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SPECIFIC FEATURES OF MICROWAVE
METHODS FOR DUSTY PLASMA DIAGNOSTICS.
I. DIELECTRIC PERMITTIVITY, REFRACTIVE
AND ABSORPTION INDICES

Two widely used approaches for the determination of the refractive, 𝑛, and absorption, κ,
indices of a dusty plasma have been analyzed. In one of them, the expressions for 𝑛 and κ
obtained for a dust-free plasma are used, but the collisions of plasma ions with dust particles
are taken into account by means of the collision frequency parameter. In the other approach,
the characteristic charging frequency for dust particles is additionally introduced.
K e yw o r d s: dusty plasma, refractive index, absorption index, microwave diagnostic methods,
dielectric permittivity.

1. Introduction

The progress and development of researches in phy-
sics of plasma, including a high-temperature plasma
of controlled fusion reactions, are governed, to a large
extent, by the innovations implemented in the me-
thods for measuring plasma parameters. Among the
methods of plasma diagnostics, microwave methods
[1–4] are widely used nowadays. Their advantage con-
sists in their contactless character and the absence of
restrictions on the plasma temperature.

Both active and passive methods are used in the
plasma diagnostics. When using the passive method,
the own microwave radiation emitted by a plasma is
measured. On the other hand, the interaction of elec-
tromagnetic waves with a plasma and the measure-
ment of the results of this interaction form the basis
of active methods.

Among the active methods that are most often used
in the plasma diagnostics, there are methods that are
based on the measurement of the phase shift or ab-
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sorption index for an electromagnetic wave that prop-
agates through a plasma; e.g., this is the method of
plasma interferometry. In this method, the measure-
ment results are used to determine the refractive in-
dex 𝑛 and the absorption index κ [1–4]:

𝜙𝑝 =
𝜔

𝑐

𝑆𝑝∫︁
0

𝑛(𝑠)𝑑𝑠, (1)

𝜇𝑝 =
𝜔

𝑐

𝑆𝑝∫︁
0

κ(𝑠)𝑑𝑠, (2)

where 𝜔 is the probing frequency, 𝑐 the light speed,
𝑛(𝑠) and κ(𝑠) are the refractive and absorption, re-
spectively, indices at the given point 𝑠 in the plasma,
and 𝑆𝑝 is the path of a microwave beam in the
plasma.

The active methods are used to measure some pa-
rameters in both weakly and strongly ionized plasma
(the electron concentration, the collision frequency,
and others), as well as in a high-temperature plasma
in experiments dealing with controlled thermonuclear
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fusion. Recently, the application scope of active mi-
crowave methods was somewhat extended owing to
their usage in the diagnostics of a dusty plasma
[5–8].

The dusty plasma (complex, colloidal plasma) is
an ionized gas that contains macroscopic (micron-
and submicron-sized) charged particles [9–15]. The
interest in a dusty plasma is associated with its wide
spread in the nature (atmosphere, outer space, and so
forth) and in technological plasma installations (etch-
ing, sputtering, thermonuclear, and others). The re-
search of the processes running in a dusty plasma
and the determination of its properties can be use-
ful for the solution of many physical and applied
problems. The study of the dusty plasma properties
showed that dust particles can form plasma clusters
and crystals. As a rule, plasma particles (macroscopic
particles) are charged negatively, and their charge
can reach a value of up to 105 times the electron
charge. The presence of charged dust particles not
only changes the balance between the electron and
ion concentrations, thus affecting the propagation of
plasma oscillations, but also results in the emergence
of new low-frequency waves [9–15].

One of the specific features of a dusty plasma is
the influence of dust particles on the scattering of
electromagnetic waves in the plasma. In works [16–
20], it was shown that the scattering of electromag-
netic waves depends on the following parameters: the
concentration, size, and charge of dust particles. In
works [21, 22], the influence of dust particles on the
scattering of electromagnetic waves under ionospheric
conditions was considered.

As was already mentioned, the development of mi-
crowave methods for the dusty plasma diagnostics
has received an impetus in recent years [5–8]. There
are several approaches aimed at the consideration of
the interaction between electromagnetic waves and a
dusty plasma [23, 24]. Rather often, this considera-
tion includes issues that go beyond the scope of the
microwave application for the dusty plasma diagnos-
tics. The literature on this issue is scarce and occa-
sional.

The aim of this work is to analyze the method used,
while considering the interaction of microwaves with a
dusty plasma, namely, to summarize the correspond-
ing literature data, and to consider the scope of appli-
cations and the specific features of active microwave
methods used for the dusty plasma diagnostics.

2. Propagation of Electromagnetic
Waves Through a Plasma

2.1. Dielectric permittivity of a plasma

In the general case, the complex dielectric permittiv-
ity of a medium can be written in the form [25, 26]

𝜀′𝑖𝑗(𝜔, 𝑘) = 𝛿𝑖𝑗 +
∑︁
𝑎

𝜒
(𝑎)
𝑖𝑗 (𝜔, 𝑘), (3)

where 𝛿𝑖𝑗 is the identity tensor,

𝜒
(𝑎)
𝑖𝑗 (𝜔, 𝑘) = 𝑖

𝜎
(𝑎)
𝑖𝑗 (𝜔, 𝑘)

𝜔𝜖0

is the tensor of high-frequency dielectric susceptibil-
ity (polarizability) of the 𝑎-th plasma component,
𝜎
(𝑎)
𝑖𝑗 (𝜔, 𝑘) the complex conductivity tensor, 𝜔 the fre-

quency, 𝑘 the wave vector, and 𝜖0 the electric con-
stant. The dependences of the indicated tensors on
the frequency 𝜔 and on the wave vector 𝑘 are re-
sponsible, respectively, for the frequency dispersion
and the spatial dispersion of the electromagnetic field
in the medium. If the velocity distribution of plasma
particles is isotropic, the tensor 𝜒

