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The problem of optimal estimation of linear functional depending on unknown values of periodically correlated stochastic
sequence from observations of the sequence and noise is considered. Formulas for calculation of mean square error and
spectral characteristic of optimal estimate of the functional are proposed in the case when spectral densities are exactly known.
The least favorable spectral density and minimax spectral characteristic of optimal estimate of the functional are found for the
given class of admissible spectral densities.
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0,1,..., 1,k T= − 0n < . E646:4- !=64;- Âζ <&4;=6!4-,- Aζ +- 0-4#.# $5!$%*"*3*4) ( ) ( )n nζ + θ 5"# 0n < 2#+4-(--

>%)$7 $5*;%"-,)4!' 9-"-;%*"#$%#;!' 2( ) ( )ih e L f gλ −∈ + . F5*;%"-,)4- 9-"-;%*"#$%#;- ( , )h f g !5%#.-,)4!G ,646:4!G
!=64;# Aζ .646.6+&> +4-(*447 $*"*04)!;2-0"-%#(4!G 5!9#@;#

2

2

ˆ( )
ˆmin ( ; , ) min ( ( , ); , ) ( , ).

Ah L f g
h f g M A A h f g f g f g

− ζ∈ +
∆ = ζ − ζ = ∆ = ∆

A-$%!$&2-21# ;,-$#(4#: .*%!0 H. I.  !,.!B!"!2-, 2$%-4!2,'>.! $5"-2*0,#26$%) 4-$%&54!G %*!"*.#.
 !"#!$% 1.  !"#$%&'(% &)()*(% +,)(-% ./(-,)+(%&% Aζ 0% 1!+1"23242((5$# ( ) ( )n nζ + θ !3# 0n < +67#1&8-

9"'15 0% .+3$/&+8
1
0

ˆ ( , ) ( ) ( , ) ( ),T T
kk kA h f g Z d h f g Z dπ πξ+η ξ+η−

=−π −πζ = λ = λ$% %
 

:2 ( )nξ
 

, ( )nη – ;2-"+3() 1"%,)+(%3() !+1&):+;(+1"), 5-) !+3+:4/8"' ( )nζ , ( )nθ , ;):!+;):(+. <!2-"3%&'(% =%3%--

"23#1"#-% ( , )h f g "% 1232:('+-;%:3%"#7(% !+=#6-% ( , )f g∆ "%-+> +,)(-# ;#0(%7%8"'15 .+3$/&%$#



~ 24 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

( )1 1 1( , ) ( ) ( ) ( ) ( ) ( ) [ ( ) ( )] ( ),T T i T ih f g A e V T f T T C e V T f T g T V Tλ − λ − −= λ λ − ⋅ λ λ + λ λ (5)

( , ) , , ,f g a Ra c Bc∆ = +    

0( ) ( ) ,i i j
jA e a j eλ λ∞
== $

 2 /( ) ( ) ,ijq T
qa j a j e π= 0,1,..., 1,q T= − 0( ) ( ) ,i i n

nC e c n eλ λ∞
== $

 1 ,c B Da−=  
0{ ( )} ,kc c k ∞

==  

2&2$2("# T T× 6&+--$%"3#,' , 0{ ( , )} ,m jB B m j ∞
== , 0{ ( , )} ,m jD D m j ∞

== , 0{ ( , )}m jR R m j ∞
== :+3);(88"'

1 ( )( , ) ( ) ( ( ) ( )) ( ) ,
2

TT i j mTB m j V T f T g T V T e dπ − λ −
−π

& '= λ λ + λ λ λ( )π %

1 ( )1( , ) ( ) ( )( ( ) ( )) ( ) ,
2

TT i j mD m j V T f T f T g T V T e dπ − λ −
−π

& '= λ λ λ + λ λ λ( )π %

1 ( )1( , ) ( ) ( )( ( ) ( )) ( ) ( ) , , 0.
2

TT i j mR m j V T f T f T g T g T V T e d m j
T

π − λ −
−π

& '= λ λ λ + λ λ λ λ ≥( )⋅ π %

?% .+3$/&+8 (2) ;):(+;&89"'15 $%"3#,5 1!2-"3%&'(+> @)&'(+1") T -6&+-+;+> 1"%,)+(%3(+> !+1&):+;(+1") ( )nζ
 

.

