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The existence and uniqueness of solution of linear elliptic boundary value problem with constant coefficients in 2-dimentional
unbounded angular domain are investigated. An a priori estimates of such a problem solution are obtained and the character of a priori
constants dependence of the problem data had been investigated.
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1$!2(*+. K"3"5$., $,!-.+;.$ $=&8*+ 8$!.- !$'%'2'*+ '"(")& (4) – (5) + 1!$9,$!& G$4$5;%"

3
( )(2 ) 2 7 2

2,( , ) 2,( , ) 2,( , ) 2,( , )
ˆ ˆˆ ˆ ˆ ˆ| | | | | | (| | | |)

| sin |
kkk k kCu u f f g g
%% %

& &%6& &%6 & &%6 & &%6 & &%6

" #
' (% ? + % ? % ? %
' (A6 ) *

, (17)

% 2*&# )-95$%" 9,"5" 7C '"50/-,6 %&( 6 , A 8010!0!%8-. )-8$., "50 80 '"50/-,6 %&( t , & . K"+%"/-.$, C$ $=&8*"
(17) +,$)8?; 80!&%8&9,6 (6) + )"9,-8& :"!"*,0!+ '"50/8$9,& 9,"5$E %&( ("8-: '"(")&.

@8"95&($* 80!&%8$9,& (17) '" 9,"8("!,8$? .0,$(-*$?, '"1!$1$8$%"8$? + [3], .$/0.$ $,!-.",- "1!&$!8+ $=&8*+
!$'%'2'*+ '"(")& (1), (2), 2*" +,$)8?; 80!&%8&9,6 (7):

3
(2 ) ( ) 28
2, , ( , ) 2, , ( , ) 2, , ( , )| sin |

kk k
K K K

Cu f g
" #%' (% ) *

! & &%6 ! & &%6 ! / & &%6

" #
' (+ %
' (A6
) *

. (18)

M+, 8C – )-95$%" 9,"5", 2*" '"50/-,6 %&( 6 , A 8010!0!%8-. )-8$., "50 80 '"50/-,6 %&( & .

4. $%.8'7.(-:/= /' ';2-%2(' %1-(*' 0 83;'+*0 ('4;2%:/-A%B .'+'9- . ;'2'&)/2%&. H0:"# d – (02*" ($(",8"
(&#98" 9,"5", , [0, 2 )& 64 @ , 6 5 @ . J$'35280.$ *!"#$%+ '"(")+ D&!&:50 + 809*&8)088$.+ *+,& .&/ 1!$.082.- 1&( *+,"-
.- & , & % 6 ($ 8"1!2.*+ $9& Ox:

2 ( , )xx yyu d u f x y% , , arg( , )x y& 7 7 & % 6 , (19)

arg( , ) ( , )x yu g x y&,& , , arg( , ) ( , )x yu g x y&%6,&%6 , , (20)

H" /"56, 40'1$90!0(8; '"9,$9+%"882 .0,$(+, %-*5"(08$3$ % [3], ($ ($95&(/0882 '"(")& (1) – (2) + '"3"568$.+ %--
1"(*+ 1!-'%$(-,6 ($ "8"5&'+ 910*,!"568$E '"(")& ' *$.150*98-. 1"!".0,!$., (52 2*$E 80 %(";,692 %9,"8$%-,- !$'-
,"7+%"882 $9$45-%-: ,$)$* $10!",$!" !$'%'2'*+ &, 2* 8"95&($* – ($%09,- "8"5$3 8"%0(08$3$ %-C0 ,%0!(/0882.

B(8"*, '"(")+ (19) – (20) .$/8" '" ($1$.$3$? '".&8-

xD , ,
y
d

 ! (21)

 !"#$% &'  (&()* !%+,-&. (1) – (2):

( , )U U F""   # ! "  , arg( , )$ % "  % $ # &   , (22)

arg( , ) ( , )U G$"  !$ ! "    , arg( , ) ( , )U G$#&"  !$#& ! "      , (23)

&" arg( , )"  ! $ , arg( , )"  ! $ # &  – /0'1"2*, 3' !%2%4(5$6  /0'1"2*! arg( , )x y ! $ , arg( , )x y ! $ # & !*&/'!*&2' /*#-

,- !%4'2(22-  (1*2% (21), ( , ) ( , )U u d"  ! "  , ( , ) ( , )F f d"  ! "  , ( , ) ( , )G g d$ $"  ! "   , ( , ) ( , )G g d$#& $#&"  ! "    .