(𝑎)
𝑖𝑗 (𝜔, 𝑘) can be ex-

pressed only in terms of the identity tensor 𝛿𝑖𝑗 and
the tensor 𝑘𝑖𝑘𝑗 . Accordingly, for an isotropic medium,
the tensor 𝜒

(𝑎)
𝑖𝑗 (𝜔, 𝑘) can be expressed in the form

𝜀′𝑖𝑗(𝜔, 𝑘) =

(︂
𝛿𝑖𝑗 −

𝑘𝑖𝑘𝑗
𝑘2

)︂
𝜀𝑡𝑟(𝜔, 𝑘) +

𝑘𝑖𝑘𝑗
𝑘2

𝜀𝑙(𝜔, 𝑘), (4)

where 𝜀𝑡𝑟(𝜔, 𝑘) and 𝜀𝑙(𝜔, 𝑘) are the transverse and
longitudinal, respectively, dielectric permittivities. In
the case of a cold plasma, an insignificant influence of
the particle thermal motion on the wave propagation
and the spatial dispersion can be neglected. Accor-
dingly, we obtain the following equations:

𝜀𝑡𝑟(𝜔, 𝑘) = 𝜀𝑙(𝜔, 𝑘) = 𝜀′(𝜔), 𝜀′𝑖𝑗 = 𝜀′(𝜔)𝛿𝑖𝑗 .

In the absence of an external magnetic field, a cold
plasma is isotropic. In this case, the complex dielec-
tric permittivity is determined as follows [27]:

𝜀′ = 𝜀− 𝑖
𝜎

𝜔𝜖0
, (5)

where 𝜀 is the dielectric permittivity, and 𝜎 the high-
frequency plasma conductivity. In the general case,
the parameters 𝜀′, 𝜀, and 𝜎 depend on the frequency
and the coordinates.
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For a two-component plasma containing electrons
and ions, the quasineutrality condition looks like

𝑁𝑒 = 𝑍𝑖𝑁𝑖, (6)

where 𝑁𝑒 is the electron concentration in a plasma,
𝑁𝑖 the ion concentration, and 𝑍𝑖 the charge number
of ions. Accordingly, the dielectric permittivity 𝜀 and
the conductivity 𝜎 of a plasma are determined by the
formulas [27]

𝜀 = 1− 𝑁𝑒𝑒
2

𝜖0𝑚𝑒(𝜔2 + 𝜈2(𝑒),eff)
− 𝑁𝑖𝑍𝑖

2𝑒2

𝜖0𝑚𝑖(𝜔2 + 𝜈2(𝑖),eff)
, (7)

𝜎 =
𝑁𝑒𝑒

2𝜈(𝑒),eff

𝑚𝑒(𝜔2 + 𝜈2(𝑒),eff)
+

𝑁𝑖𝑍𝑖
2𝑒2𝜈(𝑖),eff

𝑚𝑖(𝜔2 + 𝜈2(𝑖),eff)
, (8)

where 𝜈(𝑒),eff and 𝜈(𝑖),eff are the effective collision fre-
quencies of electrons and ions, respectively, with dust
particles; and 𝑚𝑒 and 𝑚𝑖 are the electron and ion,
respectively, masses. Since the mass ratio 𝑚𝑒/𝑚𝑖 ≪
≪ 1 – e.g., for the hydrogen atom (proton), we have
𝑚𝑒/𝑚𝑖 = 5.446× 10−4 – the influence of ions is very
small, as a rule, and it is not taken into considera-
tion, as usual. The account for ions is required, if the
concentration of negative ions in a plasma is high or
the concentration of electrons is very low. If the ionic
contribution is neglected, Eqs. (7) and (8) take the
form
𝜀 = 1− 𝑁𝑒𝑒

2

𝜖0𝑚𝑒(𝜔2 + 𝜈2eff)
, (9)

𝜎 =
𝑁𝑒𝑒

2𝜈eff
𝑚𝑒(𝜔2 + 𝜈2eff)

, (10)

where

𝜈eff = 𝜈𝑒𝑖 + 𝜈𝑒𝑛 (11)

is the effective collision frequency of electrons with
ions and neutral particles,

𝜈𝑒𝑖 =

√
2𝑁𝑖𝑍

2
𝑖 𝑒

4Λ𝑒𝑖

12𝑇
3/2
𝑒 𝑚

1/2
𝑒 𝜋3/2𝜖20

is the frequency of electron-ion collisions, Λ𝑒𝑖 the
Coulomb logarithm,

𝜈𝑒𝑛 = 𝑁𝑛𝐾𝑒𝑙

is the frequency of electron-neutral collisions, and
𝐾𝑒𝑙 is the rate constant for electron-neutral colli-
sions. Collisions between electrons in isotropic plasma
are insignificant, when 𝜔2 ≫ 𝜈2eff , so that they can be
neglected [27].

