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DALITZ DECAYS OF UNFLAVORED
MESONS IN THE POINCARE COVARIANT

QUARK MODEL

The procedure for obtaining the radiative decay constants of pseudoscalar and vector unflavored
mesons in the point-form of PiQM is presented. Based on the obtained earlier parameters of
the model for light (u,d,s) quarks, we obtain the remaining parameters from the experiments
on the V.— P~ and P — V-~ decays. As a result, the mizing angles for pseudoscalar and
vector mesons and the behavior of the V. — PLY¢™ decay constant are obtained in agreement

with modern experimental data.

Keywords: Poincaré, point-form, quark, meson, lepton pair.

1. Introduction

The problem of description of the decays of hadrons,
as bound quark systems, is an important task of
high-energy and theoretical physics. Due to several
well-known problems of quantum electrodynamics, a
number of models of and approaches to this problem
were developed. However any of these approaches re-
quires a further modification, since the mechanics of
a bound quark interaction has not been completely
studied.

The particular importance of researches in this area
became obvious, because of the appearance of mod-
ern experimental data on lepton decays of light pseu-
doscalar and vector mesons, as well as on heavy lep-
ton decays (see [1-4]). In view of those and more re-
cent experimental researches, a series of papers were
devoted to the calculation of various hadron form-
factors of such decays and other observables.

Regarding the decays, which include a hadron in
the final state, most convenient for developing the
theory of inner quark dynamics are the processes
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with emitting y-quantum V(P) — P(V){T¢~ and
V(P) — P(V)y.It was found that such decays
have the simplest decay mechanism and allow one
to find a number of phenomenological characteris-
tics of hadrons such as magnetic moments, differ-
ent hadron form-factors, mixing angles of quark and
gluons, etc. As a consequence, those processes are a
more convenient testing ground for any theory de-
scribing the quark dynamics, than purely hadronic
decays. The former make it possible not only to ob-
tain the behavior of the transition form-factors of
mesons, but to estimate the mixing angles for vector
and pseudoscalar mesons. This problem is particu-
larly actual due to the latest experimental data on the
decays of pseudoscalar 7 and 7’-mesons [5]. In addi-
tion, the study of mesons within the relativistic quark
models gives a reliable description of the hadron form-
factors in elastic regions [6], where the resonance
and rescattering effects can be neglected. Numeri-
cal calculations in such approaches require no dis-
persive methods [7], which are significant in calcu-
lations in the scattering region from ~0.5 GeV and
above.

451



V.Yu. Haurysh, V.V. Andreev

Though a number of papers with calculations
within the instant- and front-forms of the Poincaré-
invariant quantum mechanics (PiQM) are available
[8, 9], the point-form of PiQM, due to several diffi-
culties, is rarely used for these purposes. Therefore, a
further development of this form of the dynamics is
an actual problem of hadron physics.

The paper is organized as follows. We consider the
model parameters based on the point-form of PiQM
without any use of the explicit form of the interquark
potential in Section 2. As a particularity of the cal-
culations, we mention the usage of integral repre-
sentations for the decay of pseudoscalar and vector
mesons in a leptonic pair, as well as the pseudoscalar
density, to estimate the values of constituent quark
masses and the parameters of wave functions. In Sec-
tion 3, the anomalous magnetic moments of quarks
of the light sector are numerically evaluated, by bas-
ing on the obtained earlier expression for the channel
V' — P~. In Section 4, the comparative analysis of
the obtained results on the constituent quark masses
and the anomalous magnetic moments of quarks of
the light sector is carried out. In section 5, the be-
havior of the form-factors for neutral ¢ and w mesons
is studied and compared with present-day experimen-
tal data.

2. Parameters of the Model
Based on the Point-Form of PiQM

Here, we introduce the basic parameters obtained ear-
lier in [10-12]. Let us briefly discuss the basic steps
of the calculation scheme. By using the relation for
the state vector of a meson with momentum Q, an-
gular momentum J, and mass M in the point-form of

PIQM
=3 Z/dkd)gs k, Blg)

Q, Ju, M
AL,z V1,02

\/ Wmyg (pl) mag (p2) MO
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we can obtain the integral representation of pseu-
doscalar and vector mesons fpy (q,Q, ﬁfév), as well
as the pseudoscalar density constant g(q,Q,ﬁfQ)
[10]. After some calculations with the oscillator wave

function for pseudoscalar (I = P, £ = 0) and vector
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mesons (I =V, £ =0)
2 k2
Iy_ _ = =
(K, qQ) o 771/4(5;/5)3/2 oxp [ 2( ;Q)2]7 (2:2)

the integral representation with regard for the current
quark masses yields the following parameters of the
model under study [12]:

= (219.48 £ 9.69) MeV,
ma = (221.97 £ 9.69) McV,
ms = (416.95 + 61.22) MeV,

= (367.93 + 25.10) MeV,

BVJ = (311.95 £+ 2.14) MeV,

( (2.3)
(
(
(

= (375.53 £ 19.66) MeV,
= (313.62 £ 24.22) MeV.