~ 16 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

70% !%4'2(22*  (1*2% (21) #$(2&(0$2%8 /0'#$*0  !(+'5 (2 )
2, ( ( , ))kV K#
' $ $ # & . 4''0&%2($(9 x , y /"0"9'&%$6 . 4'-

'0&%2($(9 " ,  . /0'#$*0 (2 )
2, ( ( , ))kV K#
' $ $ # &    , 2'01. ! -4'1. 1':2(  2(8$%  ( ;'01.,'5

!
1/ 22

1 22(2 ) 1 22 2 2 2
2, , ( , ) 2 1 22 ( , )1 2

1( )
i ik i ik

K i i i
i i k K

UU d d d d
d

' #( ( # ##

' $ $#&
# ) # $ $#&

* +,- .! " #  "  
- .," , / 0

1 2   
   

.

< ')"!%&2'= 2"0*!2'#$* 2 2 2 2 2 2 2 2 2min{1; } ( ) max{1; } ( )d d d3 " #  ) " #  ) 3 " #  2"#4,(&2' !#$(2'!%$%, 3' 2'01(

/0'#$'0. (2 )
2, ( ( , ))kV K#
' $ $ # &    >.&" "4!*!(,"2$2'5 &' 2'01% /0'#$'0. (2 )

2, ( ( , ))kV K#
' $ $ # &   , $'>$' >.&.$6 #/0(!"&,%-

!%1% 2"0*!2'#$*
! (2 )(2 ) (2 )

9 102, , ( , ) 2, , ( , ) 2, , ( , )( , , ) ( , , )
kk k

K K KC d k U U C d k U
## #

' $ $#& ' $ $#& ' $ $#&' ) ) '         , (24)

/0%)'1.  (,":2*#$6 #$(,%9 9C , 10C !*& (0, )d 4 #5 ? 2"/"0"0!2'5. @':2( $(4': !#$(2'!%$% 'A*24%, (2(,'+*)2* &'

2"0*!2'#$"8 (24), &' ;.24A*8 F $( G , &"
( , ), arg( , ) ,

( , )
( , ), arg( , ) .

G
G

G
$

$#&

"  "  ! $67"  ! 8 "  "  ! $ # &79

 

  

 
  

B2(#,*&'4 'A*24% (24) 1% 1':"1' 0' +,-&($% 0' !'- '4  (&()* (22), (23) . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # &   . B%4'0%#-

$'!.5)% 2(!"&"2%8 0(2*C" 0" .,6$($  [3], ( $(4': 2"0*!2*#$6 (18), 1':2( #$!"0&:.!($%, 3'  (&()( (22), (23) >.&"
0' !'- 2'5 '&2' 2()2' . /0'#$'0* (2 )

2, ( ( , ))kV K#
' $ $ # &   $'&* 8 ,%C" $'&*, 4',%

1
2

lk ' :
; ! ( # <

& 
, l Z4 , (25)

( 0' !'- '4 U  (&()* (22), (23) >.&"  (&'!',62-$% 2"0*!2*#$6
3

(2 ) ( ) 211
2, , ( , ) 2, , ( , ) 2, , ( , )| sin |

kk k
K K K

CU F G
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +
- .) #
- .;&
/ 0

          
, (26)

&" 11C – )%#,'!( #$(,(, -4(  (,":%$6 !*& & , ; 2"/"0"0!2%1 )%2'1, (," 2"  (,":%$6 !*& $ .
B2(#,*&'4 A6'+' ;(4$., ( $(4': 2"0*!2'#$"8 (24) * (2(,'+*)2%9 &' 2%9 2"0*!2'#$"8 &,- ;.24A*8 F $( G , '$0%1(-

?1', 3' /0% !%4'2(22* .1'!% (25)  (&()( (19), (20) >.&" '&2' 2()2' 0' !'- 2'5 . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & , ( ==

0' !'- '4 u >.&"  (&'!',62-$% 2"0*!2*#$6
3

(2 ) ( ) 212
2, , ( , ) 2, , ( , ) 2, , ( , )

( , , , )
| sin |

kk k
K K K

C d ku f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & - .) #
- .;&
/ 0

 
 

, (27)

&" #$(,( 12C  (,":%$6 !*& d , k , ' , & , /0%)'1.  (,":2*#$6 !*& (0, )d 4 #5 ? 2"/"0"0!2'5.
D#2'!2%1 /%$(22-1, 2( -4" /'$0*>2' !*&/'!*#$% &,- !% 2()"22- 0' !'- 2'#$*  (&()* (19), (20) . /0'#$'0*

(2 )
2, ( ( , ))kV K#
' $ $ # & , ? !",%)%2( 4.$( & ! .1'!* (25). <(.!(:%1', 3' !  (+(,62'1. !%/(&4. !",%)%2( 4.$( &  (,"-

:%$6 2" ,%C" !*& /(0(1"$0*! & $( d , (," 8 !*& /(0(1"$0. $ .

E/0(!&*, 2"#4,(&2' /"0"4'2($%#6 . $'1., 3' /0%  (1*2* 4''0&%2($ (21) /0'1"2* {arg( , ) }x y ! $ , {arg( , ) }x y ! $ # &  
>.&.$6 0' $(C'!(2* . $%9 :" 4!(&0(2$(9, 3' 8 /0'1"2* {arg( , ) }x y ! $ , {arg( , ) }x y ! $ # & !*&/'!*&2'. B0(9'!.5)%
A", $0%+'2'1"$0%)2. ;'01.,.

