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SYMMETRY OF THE VIBRATIONAL

STATES AND ELECTRONIC 7-ORBITALS

IN A BENZENE MOLECULE C¢Hg. THE FINE
STRUCTURE OF SPIN-DEPENDENT SPLITTING'

Analytical expressions and vector images have been constructed for all patterns of the normal
vibrations, including doubly degenerate ones, of a benzene molecule C¢Hg using the projection
operator on the matriz elements of irreducible representations of the point symmetry group
6/mmm (Dep). The characters of representations corresponding to the symmetry of both the
electronic m-orbitals in a benzene molecule (without taking the electron spin into account) and
the projective representations of its spinor w -orbitals are found. The representations of the
spinor 7' -orbitals of a benzene molecule Ce¢Hg belong to the projective class K1 and describe
the fine structure of spin-dependent splitting of the degenerate spinless w-orbitals, which are
revealed for the first time.

Keywords: benzene, vector and spinor representations of symmetry groups, normal-
vibration patterns, classes of symmetry-group projective representations, electronic states,
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1. Introduction tum-mechanical projection-operator technique makes
it possible to determine the representations accord-
ing to which the vibrational excitations of molecules
can be classified, in particular, those of the benzene
molecule, which are considered in this work in de-
tail. With the help of this technique, one can de-
termine the patterns of normal molecular vibrations
and find projective representations corresponding to
the m-electronic states of the molecule without tak-
ing and taking the electron spin into account. Ta-
ken all together, this means the fulfillment of the
symmetrization procedure of the linear combinations
of atomic orbits (LCAO) method for the molecule
and the execution of an additional analysis concern-
ing the electron-spin influence on the energy spec-
trum of the molecular 7-orbitals from the symmetry
positions.

The benzene molecule CgHg is a basic molecule
for aromatic hydrocarbons. Its elements of symmetry
compose the point group 6/mmm (Dgp,), which is the
maximum symmetry group for sp-hybridized struc-
tures with unsaturated covalent m-bonds. A large
number of works (see, e.g., works [1-5]) are devoted to
the study of vibrational spectra and normal-vibration
patterns of both the benzene molecule and its deriva-
tives. However, the available calculation results ob-
tained for the patterns of doubly degenerate vibra-
tional modes of the benzene molecule contain errors
and lots of inconsistencies.

The method of group-theoretic analysis most clear-
ly reveals the symmetric properties of the spatial
structure of the molecular quantum states. The quan-
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The results of the symmetry analysis obtained
in this work for the electronic states in the CgHg
molecule are compared with the results of quantum
chemical calculations obtained for the energy spec-
trum of m-orbitals in this molecule.

2. Structure of a Benzene Molecule.
Symmetry of Its Vibrational Modes

In Fig. 1, the structure of the benzene molecule CgHg
and the selected orientation of the elements of the
symmetry group 6/mmm (Dgp) are shown. Hollow
circles correspond to the positions of carbon atoms
C, and gray ones to the positions of hydrogen atoms
H. The numbers enumerate the positions of the C and
H atoms.

The results of the group-theoretic analysis ob-
tained for the normal vibrational modes of the CgHg
molecule are quoted in Table 1. The table gives infor-
mation on the representation characters for the dis-
placements of atoms from their equilibrium positions,
the improper translational and rotational vibrations,
and the proper vibrations, as well as the distributions
of those representations over the irreducible vector
representations and the selection rules that charac-
terize the activity of vibrations in the Raman and
infrared (IR) absorption spectra.

From Table 1, one can see that the distribution
of all vibrations of the benzene molecule CgHg over
the irreducible representations of the 6/mmm (Dgp,)
group looks like

Tais = 2AT + 2A5 +2AF + 245 +2AF +
+2A; +4E} +2E7 + 2B +4E5

or

Tyis =20 + 20y + 205 + 25 + 200 +
+20y + AT +205 + 20 +41; .

The distribution of vibrational eigenmodes is
Lap = 24T +2A5 + AT + A5 +2A7 +
+2A; +4E +2E] + Ef +3E5

or

Ly =207 +2I5 + I + Iy +2If +
+20 +4AI +2Ic + I + 31,
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Fig. 1. Structure of the benzene molecule CgHg and the orien-
tations of the symmetry elements of the 6/mmm (Dgp) group

the distribution of induced translational vibrations is
Ftr:A??—‘rE; or Ftr:F?:-f—Fg,

and the distribution of induced rotational vibra-
tions is

Teot = AT + Ef or Toy = Iy + I

3. Patterns of Normal
Vibrations of the Benzene Molecule CgHg

Let us calculate the patterns of normal vibrations
of the benzene molecule CgHg. It is easy to do in
the framework of the standard projection operator
method on the matrices of the irreducible representa-
tions of the 6/mmm (Dgp) group [6], which coincide
with their characters in the case of one-dimensional
representations.