For the further calculations with the use of a weak
isotopic symmetry violation, we assume that

= /B + Aﬁu(b ﬁdd ud Aﬁudv
ﬁdg = us — ABug IBde = u§ + ABugs

where AB, 7~ mqg —m, = (2.5 £0.2) MeV.

(2.4)

3. Radiative Decay Constant in PiQM

The parametrization of the matrix element for the
transition of a vector (pseudoscalar) meson V' (P) into
a pseudoscalar (vector) meson P(V) with 4-momenta

Q = {Qo,QHQ* = M?) and Q" = {Q;, Q'}HQ"? =
= M'?) with the emission of a virtual 7* is given by
[13,14]
QM| 0)|Q, M) = i Vdra gvpy-(¢°) ¥
e"r7e, (A )@pQ0y
(2m)3\/4Q0Q)
where €, (Ay) is the polarization vector of a meson V/,
and o = e?/4r is the fine structure constant. In the

proposed approach, the decay constant of V(P) —
— P(V)~* from (3.1) is defined by

Mo (k') Mo(k)
(Jn(0) K ()
(K (Av) K*(Av))

where KH(Ay) = ieP7¢,(Ay)V,V,. Assume that
the studied decay is caused by the interaction of

(3.1)

gvpy(¢°) = (27)°

x(Q', M| Q. 1Ay, M), (3-2)
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constituent quarks, which are included in the meson
V(P). For the virtual y-quantum, we have the vertex

F# _=F DA F 2\ puv »

q,Q 1(q )’7 + 2mq,Q 2(q )U q ) (33)
t:qz = (Q_Q/)27
where

.
FL(0) + Fo(0) = 1,00 110 = 52 (14 Rg0) (34)

q;

in the generalized Breit system (Vg + Vg = 0). In
the limit ¢> — 0, we can obtain the integral repre-
sentation of the radiative decay constant for V- — P~
decay [12]:

gve, = [ A2 ) (6, 6ly) ¢

€qliq
2 my

X <eqf1 (k, mq,mQ) + fo (k7 mq,mQ) -

erK G
—eqgfi (k, mQ,mq) — QTgfg (k, mQ,mq)>, (3.5)

2
where
fi (kv mq,m@) =
1 mg +mg m
3%4m<ﬂmm +wﬁm+0’ (36)
2
and
MO(k) = Wm, (k) + Wmg (k)v (3 8)

wm (k) = VEZ T 2, k = |k|.

The values of the magnetic moments of quarks (u,
d, and s) can be found from the matching of the
results of theoretical calculations with experimental
data [1]. Using the p*, K*T and K*° decay values
from (3.6), we get K, = (—0.123 £ 0.084), kg =
= (—0.088 £0.015), and ks = (—0.198 & 0.011) (we
use natural quark units). The analysis shows that the
anomalous magnetic moments in our work are in good
agreement with other models and assumptions. In

view of the values %, = —0.064 and k4 = 0.017 in
[15], we can get Ry, = eyky, = —0.082, fg = eqkq =
= 0.029.
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4. Mixing Scheme of Mesons

Due to various mixing effects, the mesons are usually
a linear combinations of state vectors (2.1), which
differ from each other by their quark composition. So,
in this section, we briefly discuss the mixing scheme
scenarios for the unflavored pseudoscalar and vector
mesons.

The following mixing schemes are widely used in
physical applications [16]:

P = (1/ﬂ)\uﬂ - da7,>,
Yy = (1/v/2)|uti + dd), (4.1)
s = |85)
and
1 = (1/V2)|ut — dd),
Vg = (1/v/6)|uti + dd — 2s5), (4.2)

Yo = (1/V/3)|uti + dd + s5).

By means of (4.1 and 4.2), the physical states of vec-
tor mesons are defined by

(ﬂ)—W¢¢ ¢)@ﬁ (43)

|p0> Vi Ppoy Ppw '(/}i .
< ’gg > = U(Gv, 9p¢a apw) <$(8)>a (44)
1°) Y1

where U(a, §,7) is a rotation matrix.