8*9-: 5!$,60!246$%) { } 1
0( ) ( ) ,T

k kn n −
=ξ = ξ

 
?! 5!"!03&> ( )nζ , 0!5&$;-> ;-4!46(4#: "!+;,-0 "&9!.!B! $*"*04)!B!

( ) ( ) ( ),n
un d n u u=−∞ξ = − ε$

  0, 1
0, 1

( ) { ( )} ,l m
jl j T

d k d k = −
= −

= 1
0( ) { ( )}m

l lu u −
=ε = ε 

– 2*;%!"4- $%-=6!4-"4- 5!$,60!246$%) + 4*;!"*-

,)!2-- 4#.# +4-(*447.#. J!06 .-%"#=7 $5*;%"-,)4!G ?6,)4!$%6 T -2#.6"4!G $%-=6!4-"4!G 5!$,60!24!$%6 ( )nζ
 

0!5&$-
;-> ;-4!46(4& <-;%!"#+-=6'

1
0

1 ( ) ( ) ( ) ( ) *( ), ( ) ( ) .i k
kV T f T V T d k e

T
− − λ∞

=⋅ λ λ λ = ϕ λ ϕ λ ϕ λ = $ (6)

 !"#!$% 2.  !"#$%&'(% &)()*(% +,)(-% ./(-,)+(%&% Aζ 0% 1!+1"23242((5$# ( )nζ !3# 0n < , 620 A/$/ ( )nθ ,
+67#1&89"'15 0B):(+ .+3$/&#

1
0

ˆ ( ) ( ) ( ) ( ),T T
kk kA h f Z d h f Z dπ πξ ξ−

=−π −πζ = λ = λ$% %
 

(7)

:2 ( )nξ
 

– ;2-"+3(% 1"%,)+(%3(% !+1&):+;()1"', 5-% !+3+:4/9 ( )nζ . <232:('+-;%:3%"#7(% !+=#6-% ( )f∆ "% 1!2-

-"3%&'(% =%3%-"23#1"#-% ( )h f +,)(-# Âζ ;#0(%7%8"'15 .+3$/&%$#
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0
2( , )( ) ( ),D f g Dh H L f g−

∈λ ∈ = + 0

( , ) ( , )
min max ( ; , ) max ( ; , ).

Dh H f g D f g D
h f g h f g

∈ ∈ ∈
∆ = ∆
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'%()%*# 4.  !"#$%&'()* +*'(),-$* 0 ( ),f λ 0 ( )g λ )&./")0 -!%12$'13* 3 D 4'2 ,!$1/&'(),5 "#-$%&!,'26*5

78)#6*,)&'& Aζ , 2#+, #,"7*6*9)$1 :8%'9 /&$%1;)1< 78)#6*. 0 0 1( ) ( ( ) ( )) ( )
TTV T f T g T V T− !λ λ + λ λ" # ,

0 0 0 1( ) ( )( ( ) ( )) ( )
TTV T f T f T g T V T− !λ λ λ + λ λ" # , 0 0 0 1 0( ) ( )( ( ) ( )) ( ) ( )

TTV T f T f T g T g T V T− !λ λ λ + λ λ λ" # =&4&>$( ,!"-

%&$,%1 0 0 0, ,B D R , 2#* 31=)&;&>$( %,=3'2=,# "#-$%"/&'(),5 =&4&;*
1 0 0 1 0 0

( , )
max , , , ( ) , .
f g D

Ra a B Da Da R a a B D a D a− −

∈
+ = +! ! ! ! ! ! ! !

?*)*/&#-)& -!"#$%&'()& <&%&#$"%1-$1#& 0 0 0( , )h h f g= ,@;1-'>9$(-2 =A*4), 7,%/8'1 (5) =& 8/,31, +,
0 0( , ) Dh f g H∈ .

B(6?);20*( 6$%$7' *.2.*$&/2(?( (-.2:!$22; A'2&-.(2$).! Aζ +$ NA ζ ' &)$/. (6) /#0&+,$)12"3 4.)12(/+05, 4(
%(#'/&$:+1 A$&+(,"6$-.:

( )1
0

1( ) ( ) ( ) ( ) ,
2

D f Tr V T f T V T d p
T

π −
−π

$ %= λ λ λ λ λ =& '⋅ π( )
* p – 6$%$20 7"/)(.

