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-7%0 +7. 5$4$*3&: +7.&-": $24&1"*-7+ !&/0)0 %&1-$23%&4& 5$6"#0 +7% +")&1"#*&+0A %' 5723/' %7= O(n3) &!'1$97, 0 +#7:
+"!$.)$:, $ %' + #'1'.%3&-0.

Effective technique of finding normal basis in field Fq over field Fp is given. Complexity of the technique is about O(n3) if
elementary operations are arithmetic operations in field Fq. The technique is determine that distinct it from many well known
algorithms of finding the normal basis. The technique uses no more O(n3) operations in any case.

1. 1,)&0
 !"#$%&'() *$+(, - +"./'(# 0%1 !*/(,%2'&, '$3"(4%$0, 0%1 +'$5!062''1 ,%70. 2%2#2'8$, "!+9'1+$''1 49$0"$8-

'(5 "79'1'& '$0 ,47'/2''(# 3!%2#, 8!:!. ;32"$<71 370'2,2''1 0! 49$0"$8. . 3!%7 2nF - %(=2 <(4%7/'(# +,.9!# 4!-

!"0('$8 . '!"#$%&'!#. *$+(,7 '$0 2F [5].  $ !32"$<7> 370'2,2''1 0! 49$0"$8. *$+.?8&,1 02147 !*/(,%2''1 9 @".37
8!/!4 2%738(/'!> 4"(9!> '$0 ,47'/2''(# 3!%2#, :! #!62 *.8( 9(4!"(,8$'! 9 $%@!"(8#7 <(A"!9!@! 3703(,. '$ 2%738(-
/'7) 4"(97) '$0 3!%2# 2nF [6].

B 0$'() /$, !0'7-? + 9$6%(9(5 +$0$/ 4"(38!$'$%7+. - "!+"!*4$ 2A248(9'(5 $%@!"(8#79 3!*.0!9( '!"#$%&'!@! *$+(,.,
14$ 3"!9!0(8&,1 +$ 0!3!#!@!? )#!97"'7,'(5 7 0282"#7'!9$'(5 #28!079.  $)4"$:() + )#!97"'7,'(5 #28!079 [1] 3!*.0!9(

'!"#$%&'!@! *$+(,. #$- ,4%$0'7,8& ( )3 2 2O n n log p+ . B [12] 0$'! 0282"#7'!9$'() $%@!"(8#, ,4%$0'7,8& 14!@! ,4%$0$-

( )4O n p . C2"20 0282"#7'!9$'(5 $%@!"(8#79 '$)4"$:(#( - $%@!"(8#( D&!',8"( 7 D.'*2"@$ [13], ,4%$0'7,8& 14(5 ,8$'!-

9(8& ( )4 2 2 3log logO n p n p+ . ;,8$''1 !<7'4$ !8"(#$'$ +$ .#!9( '$19'!,87 '2+970'!@! 3!%7'!#$ #$%!> 9$@( '$0 ,47'/2'-

'(# 3!%2#, '$19'7,8& 14!@! 9 8$*%(<7 '2+970'(5 3!%7'!#79 '2 @$"$'8!9$'$, $ +$0$/$ )!@! +'$5!062''1 - ,4%$0'!?. B 0$'7)
,8$887 +$3"!3!'!9$'! '!9() #28!0 3!*.0!9( '!"#$%&'!@! *$+(,. 9 qF , 02 nq p= .E28!0 F".'8.-8&,1 '$ 82!"7> G-#$8"(<&

7 '!"#$%&'!> A!"#( H"!*2'7.,$, )!@! ,4%$0'7,8& 0%1 0!97%&'!@! ,47'/2''!@! 3!%1 - ( )3 2logO n q .

2. 234(56447 8 *,4*+48 '63&9-)().
I$+(, ( )1, ..., nf f '$+(9$-8&,1 '!"#$%&'(#, 14:! 1

p
i if f −= 0%1 9,75 i = 2,...,n . ;,47%&4( 2%2#2'8( 3!%1 qF 3!-

0$?8&,1 . 9(@%107 9248!"79 '$0 pF , 8! 3"( 3!*.0!97 '!"#$%&'!@! *$+(,. ,3!/$84. *.0.-8&,1 !32"$8!" A 370'2,2''1

0! ,8232'1 9 +9(/$)'!#. *$+(,7, $ 3!87# +'$5!0(8&,1 *$+(,, 9 14!#. <2) !32"$8!" - 3!07*'(# 0! !32"$8!"$ B <(4-
%7/'!@! +,.9..

J70!#! [1], :! ,4%$0'7,8& 3!*.0!9( 3!%7'!#7$%&'!@! *$+(,. 0%1 qF #2'=$ +$ 3n . K%1 3!*.0!9( 3!%7'!#7$%&'!@!