2ctg( ) ctg 1 ctg( ) ctg 1ctg ctg( )
ctg ctg( ) (ctg ctg( ))

d
d

$ # & $ # $ # & $ #
& ! $ # & ($ ! !

$ ( $ # & $ ( $ # &
       
   

, (28)

( $(4': !,(#$%!'#$* ;.24A*= ctg , 1':2( !#$(2'!%$%, 3'

2 ctg( )ctg 1arcctg
(ctg ctg( ))

d
d

* +$ # & $ # &= >& ! # :- . ? @- .$ ( $ # & :A B/ 0
 , (29)

&" [ ] – ;.24A*- A*,'= )(#$%2% &*8#2'+' )%#,(.
F(4%1 )%2'1, &'!"&"2' ,"1. /0' 0' !'- 2*#$6  (&()* (19), (20):
 !"# 1. G"9(8 /0(!* )(#$%2%  (&()* (19), (20)  (&'!',62-5$6 .1'!. (3). F'&*  !%4'2(22- .1'!% (25), ! -4*8 & !%-

 2()"2( 0*!2*#$5 (29), !%/,%!(? *#2.!(22- $( ?&%2*#$6 0' !'- 4.  (&()* (19), (20) . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & , ( $(-

4': !%4'2(22- &,- 0' !'- 4. (/0*'02'= 'A*24% (27), #$(,( 12C ! -4*8  (,":%$6 ,%C" !*& d , k , ' , & , /0%)'1. A-  (-
,":2*#$6 ? 2"/"0"0!2'5.



;<8=;<8$%<. ;=><#!%<. 21/2009 ~ 17 ~

H'!"&"1' ,"1., -4( !#$(2'!,5? &'#$($2* .1'!% 0' !'- 2'#$*  (&()* (19), (20) &,- &'!*,62'+' [0,2 )$4 : .
 !"# 2. 7' 2()%1'

*
1 1 1 1min ctg ctg ; ctg tg
2 2 2 2

D d d d d
d d

6 & & C* + * +! & ( ( & # (8 D- . - .
/ 0 / 09 E

, (30)

* 1 1 1 1max ctg ctg ; ctg tg
2 2 2 2

D d d d d
d d

6 & & C* + * +! & ( ( & # (8 D- . - .
/ 0 / 09 E

, (31)

*
min arcctgD &= >& ! # :? @:A B

 , max *arcctgD &= >& ! # :? @:A B
 . (32)

G"9(8 )%#,( k , '  (&'!',62-5$6 .1'!.

min max

( 1) 1
2

l lk( : ' :
% ( # %

& &  
(33)

/0% &"-4'1. 2($.0(,62'1. l , $(4'1., 3' max

max min
l &
%
& ( &

 
  

, ( /0(!* )(#$%2%  (&()* (19), (20)  (&'!',62-5$6 .1'!. (3).

F'&* &,- &'!*,62'+' [0,2 )$4 : . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & *#2.? ?&%2%8 0' !'- '4  (&()* (19), (20), &,- -4'+'

!%4'2(2( (/0*'02( 'A*24(
3

(2 ) ( ) 213 min max
2, , ( , ) 2, , ( , ) 2, , ( , )

min max

( , , , , )
min{| sin |,| sin |}

kk k
K K K

C d ku f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & & - .) #
- .;& ;&
/ 0

  
  

(34)

&" !",%)%2( ; !% 2()"2(  (25), #$(,( 13C  (,":%$6 ,%C" !*& d , k , ' , min& , max& , /0%)'1.  (,":2*#$6 !*&

(0, )d 4 #5 ? 2"/"0"0!2'5.

$%&!'!((). 70% /"0"$!'0"22* 4''0&%2($ (21) !",%)%2( ctg & 1':" >.$%  2(8&"2(  ( ;'01.,'5 (29). B%4'0%#-
$'!.5)% ","1"2$(02* $0%+'2'1"$0%)2* /"0"$!'0"22-, 1':"1' !#$(2'!%$% "4!*!(,"2$2. ;'01.,.

2 2 2

2
ctg ctg (1 )ctg ctgctg

(ctg 1)
d d

d
& $ # ( $ # &

& !
$ #

 . (35)

<2(8&"1' 1*2*1(,62" $( 1(4#%1(,62"  2()"22- !%0( . (35) /0% [0, 2 )$4 : . D#4*,64% /0% A6'1. ctg$ /0'>*+(?
!"#6 &*(/( '2 !*& (5 &' #5 !4,5)2', $' . !%0( * (35) 1':"1'  0'>%$%  (1*2. ctgt ! $ * &'#,*&%$% 2( 1*2*1(,62" $(
1(4#%1(,62"  2()"22- !%0( 

2 2 2

2 2
ctg (1 ) ctg 1 ctg( ) ctg

( 1) 1
d t d t th t d d

dd t t
& # ( # & # &* +! ! & ( (- .# #/ 0

, [ ; ]t4 (5 #5 .