It is known that the mixing angle ¢, is due to
QCD processes. It is a complex number, whose nu-
merical value is known with large error. So, we as-
sume that ¢,, = 0; the mixing angle p — ¢ also can
be neglected. In the final analysis, we will use only
one ¢y-angle [20] for vector mesons. For it, relation
(4.2) implies that

|¢> = Co8 ¢V¢q — sin gy s,
|lw) = sin dy1py + cos Py s,
|PO> =11,
where the ¢y -angle is related to the 6y -angle [16] by
0y = ¢y — arctan V2. (4.6)

(4.5)

For the pseudoscalar sector, respectively, we have
n Pq
( |77)> = U(¢Pv ¢7T777 d)'frn/) '(/)s )
|7°) (01

(4.7)
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where the mixing effects for 7° — n and 7° — ' are
extremely small. The naive mixing scheme (4.5) leads
to

[17) = cos pp1hg — sin ppis,
') = sin ¢pipy + cos ppips,
[70) = 41

However, the analysis of the decay 1 — 7’ shows that
scheme (4.6) with one mixing angle is not sufficient
for describing the experimental data. Therefore, the
number of independent mixing parameters n —n’ was
increased due to the gluonium content [5]. As a result,
the physical states for pseudoscalar mesons could be
written as [17]

|77) U Vg
Qgi) =U(¢p,ac, 9c) <$g>,

or, using the explicit form of the U(¢p,aqg, da)-
matrix,

‘77> = Xn¢q + Y?ﬂ/}s + Zn"r/)Ga

(4.8)

(4.9)

') = Xyt + Yortbs + Znbc, (4.10)
|G) = Xabg + Yeus + Zava,

where |G) is the gluonium content, and

X, = cos¢pcosag, Y, = —sin¢p cos ag,

Zy = —sinag, Zy = cosagsin ¢g, (4.11)

X,y = cos ¢psinag sin pg + sin ¢ p cos p¢,
Y, = cos ¢p cos pg — sin ¢ p sin g sin ¢g.

Using the obtained model parameters and quark
magnetic moments (see Sec. 2 and 3) and accounting

Comparison of experimental

r(exp-) and theoretical values I'(th-)

for the V(P) — P(V)~-decay with regard
for anomalous quark magnetic moments

Radiative decay r(exp.) | keV rth) ey

w — 70y 687 & 19 [5] 704 + 13
714 £ 20 [1]

w =y 5.841.1[1] 6.8+2.3
¢ — w0y 5.5+0.2 [1] 5.6 4 2.1
& —ny 55.4 + 1.2 [1] 55.7+2.5
b —n'y 0.27 4+ 0.01 [1] 0.27+0.14
p° — w0 77 4 28 [18] 83+ 16
o0 =y 44.7+3.2 [1] 448 +£3.5
n' — pOy 56.7 £ 2.7 [1] 56.9 & 2.3
n = wy 51404 [1] 51+0.8
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for that the standard model gives no evidence for the
G — v — G vertex, we match experimental data with
the model calculations in the table.
In the calculations, we used
P = (280.60 4 25.07) MeV,
Bl = (277.95 £ 25.07) MeV,
I =(494.54 + 19.66) MeV,
Op = (—9.1+2.4)°,

(4.12)

and the mixing angle for the meson sector 6y =
= (31.92 £ 0.2)° [19].

5. Form-Factors of the V — P¢te—
Decay in the Point-Form of PiQM

The methods of obtaining the decay constant
V(P) — P(V) ~* is presented in [12]. The final
expression in the case of the equal quark masses
mg = mg takes the form:

1 3+4I/1(>\V - 1/1)
2 __ —
gy (@ =1) = o Ei,/dk\/ 0 x

v1,vq

" V—icb(k, o) (1 x
iy ()y/ Mo () @k 1) -1
d*(ko, éDq)

o 2 X2, Pgq)

My(k2)

x B(vg) (K*(Av) - Ty) uy, (k,mq)‘FW .

Mo (k)

x B(-vq) (K*(Av) Tg) v_y; (ki, mq)>-

—v v - (O, (K, Q) Uy (ka, myg) X

X DV{,V1 (nW1 (kv UQ)) Uy =11 (kv mq) X

(5.1)

In expression (5.1) in the Breit system, [12]
Va

Vg = 70,

w?(k,t) — 1

K(\y) = 5

x {0, Ay, 4,0}, (5.2)
¢

4 (w%qq (k) — k2 cos? Hk)

w?(k,t) =1—

and
ki =k tvq((wlkt) +1)wn,, (k) -

—ky/w@?(k,t) — 1cosby).
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3.0+
Experimental data

PiQM

----- Experimental fit

2
|F ¢n1* (t)|

g=+1t, GeV

Fig. 1. Behavior of the form-factor of the decay ¢ — — nft 4~
for different ¢ values. The experimental data with the fitting
parameter by, = (1.3 £ 0.1) GeV~2 are taken from [2]

Fixing the vertex of the decay with expression (3.3),
where [15]

e eq K
Fi(t) = — 5 Bl) = ——— 3,
1—%t <1i<rq> t)
12 (5.4)
<rq>2 = %7

My

it becomes possible to carry out the research of the
behavior of the form-factors of the meson as functions
of the momentum transferred to the leptonic pair.

