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ABOUT PROBLEM OF CONTROL THREE-DIMENSIONAL FIELD TRANSVERSE DYNAMIC
DISPLACEMENTS OF THICK ELASTIC PLATE

The problems managing three-dimensional cross-field dynamic displacement of thick elastic plates discretely observed for
the initial boundary condition. Formulated terms of accuracy and uniqueness of the solution of the problem.
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Introduction. Research and robust control of production, socio-economic and technical processes are not possible
without quality mathematical model. The nature of these processes is not always possible to construct an adequate model
that would fit into a set of mathematical models available for the study of classical methods of mathematical physics, com-
putational mathematics and control theory. Problems [1-3] associated with the core processes of different nature, deep rela-
tionships that are difficult to formalize, and the inability to obtain the information necessary to build accurate mathematical
model. Often the considered process is described mathematically model only partially and it goes incomplete.

One of these processes is the classic process control three-dimensional field transverse dynamic displacements of thick
elastic plates. The background for it is the differential model of transverse dynamic displacement of thick elastic layer. There
are many classical [4, 5] and not classical [6, 7] approaches to building such models, however, are not without some me-
chanical hypotheses. Differential elastic layer model without hypotheses proposed in [8], limited to the static case. Built as
our generalization [9] results [8] applies to the dynamics of thick elastic layer.

In solving the problem of controlling three-dimensional field transverse dynamic displacements of thick elastic plates
with in [9] results in the presence of limited information about their initial boundary value condition and sent this scientific
research.

Differential model of transverse dynamic displacement of thick elastic layer. For the task of controlling three-
dimensional field transverse dynamic displacements of thick elastic plates look for it original differential model and some of
its features are given in [9]. To suppose that a thick elastic layer thickness 2h is in the Cartesian coordinate system x,

y, z so that its surface defined planes z =+h . Assuming that the surface of this layer under the action of normal g; (x,y,t)
and tangential g, (x,y,t) unknown external dynamic forces (te[0,T] — time), through u(x,y,zt), v(x,y,zt), w(x,y,zt)
denote the shift points via the layer in the coordinate axes Ox, Oy, Oz respectively. Dynamic transverse displacements
w(x,y,zt) atthis present amount

2
wix,y,z,t) = Sw(x,y,z1t). (1)
1=1
Differential same model under consideration layer constructed in [9], has the form
Q"0,.0,.0, W (x,y,zt)=d{(0,.0,,2.0,)a (x.y.t) + d5(8,.0,.2,8,)a5 (x,y.t) (I =12), 2)

Here and further

A 00,,0) = 2 (@ () + G5 o)) a0t =%<qz(x,y,t)—q;<x,y,t»,

AP0y = 2@ (6.0 - a7 (x.0), q§2>(x,y,t>=%(q;(x,y,t>+q;(x,y,t>),
2 sin(hDy)

Q"(8,.0,.,0;) = (A + D3 )((A +2u)D? — AA)cos(hD, )% — 4 uAD: Tcos(hDZ) ,
2 1
d1(1)(ax,6y,z,at) - D?|(A+D2) sin(zD,) sin(hD,) _oA sin(hD,) sin(zD,) ‘
D, D, D, D,

sin(zD,) _op? sin(zDy)
D "D

d"(8,,0,.2,0,) = Zd{l((ﬂ +2u)D? — 2A)cos(hD;,) cos(hD, )} ,
u

2 1

d?(0,,0,,2,0,) = (A + D )cos(zD,)cos(hD, ) — 2A cos(hDy)cos(zD; ) ,

sin(hD,) sin(hD;)
D. D

d$(0,.0,.2.0,) = Zd{ZDZ2 cos(zD,)
2 g

+l(,1A_(1+2ﬂ)D12) cos(zDz)}, (3)
u

at A, D?, D? that ratios
1 2 o 1
C_126t ’ DZ - AZ - g

A=d(d,+0,), D} = A+ o2

determined through

PO 2y Yy NN
A+2u A+2u

Lame constants 4 and u, speeds c, = \/Z and ¢, = A+2u propagation of elastic waves of expansion and shift in
P | »

the considered environment ( p — density material) and operator d , for which d(u+v)=0,u+0,v .
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After of returning trigonometric components sm(sz), sin(hDr,)
D, Dy,
ferential content equations (2) and will describe the three-dimensional field of dynamic displacements of thick elastic layer.

Note that equation (2), recorded with varying degrees of accuracy include classical equation [4, 5], two-dimensional the-
ory of deflection plates, and are known for their generalization [7], are based on non-classical models of mechanics of solid
deformable body.