G"#4,(&2' !#$(2'!%$%, 3' $')4(1% "4#$0"1.1*! !%0( . 2
ctg( )
1

tH t
t
# &

!
#

>.&.$6  2()"22- 1,2
1ctg
sin

t ! ( & F
&

,

(  2()"22- ( )H t . A%9 $')4(9 #$(2'!,-$6 1
1( ) ctg
2 2

H t &
! , 2

1( ) tg
2 2

H t &
! ( . F'1. 1*2*1(,62" $( 1(4#%1(,62"  2(-

)"22- ( )h t 1':2(  2(8$%  ( ;'01.,(1% 1 2min ( ) min{ ( ); ( )}
t R
h t h t h t

4
! , 1 2max ( ) max{ ( ); ( )}

t R
h t h t h t

4
! ,  -4%9 /*&#$(2'!-

4'5  2()"26 1,2t '$0%1(?1' !%0( % (30), (31) !*&/'!*&2'.

< ;'01., (30), (31), !0(9'!.5)% $'8 ;(4$, 3' /0%  (1*2* 4''0&%2($ (21) /0'1"2* {arg( , ) }x y ! $ ,

{arg( , ) }x y ! $ # &  >.&.$6 0' $(C'!(2* . $%9 :" 4!(&0(2$(9, 3' 8 /0'1"2* {arg( , ) }x y ! $ , {arg( , ) }x y ! $ # & !*&/'!*-

&2', ( $(4': !,(#$%!'#$* ;.24A*= ctg , 1':"1' !#$(2'!%$%, 3' 1*2*1(,62" $( 1(4#%1(,62"  2()"22- 4.$( & /0%  (-

1*2* (21) $(  1*2* [0, 2 )$4 : 1':2(  2(8$% !*&/'!*&2'  ( ;'01.,(1% (32), ( /'!2%8 &*(/( '2  1*2% 4.$( & #$(2'!%$%-

1" min max[ , ]& &  . <(#$'#'!.5)% 0" .,6$($ ,"1% 1, 1':"1' #$!"0&:.!($%, 3'  (&()( (1), (2) >.&" '&2' 2()2' 0' !'- -

2'5 . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & /0% &'!*,62'1. [0, 2 )$4 : $'&* 8 ,%C" $'&*, 4',% &,- .#*9 min max[ , ]& 4 & &   )%#,(

k , ' >.&.$6  (&'!',62-$% .1'!. (25). <!*&#% 2"#4,(&2' '$0%1($% &'#$($2*#$6 !%4'2(22- .1'!% (33) &,- *#2.!(22-
0' !'- 4.  (&()* (19), (20) /0% &'!*,62'1. [0, 2 )$4 : .

H,- '$0%1(22- 'A*24% (34) /'$0*>2' 'A*2%$% 1(4#%1(,62"  2()"22- !%0( . 12 ( , , , )
| sin |

C d k ' &
;&

 
 

/0%  1*2* [0,2 )$4 : .

B #%,. 2"/"0"0!2'=  (,":2'#$* 12C !*& & 1':"1' '>0($% 13 12
[ , ]min max
max ( , , , )C C d k

&4 & &
! ' & . < 2"0*!2'#$"8 (33) &*#$(?-

1', 3' ( 1) | |l l( : % ; & % : /0% min max[ , ]& 4 & &   , * '$:" sin 0;& < &,- min max[ , ]& 4 & &   . B0(9'!.5)% 9(0(4$"0 /'!"&*24%



~ 18 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

;.24A*= sin t /0% (( 1) , )t l l4 ( : : , '$0%1(?1' 2"0*!2*#$6 min max[ , ]min max
min | sin | min{| sin |,| sin |}

& &
;& ! ;& ;&

  
   . F'&*  2"0*!-

2'#$* (27) &*#$(?1' (/0*'02. 'A*24. (34).
 !"# 3. G"9(8 #$(,( d !  (&()* (19), (20) /0%81(?  2()"22-  /0'1*:4. 1 2[ , ]d d R#G . 7' 2()%1'

* 1 2 [ , ]1 2

1 1 1 1( , ) min ctg ctg ; ctg tg
2 2 2 2d d d

D d d d d d d
d d4

6 & & C* + * +! & ( ( & # (8 D- . - .
/ 0 / 09 E

,

*
1 2

[ , ]1 2

1 1 1 1( , ) max ctg ctg ; ctg tg
2 2 2 2d d d

D d d d d d d
d d4

6 & & C* + * +! & ( ( & # (8 D- . - .
/ 0 / 09 E

,

*
min 1 2 1 2( , ) arcctg ( , )d d D d d &= >& ! # :? @:A B

 , max 1 2 * 1 2( , ) arcctg ( , )d d D d d &= >& ! # :? @:A B
 . (36)

G"9(8 )%#,( k , ' , 1d , 2d  (&'!',62-5$6 .1'!.

min 1 2 max 1 2

( 1) 1
( , ) 2 ( , )
l lk
d d d d
( : ' :

% ( # %
& &  

(37)

 &"-4%1 2($.0(,62%1 l , $(4%1, 3' max 1 2

max 1 2 min 1 2

( , )
( , ) ( , )

d dl
d d d d
&

%
& ( &

 
  

.