We will study the Dalitz decays V. — P{{~
with the parameter a = 0.3 [15] (we assume that,
for an s-quark, the parameter is the same as for u
and d-quarks [21]). Using representations (4.5) and
(4.10) of the state vectors for vector and pseudoscalar
mesons, respectively, with regard for the orthogonal-
ity of the vectors with different quark flavors, we
obtain the behavior of the form-factor Fy py-(t) =
= gvp~+(t)/gv py. For the decays ¢ — nlte~, ¢ —
— m0¢t¢—, and w — 724~ presented in Figs. 1-3.

We will make analysis of the obtained results given
in in Figs. 1-3. It is obvious that the calculations in
the context of the suggested model within the limits
of errors correspond to the experimental behavior of
the electromagnetic form-factors of ¢ and w mesons
in the interval ¢ < 0.5 GeV.

As for the obtained value of the mixing 0p-angle
(see 4.12), it is well known the recent tendency to take
the gluonium content into account leads to the re-
sults p € (—20°; —10°): in [16], the value Op ~ —17°
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N 35 /
= o Experimental data /
S~ PiQM i

;r 30 - Experimental fit o s
&
g

T
0.0 0.1 0.2 0.3 0.4 0.5
g=+/t, GeV

Fig. 2. Behavior of the form-factor of the decay ¢ — —
w00+ ¢~ for different ¢ values. The experimental data with the
fitting parameter b, 0 = (2.0+0.1) GeV~2 are taken from [3]

35

e Experimental data /

20 PiQM /
i B Experimental fit z

|Fw1r07* (t) |2

T
0.0 0.1 0.2 0.3 0.4 0.5
q=1, GeV

Fig. 3. Behavior of the form-factor of the decay w— 704t ¢~
for different g values. The experimental data with the fitting
parameter b,,_o = (1.9 & 0.2) GeV~2 are taken from [4]

was used for SU(3)-breaking effects; the hidden-local-
symmetry model gave p =~ —11° [23], while the
analysis of the experimental data yields p ~ —12°
[5]. Thus, the problem of fixing the §p-angle of the
pseudoscalar sector has no exact solution. The value
(—9.1 &+ 2.4)° obtained in our work is close,
within reasonable limits, to other approaches and
models.

Op =

6. Conclusion

We have carried out the research of the behavior of
the form-factors of light neutral vector mesons for dif-
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ferent momenta transferred to the leptonic pair with
regard for anomalous magnetic quark moments. We
used the parameters that were obtained from the lep-
tonic decays of pseudoscalar and vector mesons. The
analysis of the obtained results demonstrates that the
suggested self-consistent model based on the point-
form of Poincaré-invariant quantum mechanics de-
scribes adequately both leptonic and hadronic decays
of pseudoscalar and vector mesons.
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PO3MAIN JAJIIIA HENTPAJIBHIX ME3OHIB
V IIYAHKAPE-IHBAPIAHTHIN KBAPKOBII MOJIEJII

Peszowme

IIpencrassena mporeaypa OTpUMaHHs KOHCTAHT paJialiiiiHoro
po3Iajy ICEBIOCKAJISAPHUX I BEKTOPDHUX HEATPAJbHUX ME30HIB
y ToukoBiit ¢dopmi ITIKM. B xoxi poboru aBTOpu, BUXOIASIIH
3 OTpUMAaHMX DaHille mapaMeTpiB Moaesi as jgerkux (u,d, s)
KBapKiB, OTPUMYIOTb PELITYy I1apaMeTpPiB 3 €KCIEPUMEHTIB I10
V — Py i P — V~ posnagax. B pesynabrari orpumaHo Ky-
TH 3MilIyBaHHSA JJIs IICEBIOCKAJISAPHOIO i BEKTOPHOIO ME30HIB
i moBeniHKy KoHCTaHTH posmaay V. — PLT{~, nposemeno ix
MOPIBHSIHHS 3 CyYaCHUMHU €KCIIEPUMEHTAJbHUMY JTAHUMU.
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