*$+(,. 8"2*$ +'$)8( 5!/$ * !0(' 4!"7'& '2+970'!@! 3!%7'!#$ 7 ,3"162'7 9 qF 0! '&!@! 4!"2'7. B 9(3$04. 3!=.4. 3"(-

#78(9'!@! '!"#$%&'!@! *$+(,. 8"2*$ $*( 1f *.9 3"(#78(9'(# 2%2#2'8!#. C4%$0'7,8& 3!=.4. 3"(#78(9'!@! 2%2#2'-

8$ 9 ,qF 14 9,8$'!9(9 L"02= [10], 3!9'1+$'$ + 32"2*!"!# ( )17lnO p p 2%2#2'879. M4 +$+'$/2'! . [10], +@!0!# <1

!<7'4$ *.%$ 3!4"$:2'$ J$' N$'2# 0!
1

4O p +ε !
" #
$ %

!32"$<7). O"( 32"2*!"7 ( )1 1nn p− ϕ − + , 02 ( )mϕ –A.'4<71 L)%2-

"$ [2], 2%2#2'879 + qF ,2"20 '(5 !*!9'1+4!9! #!6'$ +'$)8( 3"(#78(9'(). O2"297"4$ 3"(#78(9'!,87 [14] 0!97%&'!@!

2%2#2'8$ qFθ ∈ + 9(4!"(,8$''1# $%@!"(8#. A$48!"(+$<7> #!62 *.8( 9(4!'$'$ +$ ( ) , 0O pε ε > , !32"$<7), 8!#.

,4%$0'7,8& 8$4!> 32"297"4( #2'=$ +$ ( )3O n . E7'7#$%&'() 3!%7'!# ( )xµ 0%1 2%2#2'8$ qFθ ∈ +@70'! #28!0. I2"%7-

42#3$-E2,7 [1] 9(+'$/$-8&,1 +$ ( ) ( )2
2O n M log p !32"$<7).

C4%$0'7,8& [1, ,. 170] $%@!"(8#. +9202''1 +$ #!0.%2# '2+970'!@! 3!%7'!#$ 8$4$ 6, 14 7 ,4%$0'7,8& $%@!"(8#.
#'!62''1 <(5 3!%7'!#79, :! +$ #28!0!# P$"$<.*( ,8$'!9(8& ( ) log3M n  n≤ , 02  – 0214$ ,8$%$. ;3(=2#! ,3!/$-

84. 3!*.0!9. !32"$8!"$ A 370'2,2''1 0! ,8232'1 9 qF .  25$) θ – +'$)02'() 9(:2 3"(#78(9'() 2%2#2'8. O70'2,2-

#! 2%2#2'8 θ 0! ,8232'1 p , 9(4!"(,8!9.?/( *7'$"'() $%@!"(8# 370'2,2''1 0! ,8232'1 +7 ,4$'.9$''1# ,8232'1

+%79$ '$3"$9!.  $ <2 )02, [ ] ( )2log p p+ ν #'!62'&, 02 [ ]x − <7%$ /$,8('$ /(,%$ x , ( )pν – 47%&47,8& !0('(<& . +$3(-

,7 /(,%$ p . Q$4(# /('!# #$-#! !<7'4. ( ) [ ] ( )2
2O n log p p+ + ν 0%1 !*/(,%2''1 2%2#2'8$ pθ .
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K%1 32"297"4( 3"(#78(9'!,87 0!97%&'!@! 2%2#2'8$ θ + 3!%1 qF 0!,8$8'&! 32"297"(8( /( '2 - )!@! 3!"10!4 !0'(#

+ 3!"10479 370@".3 #.%&8(3%74$8(9'!> @".3( 3!%1 qF . O!+'$/(#! #7'7#$%&'() + 8$4(5 3!"10479 0m , $ ( ) 01 /ny p m= − .

Q!#. ,4%$0'7,8& 3!=.4. 3"(#78(9'!@! 2%2#2'8$ θ #!6'$ !<7'(8( 14

( )( ) [ ] ( )( ) ( )( )2 2 2 01 1 log 1 logn nn p log y y p m− ϕ − + + ν − .

K$%7 +'$5!0(#! 2 p p pθ = θ θ ,..., ( )1n p−θ . O"( <&!#. 3"( kp n< '$ ( )1kp + -!#. #7,<7 9 9248!"'!#. +$3(,7 2%2#2'-

8$ kp
qFθ ∈ 3!%1 qF *.02 ,8!18( 1, $ '$ 7'=(5 #7,<15 – '.%&.

B 9(3$04. kq n≥ 3"( !*/(,%2''7 2%2#2'8$ ,kp k nθ < , 9(4!'.-#! >5 +9202''1 +$ #!0.%2# '2+970'!@! 3!%7'!#$

( )xµ '$0 3!%2# pF , $ 3!87# +'$5!0(#! +!*"$62''1 <(5 2%2#2'879 . 9(@%107 9248!"79 '$0 pF . P7%&47,8& ,8!93<79

!8"(#$'(5 2%2#2'879 0!"79'?- n 7 ,3793$0$- + 47%&47,8? 2%2#2'879 '!"#$%&'!@! *$+(,.. Q$4(# /('!# !8"(#$'7 924-
8!"( 9(+'$/$?8& 0214. #$8"(<? [ ]M GL n∈ , 14$ +$0$- !32"$8!" A . ;862, +$@$%&'() /$, +'$5!062''1 !32"$8!"$
A 370'2,2''1 0! ,8232'1 . 0!97%&'!#. *$+(,7 ,8$'!9(8&

( ) ( ) [ ] ( ) ( ) ( )17
2ln 1T O p p O p log p p np n M nε= + + + ν + − + , 02 nq p= .