C$ %(#(*(?(: *0+(%' 20!"62$702"3 *2(82"&.! D$?,$28$ !"!(%"*( /"/+0*" ,.!2;21
2

0 0 ( ) ( ) ( ) ( ),T
m k a j m a k m d k d j∞ ∞

= = + + = α+ +
! ! 0,j ≥ (12)

2
0 0 ( ) ( ) ( ) ( ),TN r N s

s l a r s a l s d l d r− −
= = + + = α+ +

! ! 0,..., ,r N= (13)

%0 2α – 20!.%(*. *2(82"&" D$?,$28$. E6 (>*08021, 4( 2$&)$%$:+1/; 2$ 4.)12(/+. .6 &)$/' 0D , (+,"*'<*( '*(!"
22 2 1 1

0 0 0 0( ) ( ) ,T m
knl l k nd d l d l p∞ ∞ − −

= = = == = =+ + + + (14)
22 2 1 1

0 0 0 0( ) ( ) .N N T m
knl l k nd d l d l p− −

= = = == = =+ + + + (15)

'%()%*# 5. B#+, *-)89 !,-'*4,3)*-$( /&$%16( 0 0{ ( ), 0}d d k k= ≥ , +, =&4,3,'()29 -1-$"/1 %*3)2)( (12) $&
8/,38 (14), $,

( )*0 0 / 0 /
0 0( ) ( )( ( ) ) ( )( ( ) )i k T i k T

k kf TV d k e TV d k e− λ − λ∞ ∞
= =λ = λ λ+ +

9 )&./")0 -!%12$'13,> +*'()*-$> 3 #'&-* 0D 4'2 ,!$1/&'(),5 "#-$%&!,'26*5 Aζ . :8)#6*2 0( )h f , 2#& ,@;1-'>-
9$(-2 =A*4), 7,%/8'1 (9), 9 /*)*/&#-),> -!"#$%&'(),> <&%&#$"%1-$1#,> ,!$1/&'(),5 ,6*)#1 78)#6*,)&'& Aζ .

C&.@*'(0" =)&;"))2 -"%"4)(,#3&4%&$1;),5 !,<1@#1 =A*4), 7,%/8'1 (8) 4,%*3)>9 0 2( )f p∆ = α .

'%()%*# 6. B#+, *-)89 !,-'*4,3)*-$( /&$%16( 0 0{ ( ),0 }Nd d k k N= ≤ ≤ , +, =&4,3,'()29 -1-$"/1 %*3)2)( (13)
$& 8/,38 (15), $,

( )*0 0 / 0 /
0 0( ) ( )( ( ) ) ( )( ( ) )i k T i k TN N

k kf TV d k e TV d k e− λ − λ
= =λ = λ λ+ + (16)

9 )&./")0 -!%12$'13,> +*'()*-$> 3 #'&-* 0D 4'2 ,!$1/&'(),5 "#-$%&!,'26*5 NA ζ . :8)#6*2 0( )Nh f , 2#& ,@-
;1-'>9$(-2 =A*4), 7,%/8'1 (11), 9 /*)*/&#-),> -!"#$%&'(),> <&%&#$"%1-$1#,> ,!$1/&'(),5 ,6*)#1 78)#6*,)&'&

NA ζ . C&.@*'(0" =)&;"))2 -"%"4)(,#3&4%&$1;),5 !,<1@#1 =A*4), 7,%/8'1 (10) 4,%*3)>9 0 2( )N f p∆ = α .

+),-.#/. B(6?);20*( #0,.(%"72( &(,0)1(!$2' #(/).%(!2./+1 ( ),nζ ,n ∈ Ζ 6 #0,.(%(* 2T = . F03$5 &)$/ %(#'/-

+"*"3 /#0&+,$)12"3 4.)12(/+05 0D 6$%$2( 7"/)(* 4p = . G-.2"*( ).2.52"5 A'2&-.(2$) 1 (0) (0) (1) (1)A a aζ = ζ + ζ
#," (0) (1) 1a a= = .