2.2. Refractive and absorption indices

In the microwave plasma diagnostics, the dielectric
permittivity and conductivity parameters play rather
an auxiliary role. It is the refractive index 𝑛 and the
absorption index κ that are directly determined. A
relation of the complex dielectric constant with the
indices 𝑛 and κ is given by the formula

𝜀′ = (𝑛− 𝑖κ)2. (12)

With regard for Eqs. (5) and (12) for 𝑛 and κ, re-
spectively, we obtain

𝜀 = 𝑛2 − κ2, (13)
𝜎

𝜔𝜖0
= 2𝑛κ. (14)

From whence, in view of Eqs. (9) and (10), the re-
fractive index 𝑛 and the absorption index κ can be
written in the form [27]

𝑛2 =
1

2

(︃
1−

𝜔2
𝑝𝑒

𝜔2 + 𝜈2eff

)︃
+

+
1

2

√︃(︂
1−

𝜔2
𝑝𝑒

𝜔2 + 𝜈2eff

)︂2
+

(︂
𝜔𝑝𝑒

2

𝜔2 + 𝜈2eff

𝜈eff
𝜔

)︂2
, (15)

κ2 = −1

2

(︃
1−

𝜔2
𝑝𝑒

𝜔2 + 𝜈2eff

)︃
+

+
1

2

√︃(︂
1−

𝜔2
𝑝𝑒

𝜔2 + 𝜈2eff

)︂2
+

(︂
𝜔𝑝𝑒

2

𝜔2 + 𝜈2eff

𝜈eff
𝜔

)︂2
, (16)

where

𝜔𝑝𝑒 =

(︂
𝑁𝑒𝑒

2

𝜖0𝑚𝑒

)︂1/2
.

is the electron plasma frequency. In the limiting case
of high frequencies, i.e. if 𝜔2 ≫ 𝜈2eff , Eqs. (9), (10),
(15), and (16) can be somewhat simplified [27]:

𝜀 = 1− 𝑁𝑒𝑒
2

𝜖0𝑚𝑒𝜔2
, (17)

𝜎 ≈ 𝑁𝑒𝑒
2𝜈eff

𝑚𝑒𝜔2
, (18)

𝑛2 =
1

2

(︃
1−

𝜔2
𝑝𝑒

𝜔2

)︃
+

+
1

2

√︃(︂
1−

𝜔2
𝑝𝑒

𝜔2

)︂2
+

(︂
𝜔𝑝𝑒

2

𝜔2

𝜈eff
𝜔

)︂2
, (19)
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κ2 = −1

2

(︃
1−

𝜔2
𝑝𝑒

𝜔2

)︃
+

+
1

2

√︃(︂
1−

𝜔2
𝑝𝑒

𝜔2

)︂2
+

(︂
𝜔𝑝𝑒

2

𝜔2

𝜈eff
𝜔

)︂2
. (20)

In the particular case where 𝜔2 ≫ 𝜈2eff and 𝜀 ≫
≫ 𝜎/ (𝜔𝜖0) (𝜀 > 0), Eqs. (19) and (20) for the re-
fractive index 𝑛 and the absorption index κ can also
be strongly simplified to the form [27]

𝑛 ≈
√
𝜀 =

(︃
1−

𝜔2
𝑝𝑒

𝜔2

)︃1/2
, (21)

κ ≈ 1

2

𝜎

𝜔𝜖0
√
𝜀
=

1

2

𝜔2
𝑝𝑒

𝜔2

𝜈eff
𝜔

(︃
1−

𝜔2
𝑝𝑒

𝜔2

)︃−1/2

. (22)

Most often, expressions (21) and (22) are used, when
the methods of microwave plasma diagnostics are con-
sidered and applied [1–4]. In the case where 𝜔2 ≫ 𝜈2eff
and 𝜔𝑝𝑒 ≥ 𝜔, the electromagnetic wave rapidly de-
cays in plasma. If the penetration depth of the alter-
nating field into a plasma is smaller than the thick-
ness of a plasma with 𝜔𝑝𝑒 ≥ 𝜔, then the electromag-
netic wave becomes reflected from the plasma bound-
ary. Figure 1 illustrates the dependences of the re-
fractive (panel 𝑎) and absorption (panel 𝑏) indices on
the ratio 𝜔𝑝𝑒/𝜔, which were calculated according to
formulas (15) and (16).

3. Propagation of Electromagnetic
Waves in a Dusty Plasma

3.1. Dusty plasma

The dusty plasma contains macroscopically small
charged particles. In a gas-discharge plasma, pro-
vided that the emission processes are absent, a dust
particle captures electrons and ions, so that it be-
comes electrically charged. Since the mobility of elec-
trons is higher, the dust particle acquires a nega-
tive charge [9–15]. Owing to the processes of elec-
tron emission (thermionic, photoelectron, secondary
electron emission) from the surface of a dust par-
ticle, its total charge decreases by magnitude and,
under certain conditions, it may became positive. In
this case, the coexistence of particles and electrons
emitted by them in the framework of a common two-
component system is possible. The account for dust

a

b
Fig. 1. Dependences of the refractive (𝑎) and absorption (𝑏)
indices in a dusty plasma on the ratio 𝜔𝑝𝑒/𝜔 for various values
of the ratio 𝜈2eff/𝜔

2 = 10−5 (1 ), 10−2 (2 ), 0.1 (3 ), 0.5 (4 ), 0.8
(5 ), and 1 (6 )

particles leads to the following condition of plasma
quasineutrality:

𝑁𝑒 + 𝑍𝑑𝑁𝑑 = 𝑍𝑖𝑁𝑖, (23)

where 𝑁𝑑 is the concentration of dust particles, and
𝑍𝑑 their charge number.

