimulated by a number of factors not only
of the physical origin, but also of the economical
one. For example, metal-hydrogen compounds are
used in nuclear engineering, while solving environ-
mental problems, as well as in the processes of hydro-
gen purification and at the hydrogen storage [1–6].

The specific features of systems of the metal-
hydrogen type are partially connected with the fact
that hydrogen atoms have a high diffusion mobility,
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which allows them to relatively easily move in met-
als. It is clear that, in this case, changes in the phys-
ical and chemical properties of the alloy can be ex-
pected. It is not excluded that the hydrogen diffusion
in a metal can lead to phase transformations that
modify its properties at the qualitative level.

As an example of such systems, let us consider a
magnesium specimen, in which the diffusion-driven
hydrogen transport takes place. It is known that
when the mass fraction of hydrogen in magnesium
exceeds 7.6%, a phase transformation into a hydride
state occurs (see, e.g., work [7]). From the applica-
tion viewpoint (in the sense of studying the hydrogen
diffusion), the metal and hydride states are strongly
different with respect to the rate of diffusion in them:
in the metal state, the diffusion is much quicker than
in the hydride. Hence, we obtain a system with two
phases, whose properties are qualitatively different.

Since the formation of a new phase is associated
with the hydrogen diffusion, the matter in such cases
actually concerns the expansion of the new phase in
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the specimen [8–11]. This problem has a long history
(see, e.g., work [12]), but, owing to its complicated
character, it remains challenging till now. The model
proposed in this work is directly connected with this
issue. Unlike the previous works dealing with numer-
ical solutions, we will derive approximate analytic
solutions, which may turn out useful not only for a
quantitative, but also for qualitative analysis of sys-
tems with a moving phase interface.

2. Model

Let us consider the diffusion of a gas in a metal. In
particular, let us consider a metal plate with thick-
ness 𝐿. Accordingly, the spatial coordinate 𝑧 is reck-
oned along the axis directed perpendicularly to the
plate plane (0 ≤ 𝑧 ≤ 𝐿). A gas can penetrate into
the plate. A constant gas concentration 𝐶𝐿 is main-
tained at the one plate side (at 𝑧 = 𝐿), and a different
constant concentration 𝐶0 < 𝐶𝐿 is maintained at the
other side (at 𝑧 = 0) .

We assume that the presence of gas atoms in a
metal leads to a phase transformation, which gives
rise to qualitative changes in the diffusion prop-
erties of the system. The phase transformation oc-
curs provided that the gas concentration exceeds a
certain critical value 𝐶𝑠, which is assumed to be
known. Thus, the plate is conditionally divided into
two layers: the initial metal phase (at 0 ≤ 𝑧 < 𝑠)
and the new gassed phase (at 𝑠 < 𝑧 ≤ 𝐿), the latter
being a result of the phase transformation. The posi-
tion of the interface between the phases is described
by the coordinate 𝑥 = 𝑠, which moves in the course
of time, i.e. 𝑠 = 𝑠(𝑡). The phase interface moves due
to the expansion of the new phase from the right side
of the plate (the coordinate 𝑧 = 𝐿) toward the left
side (the coordinate 𝑧 = 0). The gas concentration at
the interface in the new gassed phase is assume to be
constant and equal to 𝐶𝑠. The gas concentration at
the interface in the metal phase is also assumed to
be constant and equal to 𝐶0, i.e. it is the same as at
the left side. In effect, this means that, taking into
account the rate of diffusion in the metal phase, the
gas concentration in the metal phase is constant and
equal to 𝐶0. The geometry of the problem is schemat-
ically exhibited in Fig. 1.