G"9(8 /0(!* )(#$%2%  (&()* (19), (20)  (&'!',62-5$6 .1'!. (3).
F'&* &,- &'!*,62%9 [0, 2 )$4 : , 1 2[ , ]d d d4 . /0'#$'0* (2 )

2, ( ( , ))kV K#
' $ $ # & *#2.? ?&%2%8 0' !'- '4  (&()* (19), (20),

&,- -4'+' !%4'2(2( (/0*'02( 'A*24(
3

(2 ) ( ) 214 min max
2, , ( , ) 2, , ( , ) 2, , ( , )

min max

( , , , , )
min{| sin |,| sin |}

kk k
K K K

C d ku f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & & - .) #
- .;& ;&
/ 0

  
, (38)

#$(,( 14C ! -4*8  (,":%$6 ,%C" !*& k , ' , 1d , 2d , min 1 2( , )d d& , max 1 2( , )d d& .
$%&!'!((). < &'!"&"22- ,"1% 2 1% 1':"1' '$0%1($%, 3' &,- &'!*,62%9 0d H $( [0,2 )$ :4 >.&.$6 #/0(!"&-

,%!%1% 2"0*!2'#$*
1 1 1 1min ctg ctg ; ctg tg ctg
2 2 2 2

d d d d
d d

6 & & C* + * +& ( ( & # ( ) & )8 D- . - .
/ 0 / 09 E

 

1 1 1 1max ctg ctg ; ctg tg
2 2 2 2

d d d d
d d

6 & & C* + * +) & ( ( & # (8 D- . - .
/ 0 / 09 E

.

F'&* &,- 1 2[ , ]d d d4 '$0%1.?1' 2"0*!2*#$6
*

* 1 2 1 2( , ) ctg ( , )D d d D d d) & ) ,

&" * 1 2( , )D d d , *
1 2( , )D d d !% 2()"2* . ;'01.,5!(22* $"'0"1%. <!*&#% 1':"1' '$0%1($%, 3' /'!2%8 &*(/( '2  1*2%

4.$( & /0% [0, 2 )$4 : , 1 2[ , ]d d d4 #$(2'!%$%1" min 1 2 max 1 2[ ( , ), ( , )]d d d d& &  . I0*1 $'+', 2"0*!2'#$* (37) +(0(2$.5$6 &,-
&'!*,62%9 [0, 2 )$4 : , 1 2[ , ]d d d4 !%4'2(22- .1'!

min max( 1) | | | | | |l l( : % ; & ) ;& ) ; & % :   , (39)

&" /(0(1"$0 ; !% 2()"2' . ;'01.,* (25). F'&* /0% 4':2'1. [0, 2 )$4 : , 1 2[ , ]d d d4 >.&.$6 #/0(!"&,%!%1% .1'!%

,"1% 1 *  (&()( (19), (20) 1(? ?&%2%8 0' !'- '4 . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & .

H'&($4'!'  2"0*!2'#$"8 (39) 1':"1' '$0%1($%, 3' sin 0;& < &,- min max[ , ]& 4 & &   . B0(9'!.5)% 9(0(4$"0 /'!"&*-
24% ;.24A*= sin t /0% (( 1) , )t l l4 ( : : , '$0%1(?1' 2"0*!2*#$6 min max[ , ]min max

min | sin | min{| sin |,| sin |}
& &

;& ! ;& ;&
  

   . F'&*

 2"0*!2'#$* (34) &*#$(?1' (/0*'02. 'A*24. (38).
5. *!+,-./#/0 '-) +#'#12 + '%&2-.(0"0 3/#-0"0 4%!52627(/#"0. G"9(8 a , b , c – &*8#2* #$(,*, , [0, 2 )$ &4 : ,

& < : . J' +,-2"1' 40(8'!.  (&(). H*0*9,":

( , )xx xy yyau bu cu f x y# # ! , arg( , )x y$ % % $ # & , (40)

arg( , ) ( , )x yu g x y$!$ ! , arg( , ) ( , )x yu g x y$#&!$#& ! . (41)

K.&"1' 0' +,-&($% 0' !'- '4 u  (&()* (40) – (41) . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & .

B*& 4'";*A*?2$*! a , b , c >.&"1' !%1(+($% !%4'2(22- .1'!% ",*/$%)2'#$*, ( $(4': &'&($2'#$* 4'";*A*?2$*! a , c .
L* !%1'+% 1':2(  (/%#($% . $"01*2(9 2"0*!2'#$"8

24 0ac b( H , 0a H . (42)
H'!"&"1' 0-& $"'0"1 /0' 0' !'- 2*#$6 $( *#2.!(22- (/0*'02'= 'A*24% &,- 0' !'- 4.  (&()* (40), (41).



;<8=;<8$%<. ;=><#!%<. 21/2009 ~ 19 ~

8!%9!"# 1. G"9(8 /0(!* )(#$%2%  (&()* (40), (41)  (&'!',62-5$6 .1'!. (3), ( &,- 4'";*A*?2$*! a , b , c !%4'2(2(
.1'!( (42). 7' 2()%1'

2 2

2 2

sign( ) ( )

sign( ) ( )

a c a c b a c
d

a c a c b a c

# ( ( # (
!

# # ( # (
, (43)

* 2"9(8 !",%)%2( & !% 2()"2(  ( &'/'1'+'5 ;'01.,%
2 ctg( ) ctg( ) 1arcctg
(ctg( ) ctg( ))

d
d

* +$ #I# & $ #I # &= >& ! # :- . ? @- .$ #I ( $ #I# & :A B/ 0
 , (44)

&"
1 arcctg , ,
2

, .
4

b c a
c a

c a

6 <77 (I ! 8:7 !
79

. (45)

F'&*  !%4'2(22- .1'!% (25) !%/,%!(? *#2.!(22- $( ?&%2*#$6 0' !'- 4.  (&()* (40), (41) . /0'#$'0*
(2 )
2, ( ( , ))kV K#
' $ $ # & , ( $(4': !%4'2(22- &,- 0' !'- 4. (/0*'02'= 'A*24%

3
(2 ) ( ) 215
2, , ( , ) 2, , ( , ) 2, , ( , )

( , , , , , )
| sin |

kk k
K K K

C a b c ku f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & - .) #
- .;&
/ 0

 
,

/0%)'1.  (,":2*#$6 15C !*&  1*22%9 a , b , c >.&" 2"/"0"0!2'5 2( 12':%2* 4'";*A*?2$*! { }a cJ (>' 2( 12':%2* { }a c) .
$%&!'!((): <0'>%1' .  (&()* (40), (41)  (1*2.

cos sinx y" ! I( I , sin cosx y ! I# I . (46)
F'&* 0*!2-22- (40) 2(>.&" !%+,-&.

K L( ) cos 2 sin 2 2(( )sin 2 cos 2 )a c a c b u a c b u" ""# # ( I( I # ( I# I #

K L( ) cos 2 sin 2 ( , )a c a c b u F  # # ( ( I# I ! "  , (47)

&" ( , )F "  – ;.24A*-, -4( !%2%4(?  ;.24A*= ( , )f x y !2(#,*&'4 !%4'2(22-  (1*2% (45) $( 12':"22- 2( 2.
G"9(8 4.$ I .  (1*2* (46) !% 2()"2' 0*!2*#$5 (45). F'&* 0*!2-22- (47) 2(>.&" !%+,-&.

K L K L2 2 2 2sign( ) ( ) sign( ) ( ) ( , )a c a c b a c u a c a c b a c u F""   # # ( # ( # # ( ( # ( ! "  ,

( 40(8'!.  (&(). (40), (41) 1':2( /"0"/%#($% . ;'01*
2 2

2 2

sign( ) ( )
( , )

sign( ) ( )

a c a c b a c
u u F

a c a c b a c
""   

# ( ( # (
# ! "  

# # ( # (
, arg( , )x y$ #I % % $ #I# & , (48)

arg( , ) ( , )u G$#I"  !$#I ! "  , arg( , ) ( , )U G$#I#&"  !$#I#& ! "  , (49)

&" ( , )G$#I "  , ( , )G$#I#& "  – ;.24A*=, -4* !%2%4(5$6 !*&/'!*&2'  ;.24A*8 ( , )ag x y , ( , )ag x y#& !2(#,*&'4 !%4'-
2(22-  (1*2%.