In the orbital-motion-limited (OML) approxima-
tion, the cross-sections of the electron and single-
charged ion capture by a dust particle are determined
by the following expressions [11]:

∙ for the electron capture,

𝜎𝑒(𝜐𝑒) =

⎧⎪⎪⎨⎪⎪⎩
0 if

2𝑒𝜑𝑠

𝑚𝑒𝑣2𝑒
≤ −1,

𝜋𝑟2𝑑

(︂
1 +

2𝑒𝜑𝑠

𝑚𝑒𝑣2𝑒

)︂
if

2𝑒𝜑𝑠

𝑚𝑒𝑣2𝑒
> −1;

(24)
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∙ for the ion capture,

𝜎𝑖(𝜐𝑖) = 𝜋𝑟2𝑑

(︂
1− 2𝑒𝜑𝑠

𝑚𝑖𝑣2𝑖

)︂
, (25)

where 𝑟𝑑 is the dust particle radius (most often, the
dust particle is assumed to be spherical); 𝑣𝑒 and 𝑣𝑖
are the electron and ion, respectively, velocities with
respect to the particle; and 𝜑𝑠 is the surface poten-
tial of the particle with respect to the plasma (it is
adopted to be negative, 𝜑𝑠 < 0).

The stationary charge of a particle, 𝑍𝑑, corresponds
to the equality between the electron and ion fluxes
absorbed by the particle. In the dimensionless form,
it can be determined from the relation [11]

exp (−𝑧) =
𝑁𝑖

𝑁𝑒

(︁𝜇
𝜏

)︁1/2
(1 + 𝑧𝜏)(1 + 𝑃 ), (26)

where 𝜏 = 𝑇𝑒/𝑇𝑖 is the ratio between the electron and
ion temperatures, 𝜇 = 𝑚𝑒/𝑚𝑖 is the ratio between the
electron and ion masses,

𝑧 =
|𝑍𝑑|𝑒2

𝑟𝑑𝑇𝑒

is the normalized absolute value of the dust particle
charge, and

𝑃 = |𝑍𝑑|
𝑁𝑑

𝑁𝑒

is the Havnes parameter determining the ratio be-
tween the product of the concentration and charge of
dust particles, on the one hand, and the concentration
of the electron component, on the other hand.

The charging frequency of a dust particle is defined
as the relaxation frequency of small charge perturba-
tions to the stationary value [11],

𝜐ch =
1 + 𝑧√
2𝜋

𝑟𝑑
𝜆𝑑𝑖

𝜔𝑝𝑖, (27)

where

𝜆𝑑𝑖 =

(︂
𝜖0𝑇𝑖

𝑁𝑖𝑍2
𝑖 𝑒

2

)︂1/2
is the ion Debye radius, and

𝜔𝑝𝑖 =

(︂
𝑁𝑖𝑍

2
𝑖 𝑒

2

𝜖0𝑚𝑖

)︂1/2
is the ion-plasma frequency.

In a dusty plasma, besides the electron-ion, 𝜈𝑒𝑖,
electron-neutral, 𝜈𝑒𝑛, ion-ion, 𝜈𝑖𝑖, and ion-neutral,
𝜈𝑖𝑛, collision frequencies, the frequencies of collisions
between dust particles and electrons, 𝜈𝑒𝑑, ions, 𝜈𝑖𝑑,
and neutral atoms (molecules), 𝜈𝑛𝑑, as well as be-
tween the particles themselves, 𝜈𝑑𝑑, have to be taken
into consideration [11]. The frequency of collisions be-
tween electrons and dust particles can be determined
from the relation [28]

𝜈𝑒𝑑 =
8
√
2𝜋

3
𝑟2𝑑𝑁𝑑𝑣𝑒Φ𝑒(𝑧, 𝐿), (28)

where the multiplier Φ𝑒(𝑧, 𝐿) makes allowance for the
electrostatic interaction between an electron and a
dust particle. For an uncharged particle, Φ𝑒(𝑧, 𝐿) =
= 1. More specifically, this quantity involves the ab-
sorption and scattering of electrons by the dust par-
ticle:

Φ𝑒(𝑧, 𝐿) = Φ𝑐𝑜𝑙𝑙
𝑒 (𝑧) + Φ𝑜𝑟𝑏

𝑒 (𝑧, 𝐿),

where
Φcoll

𝑒 (𝑧) =
(︁
1 +

𝑧

2

)︁
exp (−𝑧)

and
Φorb

𝑒 (𝑧, 𝐿) =
1

4
𝑧2Λ𝑒𝑑.

For the electron-particle collisions, the Coulomb log-
arithm Λ𝑒𝑑 is determined by the formula [28]:

Λ𝑒𝑑 =

∞∫︁
0

𝑒−𝑥 ln

(︂
1 + 4𝐿2𝑥

2

𝑧2

)︂
𝑑𝑥−

− 2

∞∫︁
𝑧

𝑒−𝑥 ln

(︂
2𝑥

𝑧
− 1

)︂
𝑑𝑥, (29)

where 𝐿 = 𝜆𝑑/𝑟𝑑 is the ratio between the screening
length (the Debye radius) and the particle radius. For
the first parameter, we have

𝜆𝑑 =
𝜆𝑑𝑒𝜆𝑑𝑖

(𝜆2
𝑑𝑒 + 𝜆2

𝑑𝑖)
1/2

,

where

𝜆𝑑𝑒 =

(︂
𝜖0𝑇𝑒

𝑁𝑒𝑒2

)︂1/2
is the electron Debye radius.