O!4$62#!, :! #'!@!/%2' 1nx − - #7'7#$%&'(# #'!@!/%2'!# 0%1 !32"$8!"$ A . ;,47%&4(, 0%1 4!6'!@!

qf F∈ #$-#!
nn qA f f f= = , 8! nA - 8!8!6'(# !32"$8!"!#, 8!*8! nA I= . K!*"2 970!#! [8], :! !32"$8!"

A pf f= , 02 qf F∈ , - %7'7)'(# '$0 3!%2# qF . K!9202#!, :! n – #7'7#$%&'$ ,8237'&. K%1 0!97%&'!@! #'!@!/%2'$

( ) 1 0... ,m
mP x a x a x a= + + + 02 m n< , ,3"$920%(92 970'!=2''1 (A) ( )P f Q f= , 02 1 0( ) ...

mp p
mQ f a f a f a f= + + +

– 2%2#2'8 3!%1 qF , ( )deg P f '2 9(:2, '76 -1nq . Q!#. 3!%7'!# ( )P x #$- '2 *7%&=2, '76 -1np 4!"2'79. R2 !+'$/$-, :!

7,'.- 8$4() 2%2#2'8 ( )qf V F∈ , 02 dimV n= , :! 0P(A)f = Q(f) ≠ , +9704( ( ) 0P A ≠ , :! ,.32"2/(8& !+'$/2''? #7'7#$-

%&'!@! 3!%7'!#$ [8], 8!*8! ( )P x '2 #7'7#$%&'(). Q!#. 1nx − - #7'7#$%&'(# 3!%7'!#!# !32"$8!"$ A '$0 3!%2# qF .

;32"$8!" A 3!*.0!9$'! +$ #$8"(<2? M , 14$ - 3"!,8!? [4], *! >> #7'7#$%&'() 3!%7'!# ,3793$0$- + 5$"$482"(,8(/'(#.
 6%$>'%%;. R(4%7/'(# 9248!"!# '$+(9$-8&,1 8$4() 9248!" c ,  ! "#$%!&' c , 1,..., nAc A c−  

( )*+*,+! +#-.)#/+'-
0', %!1%! 2%"!&33%4 1.-'5 6&!5%!&2 V . 78#"'9+!,  ! %.$', "#$%!& *5+2( %!9* , %*)4$' %!9*, $!)' !6#&.%!& A ( 6&!-
5%'0 [4].
:); $!/+!<! "#$%!&. c )*+*,+. !1!)!+$. L 5'5%#0' "#$%!&*" c , 1,..., nAc A c−  

( *+".&*.+%+'0 6*96&!5%!&!0, ;$',
+.-'".(%45; ='$)*8+'0 6*96&!5%!&!0,  ! 6!&!9/#+', "#$%!&!0 c . 78#"'9+!,  ! ='$)i8+', "#$%!& 2 "'6.9$2 6&!5-
%!<! !6#&.%!&. *5+2(, 1! - $&'%#&*3 ='$)'8+!5%* 6&!5%!&2 5)*92(,  ! %.$', "#$%!& *5+2( %!9* , %*)4$' %!9*, $!)' !6#-
&.%!& A 6&!5%',. >'0 9!=*)4+! 5$!&'5%.%'5; 6&' 6!129!"* +!&0.)4+!<! 1.-'52 6!);. ?%26*+8.5%!3 0.%&'=#3 +.-
-'".(%45; $".9&.%+. 0.%&'=; N , +. 9*.<!+.)* ;$!@ 0*5%;%45; $".9&.%+* 1)!$' iiD (2 9.+!02 "'6.9$2 iiD ( $)*%'+.0'

A&!1#+*25.), . ijD 6&' i j> ( +2)4!"'0', %!1%!
11 12 13

22 23

33

0
0 0

D B B
D BN

D

 !
" #= " #
" #
$ %

.

B+2);%!&!0 "#$%!&. u +.-'".(%45; .+2)338', ,!<! 0.%&'8+', 6!)*+!0 0*+*0.)4+!@ 5%#6#+*. C*+ 6!-+.8.(%45;
( )MAnn u . B+2);%!&!0 6&!5%!&2 U +.-'".(%45; .+2)338', ,!<! 0.%&'8+', 6!)*+!0 0*+*0.)4+!@ 5%#6#+*. C*+ 6!--

+.8.(%45; ( )MAnn U .

D+.,9#0! ='$)*8+', "#$%!& 2 6!)* qF . E#F., 0#%!9!0 :.+*)("54$!<! [9] -+.,9#+! 0.%&'=3  , ;$. 2 -.<.)4+!02

"'6.9+2 "!+. ( 1.<.%!5%26*+8.%!3. :"!5%26*+8.%*, 0.%&'=* M "*96!"*9.( !6#&.%!&, ;$', ( +.6*"6&;0!3 520!3 !6#-
&.%!&*",  ! "'-+.8.3%45; 0.%&'=;0' 1 2,  , %!1%! 0.%&'=* M -.9.( !6#&.%!& A , ;$', ( &!-G'&#++;0 !6#&.%!&.,

 ! "'-+.8.(%45; 0.%&'=#3 1 , -. 9!6!0!<!3 !6#&.%!&.,  ! "'-+.8.(%45; 0.%&'=#3 2C , %!1%!