In the general case, the system is described by
equations of the diffusion type,

𝜕𝐶𝑘

𝜕𝑡
= 𝐷𝑘Δ𝐶𝑘 (𝑘 = 1, 2) . (1)

Fig. 1. At the right end of the plate, the gas concentration
equals 𝐶𝐿. In the metal phase, the gas concentration is con-
stant and equal to 𝐶0. In the new gassed-metal phase, the
gas concentration equals 𝐶𝑠 at the phase interface. Numbers 2
and 1 mark, respectively, the region of the metal phase and
the plate region with the gassed-metal phase (a new phase,
into which the initial metal phase transforms)

Here, 𝐷𝑘 is the diffusion coefficient in the 𝑘-th
phase, and 𝐶𝑘(𝑡, 𝑥) is the gas concentration in
this phase. These equations should be supplemented
with boundary conditions. According to the afore-
said, they are as follows:

𝐶2(𝑡, 0) = 𝐶2(𝑡, 𝑠) = 𝐶0, (2)

𝐶1(𝑡, 𝑠) = 𝐶𝑠, (3)

𝐶1(𝑡, 𝐿) = 𝐶𝐿. (4)

The specific character of the problem consists in that
the phase interface is movable. As was marked above,
we have to take into account that 𝑠 = 𝑠(𝑡). An equa-
tion for the phase interface dynamics can be obtained
from the balance equation [7, 8]

𝑑𝑠

𝑑𝑡
=

𝐷2
𝜕𝐶2

𝜕𝑧

⃒⃒
𝑧=𝑠

−𝐷1
𝜕𝐶1

𝜕𝑧

⃒⃒
𝑧=𝑠

𝐶1

⃒⃒
𝑧=𝑠

− 𝐶2

⃒⃒
𝑧=𝑠

. (5)

Finally, the initial condition for the function 𝑠(𝑡) is
obvious and looks like

𝑠(0) = 𝐿, (6)

which means that there is no new phase at the initial
moment.

Formally, the equations presented above have to be
supplemented with the initial condition for the gas
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concentration distribution in the plate. However, in
view of the time hierarchy of the processes, the situa-
tion can be strongly simplified. First of all, let us pro-
ceed from the fact that the diffusion processes in the
metal phase are much quicker than in the new phase
(𝐷2 ≫ 𝐷1) [7]. Therefore, a good approximation is
obtained, if we assume that the gas distribution in
the metal phase is stationary. Taking the boundary
conditions into account, we set

𝐶2(𝑡, 𝑧) ≡ 𝐶0. (7)

Then the equation for the dynamics of the phase in-
terface looks like

𝑑𝑠

𝑑𝑡
= −

𝐷1
𝜕𝐶1

𝜕𝑧

⃒⃒
𝑧=𝑠

𝐶𝐿 − 𝐶0
. (8)

The space-time distribution of the gas concentration
in the new phase (region 1 in Fig. 1) is determined by
the diffusion equation – this is Eq. (1) with 𝑘 = 1 –
with boundary conditions (3) and (4). It is easy to un-
derstand that, in this case, the main technical prob-
lem is associated with the fact that one of the bound-
aries, at which the gas concentration is given – in
condition (3), this is the boundary 𝑥 = 𝑠(𝑡) – is mov-
able, because its position changes in the course of
time. The problems of this type have a long history,
and they are mainly solved with the help of numer-
ical methods (see, e.g., works [7–13] and references
therein). We will take another way and derive an ap-
proximate, but analytic solution. First of all, let us
make the equations dimensionless.

3. Approximate Analytic Solution

To formalize the problem, let us introduce the follow-
ing notations: the dimensionless coordinate 𝑥 = 𝑧/𝐿,
the dimensionless coordinate of the phase interface
𝑟 = 𝑠/𝐿, the dimensionless gas concentration in the
new gassed-metal phase 𝜙 = (𝐶1−𝐶0)/(𝐶𝐿−𝐶0), and
the dimensionless time 𝜏 = 𝑡𝐷/𝐿2. We also introduce
the dimensionless parameter 𝑎 = (𝐶𝑠−𝐶0)/(𝐶𝐿−𝐶0).
In this case, the space-time distribution of the gas
concentration is determined by the equation

𝜕𝜙

𝜕𝜏
=

𝜕2𝜙

𝜕𝑥2
, (9)

and the equation describing the motion of the phase
interface reads
𝑑𝑟

𝑑𝜏
= −1

𝑎

𝜕𝜙

𝜕𝑥

⃒⃒⃒
𝑥=𝑟

. (10)