With regard for the collisions between electrons
and dust particles, Eq. (11) for the effective collision
frequency of electrons looks like

𝜈eff = 𝜈𝑒𝑑 + 𝜈𝑒𝑖 + 𝜈𝑒𝑛. (30)
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3.2. Dielectric permittivity

In a dusty plasma, the tensor of complex dielectric
permittivity is determined by Eq. (3), in which the di-
electric susceptibilities of the electron and ion plasma
components, as well as dust particles, are taken into
account [9,11,29]. In a number of works [30–33], their
authors considered the transverse, 𝜀𝑡𝑟(𝜔, 𝑘), and lon-
gitudinal, 𝜀𝑙(𝜔, 𝑘), components of the dielectric per-
mittivity of a dusty plasma. In work [30], the fol-
lowing expressions were obtained for 𝜀𝑙(𝜔, 𝑘) and
𝜀𝑡𝑟(𝜔, 𝑘):

𝜀𝑙(𝜔, 𝑘) = 1 +
4𝜋

𝑘2

∑︁
𝛼

𝑒2𝛼
𝑚𝛼

∫︁
𝑑𝜐

1

𝜔 − 𝑘 · 𝜐 + 𝑖𝜈𝛼𝑑
×

×

(︃
1 +

𝑖𝜈𝛼𝑑
𝜔 + 𝑖𝜈𝑐ℎ

1 + Γ
(𝑙)
𝑘𝜔

1 +𝐺𝑘𝜔

)︃(︂
𝑘 · 𝑑𝑓

0
𝛼

𝑑𝜐

)︂
, (31)

𝜀𝑡𝑟(𝜔, 𝑘) = 1 +
2𝜋

𝜔

∑︁
𝛼

𝑒2𝛼
𝑚𝛼

∫︁
𝑑𝜐

1

𝜔 − 𝑘 · 𝜐 + 𝑖𝜈𝛼𝑑
×

×

(︃
𝜐𝑖 +

𝑖𝜈𝛼𝑑
𝜔 + 𝑖𝜈𝑐ℎ

Γ
(𝑡)
𝑘𝜔,𝑖

1 +𝐺𝑘𝜔

)︃(︂
𝛿𝑖𝑗 −

𝑘𝑖𝑘𝑗
𝑘2

)︂
𝑑𝑓0

𝛼

𝑑𝜐𝑗
, (32)

where the quantities Γ
(𝑙)
𝑘𝜔, Γ(𝑡)

𝑘𝜔,𝑖, and 𝐺𝑘𝜔 are deter-
mined by the expressions

Γ
(𝑙)
𝑘𝜔 =

∑︁
𝛼

∫︁
𝑑𝜐

−𝑖𝑒𝛼𝜎𝛼𝜐𝑓
0
𝛼

𝜔 − 𝑘 · 𝜐 + 𝑖𝜈𝛼𝑑
, (33)

Γ
(𝑡)
𝑘𝜔,𝑖 =

∑︁
𝛼

∫︁
𝑑𝜐

−𝑖𝑒𝛼𝜎𝛼𝜐𝜐𝑖𝑓
0
𝛼

𝜔 − 𝑘 · 𝜐 + 𝑖𝜈𝛼𝑑
, (34)

𝐺𝑘𝜔 =
−1

𝜔 + 𝑖𝜈ch

∑︁
𝛼

∫︁
𝑑𝜐

𝜈𝛼𝑑𝑒𝛼𝜎𝛼𝜐𝑓
0
𝛼

𝜔 − 𝑘 · 𝜐 + 𝑖𝜈𝛼𝑑
. (35)

For the Maxwell velocity distribution and at high
frequencies 𝜔 ∼ 𝜔𝑝𝑒 ≫ max(𝑘𝜐𝑒, 𝜈ch, 𝜈𝛼𝑑), expres-
sions (31) and (32) for the longitudinal and trans-
verse, respectively, dielectric permittivities coincide:
𝜀𝑡𝑟(𝜔, 𝑘) = 𝜀𝑙(𝜔, 𝑘) = 𝜀′(𝜔), where 𝜀′(𝜔) is given by
the expression

𝜀′=1−
𝜔2
𝑝𝑒

𝜔2

[︂
1− 𝑖

2

3
(2 + 𝑧)

𝜈𝑒𝑑
𝜔

−
√
𝜋𝑧𝐴

(︁𝜈𝑒𝑑
𝜔

)︁2
exp(𝑧)

]︂
.

(36)
Here, 𝜏𝑇 = 𝑇𝑖/𝑇𝑒, and

𝐴(𝑧) =
5

4
− 𝑧

6
+

(︂
5

4
− 𝑧 +

𝑧2

3

)︂
𝐾(𝑧), (37)

where

𝐾(𝑧) ≡
∞∫︁
1

𝑑𝜏𝑇 exp
[︀
−(𝜏2𝑇 − 1)𝑧

]︀
(38)

In the case 𝜔 ≫ 𝑘𝜈𝑒 ≫ 𝑘𝜈𝑖, the authors of work
[31] obtained the following expression for the complex
dielectric permittivity:

𝜀′ = 1−
∑︁
𝛼

𝜔2
𝑝𝛼

𝜔2
+

𝑖

𝜔3

∑︁
𝛼

𝜔2
𝑝𝛼𝑣𝑎𝑑. (39)

In works [33–35], analytic expressions were derived
for the dielectric permittivity and the conductivity of
a dusty plasma. The corresponding longitudinal and
transverse dielectric permittivities of a dusty plasma
are described by the expressions [33]:

𝜀𝑙(𝜔, 𝑘) = 1 +

(︂
1− 𝑖𝜔𝑁𝑑

𝜔 + 𝑖𝜈𝑐ℎ

𝜎𝛼(𝜐𝛼)

𝑘

)︂
×

×
𝜔2
𝑝𝑎

𝑘2𝜐2
𝑎

𝑊 (𝜉)

1− 𝑖𝜈𝛼𝑛
𝜔 + 𝑖𝜈𝛼𝑛

(1−𝑊 (𝜉))
, (40)

𝜀𝑡𝑟(𝜔, 𝑘) = 1−
(︂
1− 𝑖𝜔𝑁𝑑

𝜔 + 𝑖𝜈𝑐ℎ

𝜎𝛼(𝜐𝛼)