1
1

20
C B

Mu
C

 !
= " #
$ %

 ( )1 1 2, ,..., ,0,...,0 T
ku g g g= 

,

9# 1 2, C – $)*%'+' A&!1#+*25. &!-0*&*" k k× * l l× "*96!"*9+!, ( )1 11,...,0,...,0 T Tu e= =  
.

C#$%!& 1u
 

( ='$)*8+'0 9); *+".&*.+%+!<! 6*96&!5%!&2 1 1 1 1 1 2, ,..., , ,...,k
kU e Me M e e e e= = . H!-+.8'0!

!!2 10,...,0 ,1,...,0
T

T
k

k l

u e +
 !

= =" #" #
$ %
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E#F., 2v
 

– "#$%!& - !5%.++*F n k− $!!&9'+.% "#$%!&. 2u
 

. I!9* ( )2 ,..., ,0,1,0,...,0Mu = ∗ ∗ ,

( )2
2 ,..., ,0,0,1,0,...,0M u = ∗ ∗ , …, ( )2 ,..., ,0,0,...,0,1lM u = ∗ ∗ 

, …, ( )2 2,..., ,n nM u C v= ∗ ∗  
. J*+*,+. !1!)!+$. =*(@ 5'5%#0'

"#$%!&*" ( *+".&*.+%+'0 6*96&!5%!&!0, ;$', 6!-+.8'0! 2U , 9# 2l dimU n≤ ≤ . H!-+.8'0! ( ) ( )1MP x Ann U= ,

( ) ( )2MQ x Ann U= . D.2"./'0!,  ! ( ) ( )detP x A Ex= − , 9# E − !9'+'8+. 0.%&'=;, a ( )P x – .+2);%!& *+".&*.+%+!-

<! 6*96&!5%!&2 1U * 6!&!9/28!<! ,!<! "#$%!&. 1u
 

. K "'6.9$2, $!)' +.,1*)4G', 56*)4+', 9*)4+'$ ( ) ( ),P x Q x +# &*"-

+', 1, %!1%! ( ) ( )( ), 1P x Q x ≠ , -+.,9#0! .+2);%!& 9); "#$%!&. 2 1ku e +=  
&!-0*&+!5%* n k l= + .

 !"# 1. :); 6&!5%!@ 0.%&'=* M , ;$. 6#&#%"!&#+. 0#%!9!0 :.+*)("54$!<! 9! 9"!5%26*+8.%!<! "'<);92, 0!/+.
-+.,%' .+2);%!& "#$%!&. 2 1ku e +=  

9); $)*%'+' 2 -. ( )3O n !6#&.=*,.

!"#$%$&&'. H!-+.8'0! 8#&#- ig
 

-"#9#+* "#$%!&',  ! !%&'0.+* 6*9 9*(3 M . K -.<.)4+!02 "'6.9$2

( )1 1 0,...,0,1,0,...,0kg e += =  
, 2 1 1 1kg Me c g+= −   

, 1!  !+.,1*)4G# !9+2 - $!!&9'+.% "#$%!&. 1kMe +
 

0!/+. -.+2)'%'

"*9+*0.++;0 1g
 

. D.+2)'0! -. 9!6!0!<!3 !%&'0.+'F 1g
 
* 2g

 
"/# 9"* $!!&9'+.%' "#$%!&. 2

1kM e +
 

. L.(0!

( )2
1 1 1 2 2 1 1 1,..., ,0, ,..,0,.,k k k mM e c g c g v v v v+ − +− − =   

, ( )3
1 1 1 2 2 3 3 1 1 1,.,0,.., ,0, ,..,0,.,k k k mM e c g c g c g v v v v+ − +− − − =    

. >#,

6&!=#5 0!/+. 6&!9!"/'%' 9! m-<! $&!$2 * !%&'0.%' ( )1 1 1 1 2 2 3 3 ... 0,...,0,..,0m
m k m mg M e c g c g c g c g+ += − − − − − =      

.

I#6#& "'&.-'0! ig
 
8#&#- 1

1
i

kM e−
+

 
. ># 9.( .++2);%!& ( )Q x . H&' =4!02, 9); !18'5)#++; -+.8#++; 1,i

k! e +
 

9#

2, ,i m= l m n≤ ≤ , "'$!&'5%!"2(%45; !6#&.=*; 0+!/#++; 0.%&'=* +. "#$%!&, . +# 6*9+#5#++; 0.%&'=* 9! 5%#6#+;, 1!

%.$', 56!5*1 !18'5)#+4 9!-"!);( -0#+G'%' $*)4$*5%4 .&'M0#%'8+'F !6#&.=*,. C'&.-'"G' 1mg +
 

8#&#- 1
1

i
k! e−

+
 

, 9#

2, ,i m= !%&'0.(0! ( )Q x . C&.F2(0! %#,  ! 5$).9+*5%4 0+!/#++; 0.%&'=4, -<*9+! .)<!&'%02 N!F+. [10] ( ( )2,41O n ,

-. 0#%!9!0 C'+!<&.9- N!6#&5%0i%. [11] – ( )2,376O n ,  ! 6&' $&.%+!02 6*9+#5#+* 9! 5%#6#+; 9.5%4 1*)4G# +*/ ( )3O n ,

. 5$).9+*5%4 0+!/#++; 0.%&'=* +. "#$%!& – ( )2O n . 75$*)4$' [ ]M GL n∈ , %! !6'5.+# "' # -.+2)#++; -."/9' 0!/-

)'"#. J#021 9!"#9#+!.