The dependence 𝑟(𝜏) satisfies the following equality
at the initial moment 𝜏 = 0:

𝑟(0) = 1. (11)

The boundary conditions for the function 𝜙(𝜏, 𝑥) look
like

𝜙(𝜏, 𝑥 = 1) = 1, (12)

𝜙(𝜏, 𝑥 = 𝑟) = 𝑎. (13)

To obtain the zeroth approximation 𝜙(0) to the
phase interface motion law, let us assume the rate
of diffusion in the new phase (region 1 in Fig. 1) to
be high in comparison with the interface velocity. In
this case, we may assume (in the zeroth approxima-
tion) the concentration distribution to be stationary
and described by the equation

𝜕2𝜙(0)

𝜕𝑥2
= 0. (14)

Making allowance for the boundary conditions (12)
and (13), the corresponding solution looks like

𝜙(0)(𝑥) = 1− 1− 𝑎

1− 𝑟
(1− 𝑥). (15)

Substituting it into Eq. (10), we obtain

𝑑𝑟(0)

𝑑𝜏
= −1

𝑎

1− 𝑎

1− 𝑟(0)
. (16)

Taking the initial condition (11) into account, we ob-
tain the zeroth approximation for the phase interface
motion law:

𝑟(0)(𝜏) = 1−
√
2𝜏𝛼, (17)

where the parameter 𝛼 is defined by the expression

𝛼 =
1− 𝑎

𝑎
. (18)

It should be noted that the obtained relations agree
well with the results of other studies (see, e.g., works
[7,8,11]). At the same time, the zeroth approximation
is rather crude, so that its correction is required. In
particular, if we substitute dependence (17) into ex-
pression (15) obtained for a stationary distribution of
the gas concentration, then the concentration distri-
bution will formally depend on the time (due to the
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time dependence of the parameter 𝑟). However, this
solution cannot be considered valid from the physical
viewpoint. Namely, when obtaining it, we considered
the influence of a gas distribution on the phase inter-
face motion. But there is also a “feedback”: the inter-
face motion affects the gas concentration distribution.

In order to estimate this effect, let us express the
function 𝜙 in the following form:

𝜙 = 𝜙(0) + 𝛿𝜙, (19)

where 𝛿𝜙 is a correction to the zeroth approxima-
tion. This correction arises owing to the phase inter-
face motion. Then, with regard for Eq. (14), we ob-
tain the following equation for 𝛿𝜙:

𝜕𝛿𝜙

𝜕𝜏
=

𝜕2𝛿𝜙

𝜕𝑥2
− 𝜕𝜙(0)

𝜕𝑟

𝑑𝑟

𝑑𝜏
. (20)

Practically, this is an “exact” equation. But if the
phase interface velocity is low in comparison with the
rate of relaxation processes in the gassed phase, we
may take the phase interface to be stationary for this
equation. Then it is enough to determine a stationary
solution by preliminarily substituting the expression
for 𝑑𝑟/𝑑𝜏 in accordance with relation (16). As a re-
sult, we obtain the following equation:

𝜕2𝛿𝜙

𝜕𝑥2
=

(1− 𝑎)2(1− 𝑥)

𝑎(1− 𝑟)3
. (21)

In view of the boundary conditions

𝛿𝜙(1) = 𝛿𝜙(𝑟) = 0, (22)

we can easily obtain a solution

𝛿𝜙 = − (1− 𝑎)2(1− 𝑥)(𝑥− 𝑟)(2− 𝑟 − 𝑥)

6𝑎(1− 𝑟)3
. (23)

Hence, we obtain the following expression for the
gas concentration profile in the first approximation:

𝜙(1) = 1− (1− 𝑎)(1− 𝑥)

1− 𝑟
−

− (1− 𝑎)2(1− 𝑥)(𝑥− 𝑟)(2− 𝑟 − 𝑥)

6𝑎(1− 𝑟)3
. (24)

Thus, the first approximation gives a nonlinear cor-
rection to the coordinate dependence of the gas con-
centration spatial distribution in the new phase.