With the help of the projection operator on the
irreducible representations of the Dg;, group, let us
determine the symmetrized displacements or, which
is the same, the symmetry coordinates, i.e. the invari-
ant vector functions that are transformed according
to irreducible representations of the Dg, group. The
number of linearly independent symmetrized dis-
placements and the number of vibrational modes
are identical for each symmetry type, but the sym-
metrized displacements do not necessarily have to be
orthogonal. At the next stage, an orthogonal system
of the linear combinations of symmetrized displace-
ments is constructed for each symmetry type, and just
this system describes a pattern of normal vibrations.
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Table 1. Characters of the single-valued irreducible representations of the 6/mmm (Dgp)
group, classification of normal vibrational modes of the benzene molecule over the symmetry types,
and their activity (the selection rules) in the Raman and IR absorption spectra

6/mmm (Dgp)| € | 2c3 |3uz | c2 | 2c6 | 3ub | i |2ics |3iua| ica | 2ice | 3iub | Ndis | Mtr |Trot | Mvib Selection
oAt Tt |t |1ttt 11|11 2]0] 0| 2 |aw amtayia
rm Ay 11|11 |1]1|-1]|-1]-1|-1]-1|-1]0|0]O0]oO v; ia
ry  Af 1| 1|1 |-1|-1|-1|1]1|1]|-1|-1|-1]O0|O0]O]oO v; ia
Iy Ay 1| 1|1 |-1|-1|-1|-1|-1|-1|1]1|1]2]|0]o0]2 v; ia
At 1|1 |-1 |1 |1 -1 |1 |1 |-1|1]1|=1]2]0]1]|1 v; ia
Iy A 1| 1 |-t |1 |1 |=1|-1 |1 |1 |=1|=2|1]2]1]o0]1 pe; da
i Af 1|1 |-1 |-1|-1 |1 |1 |1 |-1|-1|-12]1]2]0]|0]2 v; ia
Iy Ay 1| 1|1 |-1|-1 |1 |-1|-1|1]1]1|-1]2]|0]o0]2 v; ia
¥ Bf 2 -1 |0 | 2|10 |2 |-1 0| 2|=1]01] 4|0/ 0| 4 |ag—ayy aw; i
s E7 2 -1 lof2|-1t]|]of|=2|1]0|-2|1|0|2|0]|0]2 v; ia
i EBf 2 |-1 | 0 |-2 110 | 2 |-1 0 |-2 1 0| 201 1 T 1
Iy Ej 2 /-1 |0 |-2|1]0|-2|1]|0|2|-1]0|4|1]|o0]3 W, fly; U

Xy 36 | 0| —4| 0|0 |O0]O0O]|O0]|O0]|12]|0]4
XTor 310 |-1|-1|2]|-1|=3/0]1]|1]|-2]1
XThot 310 |-1|-1|2|-1]3 /|01 |-1]2]-1

43| |0zy

Fig. 2. Generating basis in the form of a combined coordinate
system for determining the patterns of nondegenerate normal
vibrations of the benzene molecule

The benzene molecule CgHg includes atoms of only
two chemical elements, carbon C and hydrogen H. As
one can see from Fig. 1, the symmetry of their ar-
rangement and the selected enumeration of the atoms
of each chemical element are absolutely identical.
Therefore, the analytical expressions for their sym-
metrized displacements will be qualitatively identi-
cal for the vibrational modes of the same symmetry
types except, in the general case, for the displacement
amplitudes.

30

For instance, for the vibrations of the benzene
molecule belonging to the nondegenerate symmetry
types, there are only two symmetrized displacements
(two symmetry coordinates) S1(C) and Sz(H) with
the same analytical expression for each vibration
type. They differ from each other only by the atoms
belonging to that or another chemical element. In this
case, normal vibrational modes are composed of their
symmetric and antisymmetric combinations. In other
words, there are two vibrational modes of the benzene
molecule for each symmetry type of nondegenerate vi-
brations. They are defined as follows:

1
Q= 7 [S1(C) + Sa2(H)]
and .
Q2 = —=[51(C) — Sa(H)].

V2

3.1. Patterns of nondegenerate
normal vibrations of the benzene molecule

To obtain analytical expressions for the patterns
of nondegenerate normal vibrations of the benzene
molecule, it is convenient to describe the displace-
ments of atoms making use of a generating basis in
the form of a combined coordinate system. It is cre-
ated by shifting each C or H atom in the directions
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of the orthogonal unit vectors z;, u;, and v;, where
(u;,v;) || Ozy, which form orthogonal right-hand
coordinate subsystems with the same directions of
the unit vectors z; along the axis Oz for each i-th
atom. The total orthogonality of the combined sys-
tem of atomic displacements is determined by an ad-
ditional orthogonality condition with respect to the
atomic numbers.