B(6!';6&$*" /"/+0* (13) 6$ '*(!" (15) ' !"#$%&' *.2.*$)12(?( ,$2?' 1m = <

0 01 1/ 17 1 1/ 17
(0) , (1)

1 1/ 17 1 1/ 17
d d

, - , -− − +. / . /= =
. / . /− +0 1 0 1

+$ 2 (3 17) / 2α = + .

H(%. 2$5*029 /#,";+)"!$ /#0&+,$)12$ 4.)12./+1 2-!"*.,2(= /+$-.(2$,2(= #(/).%(!2(/+. ( )nζ
!

, (>7"/)02$ 6?.%2(
A(,*')" (16), %(,.!2:<

0 17 1 44( )
17 4 17 1

f
, -− −

λ = ⋅. /. /− +0 1
,

2$5>.)190 62$7022; /0,0%21(&!$%,$+"72(= #(3">&" /+$2(!"+1 2 2(3 17)pα = + . G#+"*$)12$ ).2.52$ (-.2&$ A'2&-.-

(2$)$ 1A ζ *$< !"?);% 1
ˆ (0) (1) ( 1) 0.TA a dζ = ε − =!!
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5.  !"#$%&!
 !"#""$ %"&'(#)% *%&(+,' -,. %/0'!,1)). !1&1-)2%34#-&#"'0)%5 6%7'/3' "# !613"&#,2)%5 7#&#3"1&'!"'3' %6-

"'(#,2)%5 ,$)$8)%5 %9$)3' *+)39$%)#,+ Aζ 4$- )14$-%('7 :)#01)2 61&$%-'0)% 3%&1,2%4#)%5 6%!,$-%4)%!"$ :# !6%!"1-
&1;1)).(', .3$ :#/&+-)1)$ <+(%(. =#-#0# &%:4'.:#)# -,. -4%7 4'6#-3$4: (#"&'9$ !613"&#,2)'7 >$,2)%!"18 6%!,$-%-
4)%!"$ "# <+(+ – 4$-%($, "# (#"&'9$ !613"&#,2)'7 >$,2)%!"18 "%0)% )14$-%($, #,1 :#-#)# ()%;')# -%6+!"'('7 !613-
"&#,2)'7 >$,2)%!"18.
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 !"#$%&' '(!#$%)*&+ , -."./&*'0,%/"%!#1&'$2 -.&-+ )+&+3&+ '4+&0# 5&%1.&&6 -!%4+'&%"&'7' ,#(%/0','7' ("'4.-2
!% +&!.7"%)*&'7' 82&04+'&%)% ,+/ 5&%1.&* 5% -('-!.".9.&&6$# -!%4+'&%"&'7' ,#(%/0','7' ("'4.-2 5 :2$'$ 2
/#-0".!&+ $'$.&!# 1%-2.

We propose the mean-square optimal linear estimate of values of stationary stochastic process and integral functional from
values based on the sample of stationary stochastic process with noise at discrete moments of time.

1.  "97:
=#-#0# %9$)I4#)). !"#9$%)#&)'7 + <'&%3%(+ !1)!$ 4'6#-3%4'7 6&%91!$4 461&<1 6%!"#4,1)# "# -%!,$-;1)# +

6&#9.7 C. J$)1&# "# B. H. K%,(%L%&%4# 4 61&<$8 6%,%4')$ (')+,%L% !"%,$"".. ?!)%4)$ &1:+,2"#"' "1%&$5 6&%L)%:+4#)-
). !"%!+I"2!. 6&%91!$4 : )161&1&4)'( #/% -'!3&1")'( 0#!%(. F#3$ 6&%91!' (#I"2 <'&%31 :#!"%!+4#)). + 6&%('!-
,%4%!"$, 13%)%(1"&'9$, &#-$%*$:'9$. M&%"1 0#!"% )# 6&#3"'9$ %"&'(#"' !6%!"1&1;1)). -1.3%L% 6&%91!+ (%;,'4% ,'-
<1 01&1: 41,'3$ 6&%($;3' 0#!+, )#"%($!"2 )1%/7$-)% :)#7%-'"' %6"'(#,2)$ 6&%L)%:' + -%4$-,2)$ (%(1)"' 0#!+.