$%&'(#). O!-<);+#0! 0.%&'=3 1

20
 B

M
 

 !
= " #
$ %

, 9# 1
0 1
1 1

  !
= " #
$ %

, 2
0 5
1 3

  !
= " #
$ %

,
2 3
0 2

B  !
= " #
$ %

. P#&#- ig
 
6!-+.8'0!

6#&#%"!&#+* "#$%!&',  ! !%&'0.+* 6*9 9*(3 M , 6*5); -.5%!52".++; 0#%!92 -"#9#++; Q.255.. 7%/#
( )1 1 0,0,1,0,0kg e += =  

, ( )2 1 2,0,0,1kg Me += =  
, ( )2

1 3,4,5,3kM e + = 
. :.)* -.+2)3(0! "/# 9"* $!!&9'+.%'

( )2
3 1 1 25 3 3,4,0,0kg M e g g+= − − = −    

, ( )3
4 1 1 2 35 14 5 / 3 0, 19 /13, 0, 0kg M e g g g+= − − − =     

. D"*95' -+.F!9'0!

( ) 4
1 4 3 2 1kQ x M e dg cg bg ag+= − − − −     

.

*#+,#-!../ 1. ( )Q x 0!/+. -+.,%' G"'9G#. :); =4!<! 56!8.%$2 6!%&*1+! !18'5)'%' "#$%!& ( ) 2Cw M u= χ  
. K

"#$%!&. w !5%.++* l $!!&9'+.% &*"+* 0, 1! +. +'F 9*( )'G# 1)!$ 2C , 9); ;$!<! ( )2det C Ex− ( 9*)4+'$!0 ( )Q x [7]. D

6#&G'F k $!!&9'+.% "#$%!&. w 6!1292(0! "#$%!& 1w
 
* -.5%!5!"2(0! 0#%!9 -.+2)#++; "#$%!&.,  ! !6'5.+', "' #.

7%&'0.(0! ( ) ( )1 1A APol A w Pol M w=  
, .)# 2 w -.+2)#+* !5%.++* l $!!&9'+.%. ># 0.%&'8+', 6!)*+!0 0#+G!@ 5%#6#-

+* +*/ 2 ( )Q x * "*+ -.+2)3( "#$%!& 0#+G!@ &!-0*&+!5%*, %!02 0.(0! 52%%("# 6&'5$!&#++;. 7%/#

( ) ( ) 2A CQ Pol M M u= χ  
.

:.)* -+.,9#0! %.$* "-.(0+! 6&!5%* +.9 6!)#0 qF 6!)*+!0' ( ) ( )0 0,P x Q x ,  ! ( ) ( ) ( )1 0Q x Q x Q x= ,

( ) ( ) ( )1 0P x P x P x= , +.,0#+G# 56*)4+# $&.%+# ;$'F 56*"6.9.( - .+2);%!&!0 6&!5%!&2 V , %!1%!

( ) ( )( )0 0HCK , MP x Q x Ann V= .

76'G#0! 0#%!9 6!129!"' 6!)*+!0*" ( ) ( )0 0,P x Q x -. ( ) ( ),P x Q x . E. 6#&G!02 $&!=* -+.F!9'0!

( ) ( )( ) ( ),P x Q x R x= * "'-+.8.(0! 9!0*+.+%+2 8.5%'+2 +#-"*9+'F 6!)*+!0*" " ( )P x "*9+!5+! ( )Q x – 6!)*+!0

( ) ( ) ( )1 /p x P x R x= . R$ ! ( )1p x ( 5%.)!3, %! ( ) ( )0 1 .P x p x= R$ ! =# +# %.$, %! -+.F!9'0!

( ) ( ) ( )( )2 1 ,p x p x R x= . R$ ! ( )2p x ( 5%.)!3, %! ( ) ( ) ( )0 1 2 .P x p x p x= R$ ! =# +# %.$, %! 9.)* *%#&2(0! -. M!&02-

)!3 ( ) ( )( )1 2 1( ), ( ) / ( )... ( )k k kp x p x R x p x p x− −= , 9# 2,...k = . D&!-20*)!,  ! =#, 6&!=#5 5$*+8#+', * 6&' 9#;$!02

d ∈" !%&'0.(0! ( )dp x – 5%.).. E#F., d − +.,0#+G# %.$# 8'5)!. I!9* G2$.+', 6!)*+!0 ( )0P x 0.( "'<);9
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( ) ( ) ( ) ( )0 1 2 ... .dP x p x p x p x= D&!-20*)!,  ! ( )0P x ( 9*)4+'$!0 ( )P x , . !%/# *5+2( 6!)*+!0 ( )1P x 9); ;$!<! 0.(0!

( ) ( ) ( )0 1P x P x P x= . H!)*+!0 ( )0Q x -+.F!9'0! .+.)!<*8+!.