B!"&"22- /' 2()"22- (43)  !'&%$6 40(8'!.  (&(). (48), (49) &' !%+,-&., (2(,'+*)2'+' !%+,-&.  (&()* (19), (20).
F'1.  ,"1% 1 !%/,%!(? $!"0&:"22- #$'#'!2' *#2.!(22- $( ?&%2'#$* 0' !'- 4.  (&()* (48), (49) $( 2(-!2'#$* &,- 26'+'
(/0*'02'= 'A*24% (27) . /0'#$'0* (2 )

2, ( ( , ))kV K#
' $ #I $ #I# & . G"#4,(&2' /"0"4'2($%#6 . $'1., 3' 2( 12':%2* { }a cJ

(>' 2( 12':%2* { }a c)  (,":2*#$6 4'";*A*?2$( d , !% 2()"2'+'  ( &'/'1'+'5 ;'01.,% (43), !*& 4'";*A*?2$*! a , b ,
c , >.&" 2"/"0"0!2'5. B0(9'!.5)% $(4': $", 3'  (1*2( (46) ?  (1*2'5 /'!'0'$. 4''0&%2($ * 2"  1*25?  2()"22-
2'01 ;.24A*8 . (27), '$0%1.?1' $!"0&:"22- $"'0"1% !*&2'#2' (/0*'02'= 'A*24%.

8!%9!"# 2. G"9(8 /0(!* )(#$%2%  (&()* (40), (41)  (&'!',62-5$6 .1'!. (3), ( &,- 4'";*A*?2$*! a , b , c !%4'2(2(
.1'!( (42). G"9(8 !",%)%2( d !% 2()"2(  ( &'/'1'+'5 (43), ( !",%)%2% min& , max& –  ;'01., (32). G"9(8 /0% &"-

-4'1. 2($.0(,62'1. l , $(4'1., 3' max

max min
l &
%
& ( &

 
  

, #/0(!"&,%!* 2"0*!2'#$* (33).

F'&* &,- &'!*,62'+' [0,2 )$4 : . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & *#2.? ?&%2%8 0' !'- '4  (&()* (40), (41), &,- -4'+'

!%4'2(2( (/0*'02( 'A*24(
3

(2 ) ( ) 216 min max
2, , ( , ) 2, , ( , ) 2, , ( , )

min max

( , , , , , , )
min{| sin |,| sin |}

kk k
K K K

C a b c ku f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & & - .) #
- .;& ;&
/ 0

  
  

,

/0%)'1.  (,":2*#$6 16C >.&" 2"/"0"0!2'5 2( 12':%2* 4'";*A*?2$*! { }a cJ (>' 2( 12':%2* { }a c) .



~ 20 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

$%&!'!((). 7*#,- !%4'2(22- .  (&()* (40), (41)  (1*2% (46)  ( .1'!% (45) 1':"1' '$0%1($%  (&(). (48), (49). 7*#-
,- A6'+' $!"0&:"22- $"'0"1% ? 2(#,*&4'1 ,"1% 2.

8!%9!"# 3. G"9(8 /0(!* )(#$%2%  (&()* (40), (41)  (&'!',62-5$6 .1'!. (3), ( &,- 4'";*A*?2$*! a , b , c !%4'2(2(
.1'!( (42).

70%/.#$%1', 3' 4'";*A*?2$% a , b , c  1*255$6#- !  (142"2*8 '>1":"2*8 12':%2*, -4( ? /*&12':%2'5 12':%2%
{ }a cJ (>' { }a c) , /0% A6'1. !",%)%2( d , !% 2()"2(  ( &'/'1'+'5 (43), /0%81(?  2()"22-  /0'1*:4. 1 2[ , ]d d .
G"9(8 !",%)%2% min 1 2( , )d d& , max 1 2( , )d d& !% 2()"2*  ;'01., (36) *  (&'!',62-5$6 .1'!. (37) /0% &"-4'1. 2($.0(-

,62'1. l , $(4'1., 3' max 1 2

max 1 2 min 1 2

( , )
( , ) ( , )

d dl
d d d d
&

%
& ( &

 
  

.

F'&* &,- &'!*,62'+' [0, 2 )$4 : . /0'#$'0* (2 )
2, ( ( , ))kV K#
' $ $ # & *#2.? ?&%2%8 0' !'- '4  (&()* (40), (41), &,- -4'+'

!%4'2(2( (/0*'02( 'A*24(
3

(2 ) ( ) 217 1 2 min max
2, , ( , ) 2, , ( , ) 2, , ( , )

min max

( , , , , , )
min{| sin |,| sin |}

kk k
K K K

C k d du f g
* +#- .# / 0

' $ $#& ' $ $#& ' , $ $#&

* +' & & - .) #
- .;& ;&
/ 0

  
  

,

/0%)'1.  (,":2*#$6 17C >.&" 2"/"0"0!2'5 2( 12':%2* 4'";*A*?2$*! { }a cJ (>' 2( 12':%2* { }a c) .
$%&!'!((). 7*#,- !%4'2(22- .  (&()* (40), (41)  (1*2% (45)  ( .1'!% (47) 1':"1' '$0%1($%  (&(). (48), (49). 7*#-

,- A6'+' $!"0&:"22- $"'0"1% ? 2(#,*&4'1 ,"1% 3.
6. :03(%&40. M*2*82* ",*/$%)2*  (&()* ! '>,(#$-9  4.$'!%1% $( 4'2*)2%1% $')4(1% 2( 2%2*C2*8 1'1"2$ &'#%$6 &'-