With the gas concentration taken in the first ap-
proximation [Eq. (24)], the equation of phase inter-
face motion reads

𝑑𝑟(1)

𝑑𝜏
=

(1− 4𝑎)(1− 𝑎)

3𝑎2(1− 𝑟(1))
. (25)

In the first approximation, we obtain

𝑟(1)(𝜏) = 1−
√︀

2𝛽𝜏, (26)

where the parameter 𝛽 is defined as follows:

𝛽 =
(1− 𝑎)(4𝑎− 1)

3𝑎2
. (27)

Hence, both in the zeroth and first approximations,
the time dependence of the phase interface coordi-
nate [expressions (17) and (26), respectively] is of the
same type, but the coefficients 𝛼 and 𝛽 under the
root sign are different. These parameters are impor-
tant, because they determine the time 𝑇 of the full
penetration of a new phase into the metal plate. In
the zeroth approximation, we have

𝑇 (0) =
1

2𝛼
=

𝑎

2(1− 𝑎)
. (28)

In the first one,

𝑇 (1) =
1

2𝛽
=

3𝑎2

2(1− 𝑎)(4𝑎− 1)
. (29)

The both parameters and, hence, the time of the full
penetration of a new phase depend on the param-
eter 𝑎, but those dependences are qualitatively dif-
ferent. This fact is illustrated in Fig. 2. The depen-
dence 𝛼(𝑎) is monotonic in contrast to the depen-
dence 𝛽(𝑎). The latter has an extremum at 𝑎 = 0.4
and equals zero at 𝑎 = 0.25 and 1. Therefore, the time
dependence of the full penetration of a new phase
into the plate demonstrates a qualitatively different
behavior in the zeroth and first approximations. The
corresponding dependences are shown in Fig. 3.

In the zeroth approximation, the time of the full
penetration of a new phase monotonically decreases
down to the zero value with a reduction of the pa-
rameter 𝑎. In the first approximation, when the pa-
rameter 𝑎 decreases, the time of the new phase pen-
etration firstly decreases to a minimum value of 2/3
reached at 𝑎 = 0.4 and afterward begins to increase
to infinity. The value 𝑎 = 0.25 is specific: the pene-
tration time is infinite. The specific character of this
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Fig. 2. Dependences of the parameters 𝛼 (dashed curve) and
𝛽 (solid curve) on the parameter 𝑎

Fig. 3. Dependences of the time required for the full pen-
etration of a new phase into the plate on the parameter 𝑎:
the zeroth (𝑇 (0), dashed curve) and first (𝑇 (1), solid curve)
approximations

Fig. 4. Spatial distribution of the gas concentration in the
new phase: the zeroth (𝜙(0), dashed curve) and first (𝜙(1),
solid curve) approximations. The parameter values used in
calculations are 𝑟 = 0.6 and 𝑎 = 0.25

value follows from the fact that, owing to a devi-
ation of the gas concentration distribution in the
new phase from the linear dependence, the gas flux
through the phase interface equals zero [see formula
(25)]. This case is illustrated in Fig. 4, where the pro-
files of the gas concentration distribution are plot-
ted in the zeroth and first approximations. The pa-
rameter values 𝑟 = 0.6 and 𝑎 = 0.25 were used in
calculations. At smaller values of the parameter 𝑎,
the derivative of the concentration function at the in-
terface changes its sign. In fact, this means that the
value 𝑎 = 0.25 is limiting, and the model is only ap-
plicable, if 0.25 < 𝑎 < 1.