In Fig. 2, such a generating basis is exhibited in
the form of a combined coordinate system for the dis-
placements of carbon atoms (as an example). Let us
introduce a similar combined coordinate system to
describe the displacements of hydrogen atoms, where
the unit vectors of the coordinate displacements of
the i-th hydrogen atom are co-directed with the unit
vectors of the coordinate displacements of the i-th
carbon atom. For the benzene molecule CgHg, the
patterns of nondegenerate normal vibrations are de-
scribed by the following analytical expressions:
for the A;r symmetry,

Q1 (u1+u2+u3+u4+u5+u6+

2f

+m+%+@+ﬁ+@+ﬁ%

A+
Q5! = (u1 +u2+u3+u4+u5+u6—
2{
H o H H H H
—u; —uy —uz —u; —uy —ug),

for the A5 symmetry,

AT 1
Q1? = ——=uf —uf +uf —uf +uf —ug +

+uy’ —uy +uy - uf +uf - ug),

Ay 1 C C C C C C
Qy° = 2\/§(u1 —uy tug —uy +us —ug —
—ui +uy —uy +ul - g+ ug),

for the A?{ symmetry,

Q1 (Ve +v§ +v§ +vE +vE + v+

2f
+w+w+ﬁ+ﬁ+€+@%
A;:
Q2 2\/‘

H H H H H H
—V] —Vy — V3 — Vg —Vy —Vg),

(v +vE +vE + vl +vE +vg —
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for the A3 symmetry,

- 1
Qﬁ(z—szERE@?+z§+z§+zS+z§+z€+

+zi 425 +2 + 2 + 2 +2),
Ay
Q5 —2\[(21+ZQ+Z3+Z4+Z5+ZG_

H H H H H H
—7y —Zy —Zy —Z, —Zy —Zg ),

for the A} symmetry,

At 1
Q' = —=(2] — 25 +2§ — 2§ +25 — 25 +
2v/3
oy — 2y 2y — 2y 2 — ),
AF 1
Qy' = —=(2{ — 25 + 2§ — 2§ + 25 — 25 —
24/3
H H H H H H
—2zy] +2y — 23 +2y — 25 +72g),

and for the A, symmetry,

AT 1

Qi = —=(v{ = v§ +v§ —vi+ v —vi+
24/3

+ Vi = vy + v — v v = v,

1
Q* (Vi =g +v§ —v§ +vE — v -

T 23

H_ _H_  _H
—vil v Vi e v VD).

The patterns of nondegenerate normal vibrations of
the benzene molecule corresponding to their analyti-
cal expressions are shown in Fig. 3.

3.2. Patterns of doubly degenerate
normal vibrations of the benzene molecule

To find the patterns of doubly degenerate normal
vibrations of the benzene molecule, we used the
matrices of two-dimensional irreducible representa-
tions that were written in the same Cartesian co-
ordinate system for all symmetry elements of the
6/mmm (Dgp,) group. The sets of corresponding ma-
trices for the two-dimensional irreducible representa-
tions of the 6/mmm (Dgp,) group for various symme-
try types are quoted in Table 2.

When constructing the patterns of doubly degen-
erate normal vibrations of the benzene molecule, the
symmetrized displacements (symmetry coordinates)
can be determined only for carbon atoms, as was
done for the nondegenerate normal vibrations. As was
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(A7)2

Fig. 3. Patterns of nondegenerate vibrations of the benzene molecule CgHg

(A

shown above, the analytical expressions for the sym-
metrized displacements and the patterns of normal
vibrations of the hydrogen and carbon atoms are iden-
tical. When creating the symmetrized displacements
and the patterns of normal vibrations of the ben-
zene molecule for each symmetry type, they will be
added two times to the displacements and the pat-
terns of normal vibrations of carbon atoms: at first
in cophase, and then in antiphase.

Let us construct the patterns of doubly degenerate
normal vibrations of the benzene molecule CgHg. For
this purpose, as was noted above, it is enough to con-
struct the patterns of doubly degenerate normal vi-
brations only for the atoms of either of the chemical
elements that form the benzene molecule, e.g., the
carbons.