Integrated model of transverse dynamic displacement thick elastic layer. Here are useful for studying the dynam-
ics of three-dimensional fields of transverse dynamic displacements of thick elastic plates equivalent integral differential
model (2), which is built by us in [10] and has the form

, cos(zD,,), cos(hD,,) (m:1,_2) operators (3) of their dif-

w(x,y,zt)= foq“)(x’,y’,t’)G“)(x —x,y -y zt—t)dxdydt (4)

where
2
(/)(Xr,yr,tV) — Zq}((l)(xrlyrl tr) ,
o] Sa0pupz)

G(’)(X -X,y—-y.,zt-t)= J‘ k=1 eP1(x=X)+p2(y-y)+a(t=t) Ipydp,dq . (5)
(27 )3 S| QY (P1,P2,Q)

We note in passing that the integrated model (4) is specified and refined axial symmetric case study of the dynamics
layer when d =, + 9, . Given the recent and structure of operators Q"(0,.9,.0;), d{(0,.0,.2.0,) (I.k =12) given in (3),

we conclude that the functions Q(’)(p1,p2,q) i d,ﬂ’)(p1,p2,z,q) Lk :1,_2) meet axial symmetric case of integrated mathe-

matical model (4), written with the degree of accuracy h® are as follows:

4(1+
Q" (p1,py.q) = | 2EEE (p2 4 p2) L g2
A+2u u

h | 8(4+ 4222 +8Au+Tu? i+5 2
—u?{—( “) (p2 + p2y2 - X MITIO) (p2 1 p2)L g2 + 2304 L gz | |

A+2u ! (A +2u)? )7 A+2u\ p
2
8(A+p) 2v2 _4BA+4u) 2 2\p 2 3A+Tu(p o
Q@(py,pp,q) = hpg? + u -———E(p] +p5) gt +——= | & , 6
(P1,P2,9) = hpg 3 A+ 2 (1 p3) A+ 2n (1 pz)ﬂq 7+ 2u ,uq (6)
A 1
d$1)(p1,p2,z,q)=zh{pf+p§— “pzﬂ qz}, dé”(p1,p2,z,q)=z(p1+p2){“2ﬂ +5h2{pf+p§—ﬂf2# qz}}—
15 B8A+2u, 5 o A +diu+2u® p
3!Z(P1+P2){1+2 (pi + p3) —(ﬂ+2#)2 ,uq ,

1 31+4 1
dP(py,pyz,q) =1-—h2{2L M (p2 | p2y P2l ~ 72 24 p2y+ —L g2,
i7(P1,P2:2,q) 5 7+ 2u ———=(pf +p3) q 5 /1+2#(P1 pz) l+2yq
3/1+4/U 21+3,Up 2 1 2 A 2 2 P 2
d$?(p,,py,2,9) = h(p, + 1——h 2 T (p? 4+ p2) - = +—=zh(p, + +p; - .
2 (P1P2:2,9) = h(py + P 1= h™ —— 2 (pf + P3) Ai2u il 5 2 hpy pz)“zﬂ Prrp; =4

Method of calculating integrals (5), recorded with regard to (6), we examined in detail in [11].
Criterion and features three-dimensional problem solving control field transverse dynamic displacements of
thick elastic plates. Consider the dynamics of plate cylinder T'(x,y)=0 of the examined cut above the elastic layer. Points

of such plate assign to some spatial area S, .
Pose and solve the problem of the determination of the control function ¢(x, y,t) ( =‘I,_2), which would be a function

w(x,y,zt) of the plate, the average square coordinated with discretely defined initial and boundary observations

B@w(s)y_, =Yy (j=1J,, r=1Ry), 7)
O'ZO'?GSO

r vl (i1 _

Lp@aW(S) _y cory = Vi j=1J,, p=1R:) (8)
o':o'jreSr

point area S, examining the plates exasperated in neighborhood Y; (i =1/, j =1,J) preset ratios

L(3, )w(s)‘szsﬂ_gsox[o,r, =Y, (j=1d,i=11). 9)
Here and further Sy =T'(x,y)x[-hh], o =(x,y,2), s=(o,t), 0; and 9, =(9,,0,,0,) — derivatives with respect to time

and spatial coordinates x, y, z, L%5,) (r = 1R, Ry), ( .) (p= 1R, r), Li(0s) (i :1,_1) — linear differential operators. On

the number of initial R, and boundary R observations displacements w(s) will not impose any restrictions.