4. Analysis of the Results Obtained

Now, let us analyze the results obtained and estimate
the applicability region for the proposed model. In
particular, the applied approximation was based on
the assumption that the phase interface velocity is
much lower than the rate of diffusion in the new
phase. Mathematically, this statement is expressed by
the inequality⃒⃒⃒𝑑𝑟
𝑑𝜏

⃒⃒⃒
≪ 1. (30)

From whence, taking expression (10) into account, we
get the relation⃒⃒⃒𝜕𝜙
𝜕𝑥

⃒⃒⃒
𝑥=𝑟

≪ 𝑎. (31)

By introducing the parameter

𝜉 = 1− 𝑟, (32)

which determines the depth of penetration of the new
phase into the plate, the condition of model applica-
bility can be written as

𝜉 ≫ 𝛼 ≥ 𝛽. (33)

This condition is satisfied, if

|1− 𝑎| ≪ 1. (34)

Hence, the quantity |1− 𝑎| has to be considered as
a small parameter in the framework of our approach.
Then, distribution (24) can be interpreted as a series
expansion in a small parameter to the second-order
term. In the corresponding expression, the linear (in
the small parameter) term corresponds to an approx-
imation, in which the phase interface is fixed. The
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quadratic (in the small parameter) term concerns
with the influence of the phase interface motion on
the gas concentration distribution in the new phase.

It should also be noted that the proposed model
does not describe the dynamics of the system at the
initial stage of new phase formation in the metal
plate. This is so because condition (33) is not sat-
isfied, if the penetration depth 𝜉 is small, which
is true at the beginning of the process. This is a
long-standing problem. However, if condition (34) is
obeyed, the domain, in which the model is invalid, is
insignificant, and this effect can be neglected.

5. Conclusions

The approach proposed in this work made it possi-
ble to obtain an analytic approximation for the gas
concentration profile in the new phase. This solu-
tion involves both the influence of a gas flux on the
phase interface position and the influence of the in-
terface motion on the gas concentration distribution
in the new phase. In particular, it is shown that the
phase interface motion leads to a nonlinear distribu-
tion of the gas concentration in the new gassed-metal
phase. The calculated analytic dependences agree, at
least at the qualitative level, with the available ex-
perimental data and the results of numerical calcu-
lations [6–8, 12]. Therefore, there are grounds to be-
lieve that the results obtained, as well as the general
methodology, can be useful, while analyzing experi-
mental results and predicting the properties of rele-
vant systems.

The author expresses his sincere gratitude to
A.M. Lakhnyk for helpful discussions and research
motivation.
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О.М.Васильєв

МОДЕЛЮВАННЯ ДИФУЗIЇ ГАЗУ
В МЕТАЛЕВIЙ ПЛАСТИНЦI ЗА НАЯВНОСТI
ФАЗОВОГО ПЕРЕТВОРЕННЯ

Р е з ю м е

В статтi пропонується модель, яка описує дифузiю газу в
металевiй пластинцi. Модель базується на припущеннi, що
при проникненнi газу в метал, коли концентрацiя газу пе-
ревищує певне критичне значення, вiдбувається фазове пе-
ретворення, в результатi чого властивостi системи змiню-
ються якiсним чином. В рамках моделi наявнiсть фазового
перетворення враховується через змiну значення коефiцiєн-
та дифузiї газу в металi. Зокрема, розглядається система,
що складається з двох фаз, якi вiдрiзняються значенням
коефiцiєнта дифузiї, а границя подiлу цих фаз рухається
внаслiдок дифузiї газу. Також у моделi припускається, що
на границi подiлу фаз концентрацiя газу в кожнiй фазi фi-
ксована i є вiдомою. Аналiтичний розв’язок отримано в на-
ближеннi, що швидкiсть дифузiйних процесiв у металевiй
фазi (вихiдний стан металевого зразка) значно бiльша за
швидкiсть дифузiйних процесiв у газованiй фазi (виникає
внаслiдок фазового перетворення), а остання значно бiль-
ша за швидкiсть руху границi подiлу фаз. На основi моделi
розраховано профiль просторового розподiлу концентрацiї
газу у газованiй фазi та отримано аналiтичну залежнiсть
для закону руху границi подiлу фаз.

ISSN 2071-0186. Ukr. J. Phys. 2019. Vol. 64, No. 4 353