 -#)$8 !"#""$ &%:4'.:#)% :#-#0+ :)#7%-;1)). %6"'(#,2)%L% 4 !1&1-)2%34#-&#"'0)%(+ !1)!$ ,$)$8)%L% 6&%L)%:+
:)#01)). !"#9$%)#&)%L% 4 <'&%3%(+ !1)!$ 4'6#-3%4%L% 6&%91!+, # "#3%; ,$)$8)%L% *+)39$%)#,+ 4$- )2%L%, :# !6%!"1-
&1;1)).(' : <+(%( 01&1: -'!3&1")$ 6&%($;3' 0#!+.

2. ;.$0#$8 8#(</##= :.$>/"7 8( ":$"9/./?/##=@! 8 ,7@$@
E%:L,.)1(% )1:#,1;)$ !"#9$%)#&)$ 4 <'&%3%(+ !1)!$ 4'6#-3%4$ 6&%91!' { : }tX t∈ "# { : }tY t∈ : !1&1-)$(' 0

"# 3%4#&$#9$8)'(' *+)39$.(' ( )XR t , ( )YR t , .3$ -%6+!3#"2 !613"&#,2)$ &%:3,#-'

( ) = ( ) = ( ) , ( ) = ( ) = ( )i t i t i t i t
X YR t e F d e f d R t e G d e g dλ λ λ λλ λ λ λ λ λ    

    
.

M&'6+!"'(%, >% 4$-%($ :)#01)). 6&%91!+ { : }t tX Y t+ ∈ 4 "%03#7 = 1, 2,t − −  , :# .3'(' )1%/7$-)% 6%/+-+4#"'

%6"'(#,2)'8 4 !1&1-)2%34#-&#"'0)%(+ !1)!$ ,$)$8)'8 6&%L)%: :)#01)). tX , > 0t .

D613"&#,2)+ >$,2)$!"2 6%!,$-%4)%!"$ { : }nX n∈! (%;)# %"&'(#"' )#!"+6)'( 0')%(
2

= = =2
( ) = ( ) = ( ) ( 2 ) = ( 2 ) = ( )

k
i n i n i n i n i n

k k kk
R n e f d e f d e f k d e f k d e f d

π+ π π π π+∞ +∞ +∞λ λ µ µ µ

−∞ −∞ −∞−π+ π −π −π −π
λ λ λ λ = µ + π µ µ + π µ µ µ! ! !     !

 
,

"%/"% ( ) = ( 2 )
k

f f k
∈

µ µ + π!!
!

, -1 ( , ]µ ∈ −π π , – !613"&#,2)# >$,2)$!"2 4'6#-3%4%5 6%!,$-%4)%!"$ { : }nX n∈! .

J'6#-3%4$ 6&%91!' { }tX , { }tY -%6+!3#I"2 !613"&#,2)$ &%:3,#-' = ( ), = ( )i t i t
t X t YX e Z d Y e Z dλ λλ λ  

  
. F%(+

<+3#)'8 6&%L)%: (%;)# 6%-#"' + 4'L,.-$ ˆ ˆ= ( )( )( ).t t X YX Z Z dϕ λ + λ 
 

C17#8 2( ) = ( )H X Y L X Y−
− + + – :#(3)+"'8 4 !1&1-)2%34#-&#"'0)%(+ !1)!$ ,$)$8)'8 6$-6&%!"$&, 6%&%-;1)'8

2 2 1 1= ( , , )X X Y X Y−
− − − −+ + , # 2( ) = ( )H F G L F G−

− + + – :#(3)1)'8 4 !1&1-)2%34#-&#"'0)%(+ !1)!$ ,$)$8)'8

6$-6&%!"$&, 6%&%-;1)'8 1,1(1)"#(' 2( , , )ie e− λ − λ .

F&1/# ($)$($:+4#"' 41,'0')+ 2| |t tX X−E ! , ( )tX H X Y−∈ +! . ?!3$,23' ( )H X Y+ – L$,2/1&"$4 6&%!"$& [2], "%

-#)'8 ($)$(+( -%!.L#N"2!. )# 1,1(1)"$ ˆ
tX , .3'8 :#-%4%,2).N )#!"+6)$ +(%4':

1) ˆ ( )tX H X Y−∈ + ;

2) ˆ( ) ( )t tX X H X Y−− ⊥ + .
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