~ 20 ~ B 1 C H U K KuiBcbkoro HauioHanbHoro yHieepcurety imeHi Tapaca LlleBueHka ISSN 1728-3817

Criterion control function q')(x,y,t) (I= 2) written in the form

2

0 Roal r r
‘=0 =Y, +pz:1,-z:1 Lp(aﬂ)w(s)tzrje[o,r]_yﬂf +

o’:a}_ESI— (1 0)

o= 3| 123, wis)

r=1j=1

O':O'?ESO

2
1 Jj
L. (05)w(s) =Y. | > min .
E]; i\Ms ‘s:sijesox[O,T] ) q“)(x,y,t) (/:E)

To solve this problem we use the method proposed in [1] and developed in [2, 3]. According to this function will submit
the amount

w(s)=w(s)+wP(s) = Z(W(I)(S)+W(I)(S)+W(I)(S)), (11)
which
w{(s)=[GV(& - &, z)q"(&Nae (12)
S
wi(s JG" (&-¢&z2uf(&)de (13)
w{(s) = JG% & zud(ENde (1=12), (14)

S=(Syn((z=h)u(z=-h))x[0,T], S°=(S, ﬁ((z =h)u(z=-h))x(-00], S" =((R*\S,)N((z=h)u(z=-h))x[0T],
S=(xyt), =Xy, t)
Functions u$’(£), u)(£) defined outside the considered area S, x[0,T], affecting the function of the transverse dy-

namic displacement w(s) through the function G')(£ - £, z) call a further modeling.

The task of controls a three-dimensional field transverse dynamic displacement of thick elastic plates through
the function surface distributed external dynamic disturbances. The problem (10) to find a control function

g" (&) (I =12) to synchronize finding vector function

(&) = col(col(ul) (&) (£e8%), uPe) (£esh), qV¢) (Ees)), 1=12), (15)
such that
q)»rj}igr;. (16)

After substituting relations (11) — (14) in the initial boundary conditions (7), (8) and taking into account the desired state
defined in (9), we obtain the system of integral equations

JAE (&) e =Y (17)
at a known vector
Y =col(Y°,Y",Y)
and matrix functions
A(£) = str (AN(£) (6 e8%), AYN(E) (cesSh) ALN(E) (ces)), 1=12),
AD(g) = col (AD(£), k=13) (n =13, I =12)»
in which

YO =col((Y],j=1J,).r =1Ry), Y =col((Y},j=1J,).p=1Rr), Y =col((Y;.j =1J;).i =11),

o j=1,J,], r=1,R0]v
o= O'/

AINE) = col || L, (0,6 (& - ¢ 2),

A& = [[U(ot)e‘”(: &z)

Aé'n)(cf’)=CO’HL;(GS)G(”(f—é’,Z) : j=ﬁ} i:m_/] (1=12, n=13)-

s=sj
Here the integration is performed over the region change argument integrand and a}) €S, t e[0,T], ajr eSp,
Sj €Sy x[0,T].
As a result pseudo inverse system (17) such that

i A -] - min, (8)
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controlling-modeling functions u’(&) (£ e 8°), u(&) (£eS"), qV)(&) (£ € S) define [3] ratios (at 1 =12):
u() e Q) = () uf (&)= (A PH(Y - A)+vi(6), W () (£ eS°),
() e = () u(&) = (A P(Y - A)+vI(§), ()} (ceST),
q(&) e Q) ={g"(&): q"(&) =A@ PT(Y - A)+v(&), W)} (£€eS), (19)
in which for arbitrarily defined and integrated in the change of its argument functions v{(£) (£ € S°), v{(¢) (6eS"),

vi(¢) (£e9)

A, = i[ [ AN EwP(Ede + [AD(EWD(E)de + JAé’)(i)V“)(é)déj ;
=1 ST

s° s
P* — matrix pseudo inverse to

P = i( [ ADENADENTdE + [AD(ENAL(E) dE + JAg”(z:)(Aé’)(e;))Tdfj (1=12)-
S]

1=1\ g0 S
Note that the average quadratic precision with which the control-modeling functions u{’(¢), u(¢) and

q"(&) (I = 1,_2) satisfy (17), and found their use the function w(&) is consistent with initial and boundary conditions con-
trolling (7) — (9), will be determined by size [3]

2
[AGu(E)dE-Y| =YTY -YTPP'Y. (20)

£2 = min
u(g)

Constituents w')(s) (I = 1,_2) function of transverse dynamic displacement w(s) will be determined at the same ratios
(11) — (14) taking into account found under (19) control-modeling functions u{(¢), u{(£) and (&) (I =12).
The condition for the uniqueness (v(()’)(é) =v(£)=v(£)=0) of the obtained solution is
Jim det[ AT (&)A(Z; )iy > O -