32

(Ai

Let us begin by constructing the patterns for dou-
bly degenerate normal vibrations of the carbon atoms
with the Ej" symmetry. One of the generating coor-
dinates, the displacement (z{)’, generates the sym-
metrized displacement

1 1 « V3~ 1 ~ V3
G CR RS SR SR L
Ale = e 272 2297 Ty

1 3 1 3
osf 3o+ Y08 - Job 4 )

when applying the projection operator to elements of

the matrices Dﬁl (they are elements of the matrices
of the two-dimensional irreducible representation Efr ,
which are given in Table 2), and the symmetrized
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Table 2. Matrices of the two-dimensional irreducible representations of the 6/mmm (Dgp) group

(u2)3

N 7N 7N N

@21§E¥4l2ﬁ71§4£215
lQi lQi lafilﬁfi

/{l\\/{l\\/ll\\/{‘\
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—|e —| — |

I | | |

(uh)3

£2;2f71§

T T e S e S
~ — |

/"\./’\v

i(u2)3

fT 1,2 N fT e
I

£21§
JQﬁT
SN—

LQli

Rl (]
e S
| ey e
SN—

i(ub)s

fiz 1,2 fT 1,2 N

£21§
JQﬁT
SN—

lei
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S——

/‘l\‘/'\v

fi 42

m, h, lQi l2f71§ \m 12f71§ £21§ \m lQL l2f71§
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Fig. 4. Symmetrized displacements (a) and patterns of doubly
degenerate normal vibrations (b) of the E, symmetry in the
benzene molecule

displacement

G 1(—10—? Lag e Yy

1)1 25 51’2 5 + +§ +

34

V3 1 V3
2?/?*‘?&? 2?4607

when projecting on elements of the matrices

T
DE1 The other generating coordinate, the displace-

ment (y$)’, generates the symmetrized displacement

V3 o1 e V8 o

BT 1 \/3
(Slc,2>2$ = 2(‘ 9 +§ S+ 5 3+2y3 +72 Ty —
21 c_\/gxc_l c
2Z/5 5 Y6 2?96,

.
when projecting on elements of the matrices DQEf ,
and the symmetrized displacement

c\Bf _ 1 c, V3 o 1 V3 o 1 ¢
(S2.:2)25 :\/6<2y1 +79€2 51/ Ty +§Z/3 -

V3 V3 1
g+ o g*jngylg-

1
2 2
when projecting on elements of the matrices Df;.
The vector images of the above-indicated sym-
metrized displacements of the symmetry Ef‘ are il-
lustrated in Fig. 4, a. It is easy to see that the com-
ponents of the doubly degenerate normal vibrational
modes of the benzene molecule with the symmetry
E;, which are formed by the atoms of only one of
the chemical elements, e.g., carbon, are as follows:

,ny _

B +
QL5 = fusl D1+ (SCa)p ] =
:%m?w%ré}w%x?ﬂ&,
R+ +
(Qw) = \[[(52 1)1B (53 Z)QEB]
1
=7§ﬁ—£+£—ﬁ+£—ﬁ)
+
(QS,)E = fusl D1 = (5C9)ph ] =
1
= \/6(25171 +x2 \[yz *$3 \fy:z
— 22§ — 28 +V3yE + 2§ + V3yS),

+ Ef
(Qgg)El = f[(sl 1)1ﬁ - (¢ 2)2ﬂ ] =
1
= —=(=2y7 — V3a§ —y5 — V3§ +y5 +
—|—2yf + \/§x§ + yg + \/§x§§ — yg).

V6

ISSN 2071-0186. Ukr. J. Phys. 2021. Vol. 66, No. 1



Symmetry of the Vibrational States and Electronic w-Orbitals

The vector images of the carbon components of the
patterns for doubly degenerate normal vibrations of
the symmetry Efr are depicted in Fig. 4, b.

Now, let us proceed to the construction of a pat-
terns for doubly degenerate normal vibrations of car-
bon atoms in the benzene molecule with the sym-
metries £, and E . Each carbon atom of the ben-
zene molecule forms only one symmetric displace-
ment with the components o and S for doubly de-
generate normal vibrations of the symmetries E
and F; . Therefore, the analytical expressions for the
symmetrized displacements with the components «
and f3 for the symmetries F] and EJ coincide with
the analytical expressions for the components « and
[ of their patterns for doubly degenerate normal vi-
brations. They look like as follows:

e for the E; symmetry,

(Q3)

ET ET 1
b= (Ste)," = 5(28 — 25 + 25 —z5)