𝑘

)︂
×

×
𝜔2
𝑝𝑎

𝜔 + 𝑖𝜈2𝑎𝑛

1−𝑊 (𝜉)

1− 𝑖𝜈𝛼𝑛
𝜔 + 𝑖𝜈𝛼𝑛

(1−𝑊 (𝜉))
, (41)

where 𝜉 = (𝜔+ 𝑖𝜈𝛼𝑛)/(𝑘𝜐𝛼). For a cold plasma, |𝜉| ≫
≫ 1, and the dependence 𝑊 (𝜉) looks like

𝑊 (𝜉) = − 𝑘2𝜐2
𝛼

(𝜔 + 𝑖𝜈𝑎𝑛)
2 . (42)

In the case |𝑊 (𝜉)| ≪ 1, formulas (40) and (41) for the
longitudinal and transverse dielectric permittivities
coincide: 𝜀𝑡𝑟(𝜔, 𝑘) = 𝜀𝑙(𝜔, 𝑘) = 𝜀′(𝜔), where 𝜀′(𝜔) is
given by the expression

𝜀′ = 1−
𝜔2
𝑝𝑎

𝜔(𝜔 + 𝑖𝜈𝑎𝑛)
+

𝑖𝜔2
𝑝𝛼𝑁𝑑𝜎𝛼(𝜐𝛼)

𝑘(𝜔 + 𝑖𝜈𝑎𝑛)(𝜔 + 𝑖𝜈ch)
. (43)

From expression (43), taking Eq. (5) for the com-
plex dielectric permittivity into account, and neglect-
ing the ionic component, we obtain the following for-
mulas for the dielectric permittivity and the high-
frequency conductivity in a dusty plasma:

𝜀 = 1− 𝑁𝑒𝑒
2

𝜖0𝑚𝑒(𝜔2 + 𝜈2eff)
+
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+
𝜔

𝑘
𝜂𝑑

𝑁𝑒𝑒
2

𝜖0𝑚𝑒

(𝜈eff + 𝜈ch)

(𝜔2 + 𝜈2eff)(𝜔
2 + 𝜈2ch)

, (44)

𝜎 =
𝑁𝑒𝑒

2𝜈eff
𝑚𝑒(𝜔2 + 𝜈2eff)

+

+
𝜔

𝑘
𝜂𝑑

𝑁𝑒𝑒
2

𝑚𝑒

𝜔2 − 𝜈eff𝜈ch
(𝜔2 + 𝜈2eff)(𝜔

2 + 𝜈2ch)
, (45)

where 𝜈eff is the effective electron collision frequency,
which is determined by Eq. (30), and the parameter
𝜂𝑑 = 𝑁𝑑𝜎𝑒(𝑣𝑒).

3.3. Refractive and absorption indices

When considering the refractive, 𝑛, and absorption,
κ, indices in a dusty plasma, two approaches are

a

b
Fig. 2. Dependences of the refractive (𝑎) and absorption (𝑏)
indices in a dusty plasma on the ratio 𝜔𝑝𝑒/𝜔 for various con-
centrations of dust particles. The calculation parameters are
𝑟𝑑 = 1 × 10−6 m, 𝑁𝑖 = 1 × 1016 m−3, 𝑁𝑛 = 1× 1020 m−3,
𝑇𝑒 = 1 eV, and 𝑇𝑖 = 0.1𝑇𝑒

used. In one of them, expressions for 𝑛 and κ ob-
tained for a particle-free plasma – see formulas (15),
(16), (19), and (20) – are used [12, 23, 36–38]. In this
case, the transition to a dusty plasma is performed,
by considering the additional frequencies of particle
collisions with dust particles (see Section 2.1). This
approach is rather justified and can be used in the
case of high frequencies, which follows from Eq. (39)
and a small number of particles in plasma.

The results of calculations of the refractive, 𝑛, and
absorption, κ, indices obtained according to formu-
las (15) and (16) for weakly ionized and strongly
ionized dusty plasmas are exhibited in Figs. 2 to
4. The effective collision frequency was determined
from Eq. (30). The calculations were carried out with
regard for the following conditions:

∙ Ar ions were assumed to be single-charged;
∙ the rate constant for electron-neutral collisions

was calculated, by supposing the Maxwell distribu-
tion of electrons over their velocities and taking the
cross-sections of elastic collisions into account [39];

∙ the Cu2O dust particles were assumed to be per-
fect spheres of the same radius;

∙ the charge of dust particles was determined by
equality (26);

∙ the quasineutrality condition (23) for a dusty
plasma was supposed to be obeyed.

As one can see from Figs. 2 and 4, an increase of
the dust particle concentration induces the growth
of both the refractive, 𝑛, and absorption, κ, in-
dices. This is a result of an increase of the param-
eter 𝜈eff . In essence, the observed scenario is similar
to that discussed in Section 2.2 (see Fig. 1). Howe-
ver, in this case, an important factor is the colli-
sion frequency of electrons with dust particles. An
increase of the dust particle size changes the val-
ues ofboth 𝑛 and κ, as is shown in Fig. 3. Thus,
the concentration and the size of dust particles sub-
stantially affect the refractive and absorption indices,
especially if 𝜔2 → 𝜔2

𝑝𝑒. In the high-frequency limit,
when 𝜔2 ≫ 𝜔2

𝑝𝑒 and 𝜔2 ≫ 𝜈2eff , the influence of
dust particles on 𝑛 and κ can be neglected in some
cases.