71<&2+%2(0! 6!129!"2 ( ) ( )0 0,P x Q x . E#F., ( ) ( ) ( )1
1 ... ,si i

sP x r x r x= ( ) ( ) ( )1
1 ... mj j

mQ x t x t x= – &!-$).9' +. +#-

-"*9+* 0+!<!8)#+'. H!-+.8'0! { }max ,K s m= . :!"#9#0!,  ! 5%#6*+4 $!/+!<! +#-"*9+!<! 6!)*+!0. " &!-$).9* ( )P x

( !9+.$!"'0 9); ( ) ( )( )0 0HCK ,P x Q x * ( ) ( )( )HCK ,P x Q x . E# "%&.8.38' -.<.)4+!5%* &!-<);+#0! 6!)*+!0 ( )P x *

5%#6*+4 +#-"*9+!<! 6!)*+!0. ( )1
1
ir x " &!-$).9* ( )P x . H!-+.8'0! ( ) ( )1

1 11deg : deg iP x r x i= = . L!/+. ""./.%',  !

( ) ( )1 1deg degP x Q x> .

0&1#)2' 1. ( ) ( )1 1 1deg degp x R x> . I!9* ( ) ( ) ( )( )2 1 ,p x p x R x= * ( ) ( )1 2 1deg degp x R x= . D"*95' ( ) ( )1 1 2deg p x p x =

( ) ( )1 1 1deg degp x R x= + . 75$*)4$' ( ) ( ) ( )1 /p x P x R x= , %! ( ) ( ) ( ) ( ) ( )1 1 2 1 1 1 1deg deg deg degp x p x p x R x P x= + = ,  ! *

%&#1. 12)! 9!"#5%'. D&!-20*)!,  ! 2 =4!02 "'6.9$2 ( ) ( ) ( )( )1 1 1deg deg / 0q x Q x R x= = .

0&1#)2' 2. ( ) ( )1 1 1deg degp x R x≤ . H!-+.8'0! ( ) ( )1 1 1deg / degR x p x d=& '( ) . D&!-20*)!,  ! ( )1 1deg R x j= . I!9* -

&*"+!5%* ( ) ( ) ( )( )2 1 ,p x p x R x= 5)*92( ( ) ( )1 2 1 1deg degp x p x= , 1! ( ) ( ) ( ){ }1 2 1 1 1deg min deg ,degp x p x R x= . I!02 5%#-

6*+4 ( )1r x !9+.$!"', " &!-$).9* 6!)*+!0*" ( )2p x , ( )1p x +. +#-"*9+* 0+!<!8)#+'. I!9*

( ) ( ) ( ) ( )( ){ }1 3 1 1 1 2deg min deg ,deg /p x p x R x p x= = ( ) ( ) ( )( ){ } ( )1 1 1 1 1 1min deg ,deg / degp x R x p x p x= = . H&' =4!02

( ) ( )( )1 1deg / 1R x p x d= − , 1! "*912)!5; !9+# 9*)#++; +. ( )1p x , ;$', 0*5%'%4 ( )1
1
ir x . I!9*

( ) ( ) ( ) ( )( ){ }2
1 4 1 1 1 1deg min deg ,deg /p x p x R x p x= = ( )1 1deg p x , !%/# ( ) ( )( )2

1 1deg / 2R x p x d= − . >#, 6&!=#5 6&!9!-

"/2(0! 9.)*. E. (d+2)-o ! "#$%& $'#( )* $

( ) ( ) ( ) ( )( ){ } ( ) ( )( ) ( ) ( )( )1 2 1 1 1 1 1 1 1 1 1deg min deg ,deg / deg / deg degd d d
dp x p x R x p x R x p x R x p x+ = = = − ,

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )( )( )1 0 1 1 2 1 1 2 1 1deg deg ... deg ... / d
k dP x p x p x p x p x p x p x R x p x+= = =

( ) ( ) ( )( )( )( ) ( ) ( )( ) ( )1
1 1 1 1 1 1=deg / deg deg .d dp x R x p x p x R x P x+ ⋅ = ⋅ =

+$ ! , #$-".)/& 012 ( ) ( )( ),P x Q x 3) 34-,&/3& 5$.&3$ ( 6'45&37 34-,&/3$8$  3$8$9.43) ( )1r x :!/4 ')"( , ;" & ,

012 ( ) ( )( )0 0,P x Q x . <$ & 5$'#&:3$ :!.$ /$,46'(. =3).$8&93$ #$-8.;/)>'76; ,(5)/"( &3?(@ 34-,&/3(@ 5$.&3$ &, ( )ir x .