2
(obtained by projecting the generating coordinate,
the displacement (2¥)’, on the elements of the ma-

trix Dflf ) and

(Q5)™ = (55,)5" =

1
= —=(22f — 23

V6

(obtained by projecting the generating coordinate,
the displacement (z')’, on the elements of the ma-

trix DQEQ; );
e and for the E; symmetry,

Q%)™

c c_,c_ ¢
— 23 + 22 — 25 — 7))

1
(z—rot.) = i(fzg — 2§ + 25 +25)

(obtained by projecting the generating coordinate,
the displacement (z')’, on the elements of the ma-

. EF
trix Dy ) and

(QE)EJ (y—rot.) = %(QZ? +25 —

—z§ +1z§)

C C
z3 — 225 —

(obtained by projecting the generating coordinate,
the displacement (z¥)’, on the elements of the ma-
+
trix D2E22 ).
The vector images of the carbon components of the
patterns for doubly degenerate normal vibrations of
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(QS)E;(QU — rot.) (Qg)E;(y — rot.)

Fig. 5. Patterns of doubly degenerate normal vibrations of
the E] (top panel) and E; (bottom panel) symmetries in the
benzene molecule

the benzene molecule with the symmetries E; and
E3 are shown in Fig. 5 (panel a for the vibrations of
the symmetry E;, and panel b for the vibrations of
the symmetry E;r ). The components of the patterns
for the doubly degenerate normal vibrations of the
benzene molecule of the symmetries E; and Ej are
the sums and the differences of the patternss for the
doubly degenerate normal vibrations of the carbon
and hydrogen atoms, which possess identical analyt-
ical expressions.

Now let us determine the patterns for the doubly
degenerate normal vibrations of the carbon atoms in
the benzene molecule with the symmetry E; . One of
the generating coordinates, the displacement (z§)’,
generates the symmetrized displacements

By 1 V3
(Sth)1e :\/€< "’2332"‘7?!5‘*‘53

£ fg"’ mﬁ—\/gyg)
2 2 2

20
§ + 227 + 5

2

x5—|—

when applying the prOJectlon operator to the ele-

ments of the matrices D > (they are elements of the
matrices of the two- dlmenswnal irreducible represen-
tation E; , which are given in Table 2), and the sym-
metrized displacement

(SC)E; }10+£ C_l +£ +

2118 = 2\2 9 Y2 7 3" 2
V3o 1 V3 o

#5030 — 5 + 5
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b
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s
(Qfa) " (2 — tr.) Q%)™ (y—tr.)
X

(Q%a)" (Q56)"

b

Fig. 6. Symmetrized displacements (a) and patterns of doubly
degenerate normal vibrations (b) of the E; symmetry in the
benzene molecule

when projecting on the elements of the matrices

D12 The other generating coordinate, the displace-
ment (y{)’, generates the symmetrized displacement

ey 1/V3 1
(582)2(1 2( C *y2c+

2 2
3 1
B+ S

5 +

DO =
Sa
\\._/

1
52!
36

when projecting on the elements of the matrices DQEf ,
and the symmetrized displacement

o 1 V3 1 V3
(55,2)2; :\/6<2y?—2$§+2y 2 t5 T §+§y +
V3 \f
+2y8 — 22 5 §+2 +w +2y6)

when projecting on the elements of the matrices D2E22 .

The vector images of those symmetrized displace-
ments with the symmetry E5 are exhibited in
Fig. 6, a. It is easy to see that the components of the
degenerate normal vibrational modes of the benzene
molecule with the symmetry E,, which are formed
by the atoms of only one of the chemical elements,
e.g., carbon atoms, are as follows:

(Qf.)"
1

= %(
( ?ﬁ)E;(i‘/ —tr.) = \f[(Sz 1)1ﬁ (S5, 2)2ﬁ =

(2 —tr) = %[(S&)fé + (88,5 ] =

af + 2§ + 2 + af + 2§ + 2f),

1

= %(y?+y§+y§+yf+y§+y§>7
o

(an) 2:f[(51 1)

+V3ys —a§ -

(8%, = jam?—x%

V3yS +22§ — a5 +v3ys —af —V3yg),
(SS 2)25 | =
V3a§ +

V3§ + yg).