In the other approach, besides the frequency of col-
lisions between particles and dust particles, the char-
acteristic frequency of the dust particle charging is
also taken into account. In this case, expression (44)
for the dielectric permittivity and expression (45) for
the high-frequency conductivity of a dusty plasma are
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a

b
Fig. 3. Dependences of the refractive (𝑎) and absorption (𝑏)
indices in a dusty plasma on the ratio 𝜔𝑝𝑒/𝜔 for various values
of the dusty particle radius. The calculation parameters are
𝑁𝑑 = 1012 m−3, 𝑁𝑖 = 1 × 1016 m−3, 𝑁𝑛 = 1 × 1020 m−3,
𝑇𝑒 = 1 eV, and 𝑇𝑖 = 0.1𝑇𝑒

used. The formulas for the refractive index 𝑛 and the
absorption index κ can be written as follows [33]:

𝑛 =

⎛⎝1

2
𝜀+

1

2

√︃
𝜀2 +

(︂
𝜎

𝜔𝜖0

)︂2⎞⎠1/2, (46)

κ =

⎛⎝−1

2
𝜀+

1

2

√︃
𝜀2 +

(︂
𝜎

𝜔𝜖0

)︂2⎞⎠1/2, (47)

where 𝜀 is determined by expression (44) and 𝜎 by
expression (45). This approach [33–35] was applied in

a

b
Fig. 4. Dependences of the refractive (𝑎) and absorption (𝑏)
indices in a dusty plasma on the ratio 𝜔𝑝𝑒/𝜔 for various con-
centrations of dust particles. The calculation parameters are
𝑟𝑑 = 1 × 10−6 m, 𝑁𝑖 = 1 × 1019 m−3, 𝑁𝑛 = 1 × 1019 m−3,
𝑇𝑒 = 10 eV and 𝑇𝑖 = 0.1𝑇𝑒

a number of works [24, 40–51]. In so doing, a number
of simplifications and assumptions in Eqs. (43)–(46)
are often made [24, 33–35, 40–51].

First – see, e.g., works [33–35,40–43,45–50]) – when
calculating the parameter 𝜂𝑑, it is assumed that the
absorption cross-section 𝜎𝑒(𝑣𝑒) ≈ 𝜋𝑟2𝑑, so that this
quantity depends only on the dust particle size. In
works [24, 44], expression (24) was used, where the
potential of the dust particle surface is determined
by the formula 𝜑𝑠 = 𝑍𝑑𝑒

4𝜋𝜖0𝑟𝑑
. Accordingly, Eq. (24)

takes the form

𝜎𝑒(𝜈𝑒) = 𝜋𝑟2𝑑

(︂
1 +

𝑍𝑑𝑒
2

6𝜋𝜖0𝑟𝑑𝑇𝑒

)︂
. (48)
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a

b

c
Fig. 5. Dependences of the refractive index 𝑛 in a dusty
plasma on the ratio 𝜔𝑝𝑒/𝜔 in various approximations (on the
curve labeling from 1 to 6, see the text). The parameter
𝑁𝑑 = 1011 (𝑎), 1012 (𝑏), and 1013 m−3 (𝑐). The other cal-
culation parameters are 𝑟𝑑 = 1× 10−6 m, 𝑁𝑖 = 1× 1019 m−3,
𝑁𝑛 = 1024 m−3, 𝑇𝑒 = 3000 K, and 𝑇𝑖 = 0.1× 𝑇𝑒

a

b

c
Fig. 6. Dependences of the refractive index 𝑛 in a dusty
plasma on the ratio 𝜔𝑝𝑒/𝜔 in various approximations (on the
curve labeling from 1 to 6, see the text). The parameter
𝑁𝑑 = 1010 (𝑎), 1011 (𝑏), and 1012 m−3 (𝑐). The other cal-
culation parameters are 𝑟𝑑 = 1× 10−6 m, 𝑁𝑖 = 1× 1016 m−3,
𝑁𝑛 = 1020 m−3, 𝑇𝑒 = 1 eV, and 𝑇𝑖 = 0.1× 𝑇𝑒
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It allows the dependence of the absorption cross-
section on the electron temperature, as well as the
size and charge of dust particles, to be taken into ac-
count more accurately.

Second, the quantity 𝜔/𝑘 in Eqs. (44) and (45),
which is actually the parameter 𝜈𝑝ℎ = 𝜔/𝑘 in the
medium, is put equal to the light velocity in vacuum,
𝜈𝑝ℎ = 𝑐 (see, e.g., works [33–35, 40, 41, 43–51]). This
substitution is quite allowable, if the refractive index
𝑛 ≈ 1. But, in the case 𝑛 ̸= 1, the refractive index has
to be taken into account: 𝜔/𝑘 = 𝑐/𝑛. Then Eqs. (44)–
(47) can be solved numerically, while determining 𝑛
and κ.

Since different approximations are used in calcula-
tions, it is of interest to compare the refractive in-
dex values obtained from Eqs. (44)–(47) and from
Eqs. (15), (16), (19), and (20). The conditions al-
ready described above were chosen as initial ones: Ar
ions, Cu2O particles, and so forth. The plasma pa-
rameters were taken according to the data of work
[46] and to the parameters of weakly ionized plasma,
which were also described above (see the caption of
Fig. 2). The calculation results obtained for the re-
fractive index are presented in Figs. 5 and 6. The
labeling of the curves in those figures are as fol-
lows. Curves 1 and 2 were calculated by formula (15):
curves 1 not taking 𝜈𝑒𝑑 into account and curves 2 tak-
ing 𝜈𝑒𝑑 into account. Curves 3 to 6 were calculated
according to formulas (44)–(46): curve 3 for 𝜔/𝑘 = 𝑐,
𝜎𝑒(𝑣𝑒) ≈ 𝜋𝑟2𝑑, and not taking 𝜈𝑒𝑑 into account; curve 4
for 𝜔/𝑘 = 𝑐/𝑛, 𝜎𝑒(𝑣𝑒) ≈ 𝜋𝑟2𝑑, and not taking 𝜈𝑒𝑑 into
account; curve 5 for 𝜔/𝑘 = 𝑐/𝑛, 𝜎𝑒(𝑣𝑒) ≈ 𝜋𝑟2𝑑, and
taking 𝜈𝑒𝑑 into account; and curve 6 for 𝜔/𝑘 = 𝑐/𝑛,
𝜎𝑒(𝑣𝑒) calculated by formula (48), and not taking 𝜈𝑒𝑑
into account.