>0" &'#,*&:"2*. D&2(4 *#$'$2'5 /"0"C4'&'5 . 0' /'!#5&:"22* 0" .,6$($*! #$'#'!2' 0' !'- 2'#$* ",*/$%)2%9  (&()
2( 2",*2*82*  (&()* ? !*&#.$2*#$6  0.)2%9 &,-  (#$'#.!(22- (/0*'02%9 'A*2'4 0' !'- 4*! A%9  (&(). J" .,6$($% &(2'=
0'>'$%, 9')( 8 '$0%1(2* &,- 2(8/0'#$*C'+' !%/(&4., &' !',-5$6 +'!'0%$% /0' 1':,%!*#$6 !#$(2'!,"22- $(4%9 'A*-
2'4, ( $(4': .$')255$6 &'!"&"2* *2C%1% &'#,*&2%4(1% (/0*'02* 'A*24% 0' !'- 4..

D$0%1(2* $!"0&:"22- &(5$6 /*&#$(!. +'!'0%$% /0' 1':,%!*#$6 0' /'!#5&:"22- '$0%1(2%9 0" .,6$($*! /0%2(8-
12* 2( !%/(&'4  (&()*  4.$'!'5 $')4'5 . /0'#$'0(9 0' 1*02'#$* >*,6C", 2*: 2. L*,4'1 1':,%!', 3' $"92*4( '$0%1(2-
2- /'&*>2%9 'A*2'4 .  (&()(9  4'2*)2'5 $')4'5 >.&" #.$$?!' !*&0* 2-$%#6 !*& 2(!"&"2'= . &(2*8 0'>'$*.

1.  !"#"$%&  .!.  !"#$%! &'()#(*%! #+!*,) (!-!*). ,$&/)0)*!1*#1 /&2&3) 4)()50! $ #60&"7) " ,#*)3!",#1 7#3,#1 // 8(92% :;<< =>= ?,(&)*%. –
1998. – 8.2. – @. 55-63. 2. "#$%&'()# *.+. >'(A#(*& #+A*,& (#/$'./,9 0A*A1*#B !0A'7)3*#B ,(&1#$#B /&2&3A $ #60&"7A / ,#*A3*#C 7#3,#C //  A"*. D)B$. 9*-79. <&-
7!E&7),&. <!5&*A,&. – 2005. –  )'. 13 – 14. – @. 25 – 29. 3. "#(,-%./'$ +.0. D(&!$%! /&2&3) 20. F00)'7)3!",)5 9(&$*!*)1 $ #60&"7.5 " ,#*)3!",)E) )
9G0#$%E) 7#3,&E) // 8(92% <#",. E&7. #-$&. -1967. – 8. 16. – ". 209 – 292. 4. !%1/2 +.3. H+!*,) pL – "(!2*)5 ) &")E'7#7),& (!-!*)1 F00)'7)3!",)5 ,(&!-
$%5 /&2&3 $ ,#*9"!. II. H'!(&7#(% " '!(!E!**%E) ,#FII)+)!*7&E) // Mathematische. Nachrichten. – 1988. – Bd 137. – S. 113 – 139. 5. !%1/2 +.3., 4&%5'-
('$6)78 9.0. H6 &")E'7#7),! I9*2&E!*7&0J*%5 (!-!*)1 F00)'7)3!",)5 ,(&!$%5 /&2&3 $ #60&"7.5 " ,#*)3!",)E) 7#3,&E) // ;(#60!E% E&7!E. &*&0)/&.
– 1979. –  %'. 7. – ". 100 – 145. 6. :;<%'$ +.+. D /&2&3! 4)()50! 20. #60&"7!1 " 9G0&E) // 4>=. – 1960. – 8. 131, K 1. – ". 37 – 39.

 !" #$%&! "' ()"*'&)+ # , 1 6 . 0 3 . 0 9

-./ 517.943
0. 1!234)5*', *!5".6#7.-2!8.5!3*, "'9.

E-mail: psamusenko@ukr.net

 !"#$%&%"'() *(%)+,-. ((/ !"(+-0/,(& 12-,)("3 !"!%)#
4"5),)(6* 07("3 ,*.(/(7 *1 1 $*1()((/#  ,+-#)(%-

* .",&48)((/# - %&'6*

 !"#"$% &"#'(")*+" *,-.&$"$-/+-0 !"1)'21"3 ",+")+"4 &"/*$3")"4 1*(*/% (52 ,-+6'52!+" 1#'!7+"4 ,-,$7.- (-87!7+-
9%*5:+-; !%)+2+: %1 1*&%1+7++2. *!6'.7+$' % )-!"(<7++2. ' $"/9%.

The asymptotic solution of the initial-value problem for the singularly perturbed systems of the delay differential equations with
degeneration in a point is constructed in work.
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