(Qgﬁ)E;: \[ [(52 1)1,3

1
= %(—QZ/? + V32§ + 95 —

+y§ — 2yf +V3a§ +yf —

The vector images of the carbon components of the
patterns for the doubly degenerate normal vibrations
of the symmetry E, are shown in Fig. 6, b. As was
said above in connection with the other symmetry
types, it is easy to obtain the components of the pat-
terns for the doubly degenerate normal vibrations of
the benzene molecule with the symmetry E;: they
are the sums and the differences of the analytically
identical components of the patternss for the doubly
degenerate normal vibrations of the carbon and hy-
drogen atoms.
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4. Symmetry and Energy Structure

of the Electronic States of w-Orbitals
in the Benzene Molecule CgHg. Fine
Structure of Spin-Dependent Splitting

The symmetry of the electronic states of mw-orbitals
without taking and taking the electron spin into ac-
count can be determined following the method of
works [7,8], which corresponds to a practical applica-
tion of the LCAO method. According to this method,
the characters of the equivalence representation of 7-
orbitals in the benzene molecule are determined at
first, i.e. the equivalence representation of the atoms
possessing the electronic m-orbitals (the unsaturated
covalent bonds of C atoms that arise as a result of
the sp?-hybridization of their electronic states).

Table 3 demonstrates the characters of the equiv-
alence representation Dyq for all atoms in the ben-
zene molecule, the representation of the polar vec-
tor Iy, the representation characters for the dis-
placements of all atoms in the benzene molecule,
I'gis = Deq. ® Iy, and the equivalence represen-
tation for m-orbitals, (Deq)c (the equivalence rep-
resentation for only carbon atoms C possessing -
orbitals). Table 3 also quotes the characters of the
representation that characterizes the symmetry of 7-
orbital in the 6/mmm group (the representation of
the polar vector I', directed along the axis Oz) and
gives, as was done in work [2], the representation char-
acters for all m-orbitals of the benzene molecule with-
out taking the electron spin into account (the repre-
sentation Iz = (Deq)c @ ).

In Table 4, the expansion of the I';-representation
in the irreducible vector representations of the
6/mmm (Dgp) group is presented. It is a practical
procedure that implements the LCAO method with-
out taking the electron spin into account. As one can
see,

I,=A; + Af +E] +Ef
or
Ip=T5 +If +T5 +1I§.

That is, the representation of all m-orbitals is
expanded in two one-dimensional representations,
Az (I'y) and Af(I}"), and two two-dimensional rep-
resentations, £y (I's') and EJ (I'y"). This means that
if the electron spin is not taken into account, the
m-orbitals are divided into two nondegenerate or-
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bitals, A5 and A}, and two doubly degenerate ones,
Ey and EJ.

It was shown in works [7, 8] (see Table 4 in work
[7] and Table 1 in work [8]) that if the electron spin
is taken into account, the electronic states can
be classified according to the irreducible projective
representations of the projective class K; of the
6/mmm (Dey) group. Those representations are quo-
ted in Table 5. The primed representation notations
mean that the electron spin was taken into account.

As was done in work [7], to determine the represen-
tation of the electronic m-orbitals taking the electron
spin into account (the representation of n’-orbitals),
I'’, the formula

Iy = (Deq)o® I}

will be used. Here, the representation I'. describing
the symmetry of the m-orbital taking the electron spin
into account (the spinor m’-orbital) is given by the
formula
Ii=r.2 D,
where I, is the irreducible representation in the
6/mmm (Degyp) group for a vector directed along the
Oz-axis (this vector characterizes the symmetry of
the m-orbital not taking the electron spin into ac-
count), and D;r/2 is the even two-dimensional (spinor)
representation of the rotation group characterizing
the symmetry of an electron with the total-moment
quantum number j = 1/2.

Table 6 contains the characters of the projec-
tive representation D1+/2, the representations I', and
(Deg)c, and the projective representations I, and
I'". The lower part of Table 6 demonstrates the char-
acters of the direct products of the representations
for the spinless orbitals in the benzene molecule with
the representation D1+/2, which determines the spin
(spinor) orbitals of the CgHg molecule corresponding
to its indicated spinless orbitals.

For instance, from Tables 5 and 6, one can see
that if the electron spin is taken into account, the
nondegenerate spinless orbital I'; (A3 ) of the ben-
zene molecule transforms into the spinor doubly de-
generate orbital I'y ((E%)~), and the nondegenerate
spinless orbital I';(A}) into the doubly degenerate
spin orbital I'; ((E})"). If the spin-orbit interaction
is taken into consideration, each of the doubly de-
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Table 3. Characters of the equivalence representation of the atoms

in the benzene molecule, Deq, the representation of the polar vector Iy, the representation of all atomic
displacements in the benzene molecule, I'y;s, the equivalence representation of the carbon atoms

in the benzene molecule, (Deg)c, the representation of the mw-orbital symmetry in the 6/mmm group
(the representation of the polar vector I'. directed along the Oz-axis), and the representation

of the w-orbitals of the benzene molecule without talking the electron spin into account, I'x