As one can see from Figs. 5, 𝑎 and 6, 𝑎, at 𝜔2 & 𝜔2
𝑝𝑒

and a relatively low concentration of particles, the cal-
culated values of 𝑛 are almost identical for all approx-
imations and approaches. With the increase of the
dust particle concentration (Figs. 5, 𝑏, 5, 𝑐, 6, 𝑏, and
6, 𝑐), the calculation results begin to differ from one
another in different approaches and approximations
starting from 𝜔𝑝𝑒/𝜔 & 0.5÷0.6. The calculated values
of 𝑛 are maximum in the case where Eqs. (44)–(47)
were used. The minimum values were obtained, when
no allowance was made for dust particles – Eqs. (11),
(15), and (16) – which is quite reasonable. A simi-
lar situation also takes place, when the size of dust
particles is varied. The analysis testifies that, in the

high-frequency limit, i.e. at 𝜔2 ≫ 𝜔2
𝑝𝑒 and 𝜔2 ≫ 𝜈2eff ,

the influence of dust particles on 𝑛 and κ can be
neglected sometimes. In those cases, Eqs. (19)–(22)
can be used for calculations. Hence, the density, size,
and charge of dust particles substantially affect the
refractive and absorption indices of a dusty plasma.

Besides those dust particle parameters, the refrac-
tive and absorption indices also depend on the prob-
ing frequency (see Figs. 3 to 6). Therefore, the mea-
surements of the phase shift and the absorption coef-
ficient at various frequencies can be used to evaluate
or determine such dusty plasma parameters as the
average density, dust particle size, and frequency of
collisions between electrons and dust particles.

For the picture to be complete, it is also worth
noting the following two specific features of a dusty
plasma. First, the charge of dust particles can be
rather large. Accordingly, the concentration of ions
can substantially exceed the concentration of elec-
trons. In this case, the ionic component in the dielec-
tric permittivity has to be taken into account (see,
e.g., Eqs. (7) and (8)). Second, in the general case,
dust particles are different by their size and are de-
scribed by a certain distribution function [9, 12]. In
works [34, 35, 43, 45], for this size distribution to be
taken into consideration, expressions (44) and (45)
were proposed to be used in the form of the sums

𝜀 =

𝑁𝑑∑︁
𝑗=1

𝜀𝑗 and 𝜎 =

𝑁𝑑∑︁
𝑗=1

𝜎𝑗

over dust particle groups with identical sizes, or this
summation should be carried out only over the pa-
rameter 𝜂𝑑 [43, 45]:

𝜂𝑑 =

𝑁𝑑∑︁
𝑗=1

𝑁𝑑𝑗𝜋𝑟
2
𝑑𝑗 .

The analysis of the high-frequency conductivity in
a dusty plasma with various model distributions of
dust particles over their size showed [43] that this pa-
rameter can increase or decrease, depending on the
distribution itself and on the difference between the
maximum and minimum particle sizes.

4. Conclusions

The refractive, 𝑛, and absorption, κ, indices in
weakly and strongly ionized dusty plasmas are cal-
culated and compared in the framework of various
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approaches and approximations. If the concentration
of dust particles is low, and if the frequency is high,
𝜔2 ≥ 𝜔2

𝑝𝑒, the calculated values of 𝑛 practically
coincide in all approximations and approaches. At
higher concentrations of dust particles, the calcula-
tion results obtained in different approaches and ap-
proximations begin to deviate from one another at
𝜔𝑝𝑒/𝜔 ≥ 0.5÷0.6. A similar situation also takes place
for the varied dust particle size. Hence, the concen-
tration and size of dust particles significantly affect
the refractive and absorption indices for microwaves,
especially if 𝜔2 → 𝜔2

𝑝𝑒. In the high-frequency limit,
i.e. when 𝜔2 ≫ 𝜔2

𝑝𝑒 and 𝜔2 ≫ 𝜈2eff , the influence
of dust particles on 𝑛 and κ can be neglected in
some cases, so that methods developed for a dust-
free plasma can be applied. The measurements of the
phase shift and the absorption coefficient at various
frequencies can provide some information about such
parameters of a dusty plasma as the average density,
dust particle size, and frequency of collisions between
electrons and dust particles.
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ОСОБЛИВОСТI ВИКОРИСТАННЯ
МIКРОХВИЛЬОВИХ МЕТОДIВ ДЛЯ ДIАГНОСТИКИ
ЗАПОРОШЕНОЇ ПЛАЗМИ. I. ДIЕЛЕКТРИЧНА
ПРОНИКНIСТЬ, ПОКАЗНИКИ
ЗАЛОМЛЕННЯ ТА ПОГЛИНАННЯ

Р е з ю м е

Проаналiзовано два пiдходи, якi зазвичай використовую-
ться для визначення показникiв заломлення 𝑛 i поглинання
κ запорошеної плазми. У першому використовують вирази
для 𝑛 i κ, отриманi для плазми без порошинок з ураху-
ванням додаткових частот зiткнень частинок з порошин-
ками. У другому враховуються не тiльки частоти зiткнень
частинок з порошинками, а i характерна частота зарядки
порошинок.
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