The task of controls a three-dimensional field transverse dynamic displacement of thick elastic plates via a dis-
crete set of surface distributed external dynamic disturbances. Problem (10) can be successfully resolved if the model-

ing ul’ (&), u®(£) (1 =12) and control g!")(£) (I =12) functions determine the vectors

ul = col (ull) = u§( 2y, m =1,M{"y, (21)
ufh = col (uf, = uf (&) m = 1M, (22)
g{" = col (gl = gV (&), m =1MD) (1 =12) (23)

values uf) (m=1M), u) (m=1M") and q¥ (m=1M") (I =12) at points 9 S, &' cS™ and £V e S re-
spectively.
In this case the functions w{’(£), w(£) (/=12) and criteria for solving the problem in contrast to (13), (14) and (16)

represent the ratios
(1

M
wi(s)= 3 61 - 1. 2)uf), - (23)
(O] P
wi(s)= 3 61 - 6h 2wl (1=12), (24)
O > min .

u§erM” u Mt (25)

aherM D (1272)

The problem is (25) is equivalent to the average square inversion of linear algebraic equations

Au=Y, (26)

in which the vector Y defined above and
u = col(col(uf’, u?), q"), 1=12),

A=str(AD, AP A, 1=12), AV =col(AD), k=13) (n=13, | =12),

n

where

t=0
J:(T?ESO

Af}) = col str[L‘Z(a,)GW(é ~ &)

Af) = col| | str| L' (8,)G" (& - &), z) m=1MP | j=1J,| p=1R: |5

t=t; c[0.T] ’

G:G}_Esl-
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A = co/[[str((L,(as)e</)(§ - fﬁﬁ'z)\s:svesox[o.n , m= 1,Mg>} j= 1_] i= 1,_/)]

at /=12, n=13, &) =20, £ =0 g0 =0 MO =MD, MY =M, M =M.

2m m>

After average square inversion (26) such that
_ 2 .
5T > mn

by analogy with the previous case we find that the control-modeling vectors u(()’ ), ul(-’ ), qE’ ) determined [3] ratios (at | = E ):

uf? e O ={uf: uf) = (AP PH(Y - AV)+ v},
u e Q) = U = (AP PH(Y - AV)+ v},
" e ={g": ¢! = (AP P (Y - AV) + v}

— (/) -
for arbitrary v = col(col(v{) e R ,v{) e RM‘U),VEI) e RM" ), 1=12), where P* — matrix pseudo inverse to P =AA" .

The accuracy of the solution of the problem is defined [3] ratio
e=min®=Y'Y -YTPP'Y

and by the uniqueness (v§’ = v{) = v{') = 0) of the obtained solution is detA” A > 0.
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K. OBipHKuyK, acn.
KHY imeHi Tapaca LLeB4eHka, Kui

NPO NPOBJIEMY KEPYBAHHA TPUBUMIPHUM MOJIEM
NONEPEYHOIO AMHAMIYHOIO 3MILLLEHHA
TOBCTOI NPYXXHOI NNACTUHU

Po3sansiHymi 3adayi kepyeaHHs1 mMpbOXEUMIPHUM roJsieM rornepeyHuUx OUHaMiYHUX 3MiWeHb Moecmux NPYXHUX naum, GucKkpemHo criocmepe-
JKyeaHuXx 3a no4amkoeo-kpatioeum cmaHoM. CghopmynboeaHi yMoeu moyHocmi ma oOHO3Ha4yHoCcmi po3e ‘a3Ky nocmaesieHoi 3adauyi.
Knroyoei cnoea: dugpepeHyiansHa Modesib, iHmezpoeaHa Modesib, mpueuMipHa 3adaya.

K. ABUpHUuYK, acn.
KHY nmenn Tapaca LLleB4eHko, KueB

O NPOBNEME YMNPABMNEHUS TPEXMEPHbIM MOMEM
MOMEPEYHOIO AUHAMUYECKOIO CMELLEHUA
TONCTOW YNPYIrov NNACTUHbI

PaccmompeHbi 3adaqu ynpaesieHusi mpexmepHbIM MosieM rnonepeyHbix QUHaMU4YecKux cMeweHuli MosicmbIxX ynpyaux naum, QUCKPemHo Ha-
6n1100aeMbix 3a Ha4aslbHO-KpaeebiM cocmosiHueM. CghopmynuposaHHbIe yc08uUsi MOYHOCMU U 0OHO3Ha4YHOCMU peuleHuUs nocmasJsieHHol 3ada4qu.
Knroyeenie cnoea: dugpgpepeHyuanbHass Modesb, uUHmMe2pupo8aHHasi Mooeslb, mpexmMepHasi 3adaya.