6/mmm (Degp,) e 2c3 3usg c2 2¢ce 3ul, 7 2ics 3iug ico 2icg 3iuby
Deg 12 0 4 0 0 0 0 0 0 12 0 4
Iy 3 0 -1 -1 2 -1 -3 0 1 1 -2 1
Iis = Deq ® Iy 36 0 —4 0 0 0 0 0 0 12 0 4
(Deq)c 6 0 2 0 0 0 0 0 0 6 0 2
I, 1 1 -1 1 1 -1 -1 —1 1 -1 -1 1
I't = (Deq)c @ I 6 0 -2 0 0 0 0 0 0 —6 0 2
Table /. Expansion of the representation of the w-orbitals of the benzene
molecule without taking the electron spin into account (the representation of I'x
on the irreducible vector representations of the 6/mmm (Degp) group
6/mmm (Dﬁh) e 2c3 3us Cc2 2cq 3’u/2 7 2ics 3iug (1) 2icg 3iu’2 nr.
i Af 1 1 1 1 1 1 1 1 1 1 1 1 0
r Al_ 1 1 1 1 1 1 —1 —1 —1 —1 —1 -1 0
ri A 1 1 1 -1 ~1 ~1 1 1 1 -1 ~1 ~1 0
ry Ay 1 1 1 -1 —1 —1 -1 —1 -1 1 1 1 0
ry Af 1 1 -1 1 1 -1 1 1 -1 1 1 -1 0
ry Az 1 1 ~1 1 1 ~1 ~1 ~1 1 —1 ~1 1 1
i Af 1 1 —1 ~1 —1 1 1 1 —1 ~1 —1 1 1
r, A 1 1 —1 —1 —1 1 —1 —1 1 1 -1 0
& Ef 2 -1 -1 0 2 -1 0 2 -1 0 0
Iy ET 2 —1 —1 0 —2 1 0 —2 1 0 1
ry Ef 2 -1 -2 1 0 2 ~1 0 -2 1 0 1
I's FEy 2 —1 —2 1 0 -2 1 0 2 -1 0 0
Xr, 6 0 -2 0 0 0 0 0 0 —6 0 2
Table 5. Characters of the two-valued projective
representations of the projective class K1 of the 6/mmm (Dgp) group
Projec- Notatlo.rl of 6/mmm (Degp,)
. irreducible
tive oot
projective . . . . . . .
class representation e c3 cg 3ug | €2 cg c6 3u’2 i ic3 zcg 3iug | tco zcg icg 32u’2
Ky [T ah)y (Bt 2 1|-1] 0|0 V3|-Vv3] 0 2 1]-1] 010 V3| -Vv3] 0
(M7 (7)) (B~ 2 1|-1]0 0 V3|—=v3| 0 | =2 | —1 1] 0 0 [—V3| V3| 0
(I3 () (Ey*T| 2 1|—-1] 0| 0 |—V3 V3| 0 2 1] -1] 0] 0 |=v3 V3| 0
(I3 Ig) (EY™| 2 1|-1|0 0 |—V3| V3| 0 | =2 | -1 0 0 V3[—V3| 0
(T EpT 2 | 2| 2|0 0 0 ol o 2| -2 2|0 0 0 ol o
(IMs (Iy) (EH| 2 -2 2 0 0 0 0| 0 —2 2 | -2 0 0 0 0| 0
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Table 6. Characters of the equivalence representation of atoms in the benzene molecule, Deg,

the representation of the polar vector Iy, the representation of all atomic displacements in the benzene
molecule, I'y;s, the equivalence representation of the carbon atoms in the benzene molecule, (Deq)c,
the representation of the mw-orbital symmetry in the 6/mmm group (the representation of the polar
vector I', directed along the Oz-axis), and the representation of the w-orbitals of the benzene

molecule without talking the electron spin into account, I'x
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generate spinless orbitals I'y (E;) and I}y (E3) be-
comes split into two components, which are doubly
degenerate spinor orbitals. Namely, the doubly de-
generate spinless orbital I'; (E] ) becomes split into
two doubly degenerate spinor orbitals I; ((E])”)
and I'y ((E%)7), and the doubly degenerate spinless
orbital I';(Ey) into two doubly degenerate spinor
orbitals I'y” ((E5)*) and I'y” ((E4)*'). This result is
important for the experimental studies of both the
benzene molecule itself and the complexes with its
participation [9].

A schematic diagram illustrating the transforma-
tions of the spinless orbitals of the CgHg molecule into
its spinor orbitals, as well as the corresponding man-
ifestations of the spin-dependent fine structure and
the symmetry of the spinless orbital splitting in this
molecule, when the electron spin is taken into account
is shown in Fig. 7. The right panels demonstrate the
corresponding distribution maps of the electron wave
function in a vicinity of the molecular skeleton for
each spinor 7’-orbital of the benzene molecule, which
were calculated with the help of the Gaussian-09 soft-
ware [10].