A"B$ 6'45&37 34-,&/3$8$ 5$.&3$ ) * :&.7?( ! ( )P x , '$ ,&3 :!/4 5#(6!'3&C ! #$-".)/& ( )0P x - '( 6) ( 6'454-

34 . D#$-! &.$, B$ ! %7$ ! ,(5)/"! ( )( ) ( ) ( )1 1 1deg deg / 0q x Q x R x= = . +$ ! ( ) ( )( )0 0, 1P x Q x = . E#$%46 /&.433; 3)

%7$ ! 34 -),4#?!*'76; 3) ( 2)d + -$ ! "#$%&. F&3 '#(,)'( 4 ( ) ( ){ }zmax deg : degz zz
k R x p x= , /4

( ) ( )zdeg deg 0, ,z zR x p x z s z≥ ≠ ≤ ∈ ! #)-&, /$ ,(/&.433; $6')337$8$ 34-,&/3$8$  3$8$9.43) ( )zi
zr x , 6'45&37 ;"$8$

, #$-".)/& ( )P x * :&.7?$>, 3&G ( ) ( )zdeg : deg zi
z zR x r x i= = – 6'45&37 ( )zr x , #$-".)/& ( )R x 3) 34-,&/3&  3$8$9.43(.

1".)/3&6'7 $:9(6.433; 3)C:&.7?$8$ 65&.73$8$ /&.73(") /.; 5$.&3$ &, - 6'4543; ( ( ) ( )1 2deg , degp x d R x d= =

6')3$,('7 ( )1 2O d d . +$ ! /.;  )'#(%& M ')"4 $:9(6.433; 6".)/4 34 :&.7?4 ( )2O n "#$"&,. D)!,)G( $, B$ k n≤ –

%4 6.&/!* - "&.7"$6'& "#$"&, ).8$#(' !. H.; ,(5)/"! ( ) ( )z 1deg deg 0zp x R x≥ ≠ )3).$8&93$ 5$")-!*'76;, B$ k n≤ .

I'G4  )* $ $%&3"! 6".)/3$6'& ( )3O n , /4 n – #$- &# /,$6'!5&39)'$J ",)/#)'3$J  )'#(%& M , - ;"(@ 6".)/)*'76; 3$-

# ).73) K$# ) L#$:43&!6) N . M(".&93( ,4"'$#$ ,&/3$63$ M * ,4"'$# 1 1 1 2( ) ( )c Q M u P M u= +
""# ""#

.

 !"# 2. H.; /$,&.73$8$ &3,)#&)3'3$8$ 5#$6'$#! 2 1
1 1 1 1, , ,..., kH e Me M e M e−= & 5#$6'$J  )'#(%& M ,("$3!*'76;

#&,3&6'7 ( )deg dimMAnn H H k= = .

H$,4/433;. E$-3)9( $ ( ) MP x Ann H= . I6"&.7"( H – &3,)#&)3'3(C 5&/5#$6'&#, '$ #$-8.;34 $ K)"'$#5#$6'&#

V WH = . F#)@$,!>9( dimH k= ,  )* $ dimW n k= − . 1"$#(6')* $6;  4'$/$ /$,4/433; ,&/ 6!5#$'(,3$8$. 04-

@)C ( )deg MAnn H k< . +$/&, ;"B$ ,("$3!*'76; ! $,) ( )deg ,MAnn W n k= − '$ ( )( )deg MP x Ann W n⋅ < . =.4
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MAnn V /&.('7 ( ) MP x Ann W , '$ !  )* $ 5#$'(#&99;, :$ /.; 5#$6'$J  )'#(%& -8&/3$ ,&/$ $J '4$#4 ( [4, 6. 107]

( )deg MAnn V n= .

$#%&#'!(() 2. H.; 5#$6'$J  )'#(%& M ,("$3!*'76; ! $,) ( ) ( )P x Q x≠ .

H$,4/433;. 1"$#(6')* $6;  4'$/$ /$,4/433; ,&/ 6!5#$'(,3$8$. A"B$ ( ) ( )P x Q x= , '$ ( )P x * )3!.;'$#$ 5&-

/5#$6'$#&, 1U & 2U , '$ ! ,&3 -)3!.;* ,467 5#$6'&# V . D) -8)/)3$> ,(B4 '4$#4 $> ( )deg MAnn V n= . +$ !

( )( )deg P x n≥ . I6"&.7"( 1U – &3,)#&)3'3(C ,.)63(C 5&/5#$6'&#, '$ -) .4 $> 2

( )degP x ( )1 1= deg dimMAnn U U k n= = < . I'G4  )* $ 5#$'(#&99;.

$#%&#'!(() 3. A"B$ ( ) ,r
MAnn V h x= /4 ( )h x − 34-,&/3(C 5$.&3$ , '$ ( )MAnn V Q x= .

 !"#$#%%&. H&C63$, - ! $, ( ) ( )( )HCK , MP x Q x Ann V= & ( )deg =P x k 6.&/!*, B$ ( )deg =Q x n & 2e
$

– %(".&93(C

,4"'$# ! V . F(5)/$" ( )r
MAnn V h x=  $G.(,(C .(?4 -) ! $,( ( ),n lp p char P= = .

N3$8$9.43) ( ) ( )0 0,P x Q x ,&/5$,&/)>'7 &3,)#&)3'3& 5&/5#$6'$#( ( ){ }0 0X x P M x= =
$$ $

, ( ){ }0 0Y y Q M y= =
$$ $

,

, : 0X Y X Y =% , X Y V⊕ = . I6"&.7"( ( ), ,M M MHCK Ann X Ann Y Ann V= ( ), 1M MAnn X Ann Y = , '$ X Y V⊕ = .