It is important to note that if the electron spin is
taken into account, the energy spectrum of the 7'-
orbitals in the benzene molecule CgHg forms all six,
without exceptions, spinor orbitals that are feasible
according to the symmetry of the projective class K3
of the 6/mmm (Dgp,) group. Furthermore, each of the
symmetry types in the projective class Ki reveals it-
self only once in the electronic energy spectrum of the
7’-orbitals of the benzene molecule.
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Fig. 7. Schematic diagrams of the spin-dependent splittings
of the electronic n’-orbitals in the benzene molecule (left pan-

els) and the maps of the corresponding wave functions (right
panels)
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According to the results of quantum chemical cal-
culations obtained by the Gaussian-09 software [10],
the magnitudes of the spin-dependent splittings equal
1-2 meV. This value agrees well with the estimates
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made for the energy of the spin-orbit interaction in
the carbon atoms (also about 1-2 meV) [11]. It is
also of interest to attract attention to that the cal-
culated energy distance between the binding spinor
orbital I'y ((E5)”) and the anti-binding spinor or-
bital I';7((F})T) in the carbon skeleton of the ben-
zene molecule is about 24 eV, which is close to an
energy distance of about 19 eV between the valence
and conduction bands at the point I" in the Brillouin
zone of single-layer graphene [12].

5. Conclusions

Making use of the quantum-mechanical projection
operator, the analytical expressions and vector im-
ages for the patterns of all normal vibrations of the
benzene molecule, including doubly degenerate ones,
have been obtained for the first time. The charac-
ters of the equivalence representation for the car-
bon atoms in the benzene molecule are determined
and used to calculate the representation characters
of the electronic m-orbitals in the benzene molecule
without taking the electron spin into account and
the projective representation characters of the pro-
jective class K; characterizing the symmetry of the
electronic 7’-orbitals taking the electron spin into ac-
count. It is shown for the first time that the account
for the electron spin leads to the appearance of a
spin-dependent splitting in the electronic states of the
benzene molecule. The magnitudes of those splittings
equal about 1-2 meV because of the low spin-orbit in-
teraction energy of the carbon atoms.
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CUMETPIA KOJIMBAJIBHUX

CTAHIB TA EJIEKTPOHHUX n-OPBITAJIEN
MOJIEKYJIM BEH3EHY CgHg. TOHKA
CTPYKTVYPA CIIH3AJIEZ2KHUX PO3IIEIIJIEHB

I3 3acrocyBaHHsIM omepaTopa IIPOEKTYyBaHHS Ha €JIEMEHTHU
MaATPUIlb HE3BIJHUX MPEJICTABJIEHb TOYKOBOI I'PYHH CHMETPIl
6/mmm (Dgp) monekynu Genzeny CgHg moGymosano anadi-
TUYHI BUPa3U Ta BEKTOPHI 300pakeHHs1 (popM BCiX 11 HOpMaJib-
HUX KOJIMBaHb, y TOMY YHCJ JBOKPATHO BUPOJXKEHHMX. 3Ha-
JIeHO XapaKTepu NpeJICTaBJIeHb, IO BiANOBIAIOTH CUMETPil
T-eJIEKTPOHHUX opbiTaseil MoseKynu GeH3eHy 6e3 ypaxyBaHHS
CIIiHy €JIEKTPOHAa Ta IIPOEKTHUBHUX IIPEJCTaBJIEHb 11 CIIHOPHUX
m’-op6irtaneit. [Ipencrasnenns crninopuux 7’-opbiTaseit MoJie-
kynu Oenzeny CgHg HasexkaTh npoekTuBHOMY Kiacy K Ta
OIUCYIOTh TOHKY CTPYKTYDY BIIEPIIIE BCTAHOBJIEHUX CIIiH3aJIe-
JKHUX TIpM BpaxXyBaHHI CIiHY €JIEKTPOHA PO3IIEIIEHb CTaHIB,
BUPOJ/2KeHUX 0e3 BpaxyBaHHs CIIiHY T-opOiTaJseil.

Karwosi carosa: GeH3eH, BEKTOPHI Ta CIIHOPHI NpeICTaBIIEH-
Hsl TPYyTI CUMeTPil, GOpMHU HOPMAJIBHUX KOJIUBAHB, KJIACU TIPO-
€KTUBHUX IIPE/ICTABJIEHb TPYIl CUMETpIl, CIiH3aJe’KHe pPO3IIe-
[LUIEHHS €JIGKTPOHHUX CTAHIB.
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