M(".&93( ,4"'$#$ /.; 5&/5#$6'$#! X , $94,(/3$, * ,4"'$# 1v
$

, :$ ( )1 1 1v P x e=$ $
. E$#;/$" C$8$ )3!.;'$#) -:&8)-

*'76; - #$- &#3&6'> 5&/5#$6'$#) X . 2#& '$8$, ( )1P x /&.('7 ( )P x , /.; 5&/5#$6'$#! Y ,4"'$# ( )2 1 2v Q M u=$ $
* %("-

.&93( . M(".&93( ,4"'$#$ /.; 5&/5#$6'$#! 1U * 1e
$

. H$,4/4 $, B$ c x y= +$ $ $
%(".&93(C ! 5#$6'$#& V . M4 6.&/!* -

3)6'!53$J .4 (, B$ /$,4/43) , [3].
 !"# 3. A"B$  &3& ).73& 5$.&3$ ( ( )1 xµ , ( )2 xµ ,4"'$#&, ,x y$ $

,-)* 3$ 5#$6'&, '$  &3& ).73( 5$.&3$ $ ,4"'$-

#) c x y= +$ $ $
* ( ) ( )1 2x xµ µ .

+)"( 9(3$ , ( )Mdeg Ann c n=$
. D,&/6( .48"$ $'#( !*'76; :)-(6 n -,( &#3$8$ %(".&93$8$ 5#$6'$#!, B$ 5$#$/G4-

3(C ,4"'$#$ c$ 5&/ /&*> $54#)'$#) '. +$ ! c$ – %(".&93(C ! 5#$6'$#& V . O$- &#3&6'7 %(".&93$8$ 5#$6'$#! #&,3) 5$-
#;/"! %(".&93$8$ ,4"'$#) c$ ,&/3$63$ $54#)'$#)  .

 !"# 4. I:'*/3)'( ,6& 5&/5#$6'$#(, ;"( ,&/5$,&/)>'7 ".&'(3( L#$:43&!6),  $G3) 34 :&.7?4 3&G -) ( )3O n /&C.

 !"#$#%%&. E$-3)9( $ #$- &#( 6!6&/3&@ ".&'(3 L#$:43&!6) a & b . +$/& "&.7"&6'7 $54#)%&C 3) $'#( )33; ".&'(3 a
& b 6')3$,('7: ( ) ( )3 33 , 3t a a t b b≤ ≤ & 3 3 3 33 3 3a b n n+ + ≤ , /4 n – #$- &#  )'#(%& N . H$,4/4 $ %& $%&3"( -) &3/!"%&-

*> 5$ #$- &#3$6'& 5&/5#$6'$#&,, B$ !',$#(.(6; 5&6.; $:'*/3)33;. F(5)/$" dim 1, dim 1 != = $94,(/3(C. I:'*/3)3-
3; ".&'(3 #$- &#! :&.7?4 3&G 1 3) 1 #$:('76; -) "&.7"&6'7 $54#)%&C, B$ 5#$5$#%&C3) "!:! 6! ( #$- &#3$6'4C. 15#),/&,

/.;  )'#(%& M , B$ $5(6)3) , P4 & 1, /.; $'#( )33; %(".&93$8$ ,4"'$#) 1u
$
5$'#&:3$ ( )3O n 4.4 43')#3(@ $54#)-

%&C ! 5$.& qF (/(,. P4 ! 1). 1".)/3&6'7 $:'*/3)33; /,$@ ".&'(3 $%&343$ ,(B4 5#( $:8#!3'!,)33& ).8$#(' ! -3)@$-

/G433; ( ) ( )0 0,P x Q x .

O$-8.;34 $ ,(5)/$" 3 ,4 4
n na b≤ ≥ . E$-3)9( $ ( )V x – 5&/5#$6'&# #$- &#3$6'& x . D/&C63( $ 54#4@&/ &3/!"%&J

/.; 8#)3(93$8$ ,(5)/"! 3,4 4
n na b= = . N)* $ ( ) ( )33 3 3313 3 1 34 4 n n !+ + <" #

$ %
.

O$-8.;34 $ '454# ,(5)/$" 3 ,4 4
n na b> < . N$G.(,$ /,) ,(5)/"(: 5&/5#$6'&# ( )V a * & )343'3( /.; $'#( )-

3$J 3$# ).73$J K$# ( L#$:43&!6), ):$ C$8$ $'#( )3$ $:'*/3)33; 6!6&/3&@ ".&'(3. A"B$ ( )V a – & )343'3(C, '$ 3)

$6')337$ ! "#$%& $:'*/3!>'76; 5&/5#$6'$#( ( )V a , ( )V b , /4 3
4
na > , 4

nb < . +!' ( )V b $'#( )3$ $:'*/3)33; 

5&/5#$6'$#&,, 3) B$ ,('#)943$ 34 :&.7?4 3&G 33b $54#)%&C. I'G4 65#),/G!*'76; $%&3")

( )3 3 3 33 3a b b n b+ + = + <
3

3 33 3
64
nn n+ < .

A"B$ 5&/5#$6'&# ( )V a , 3
4
na > , !',$#43$ , 5#$%46& $:'*/3)33; 6!6&/3&@ ".&'(3, 5$9(3)>9( - ".&'(3  43?$J #$--

 &#3$6'&, '$ ( )V a $'#( )3$ 3) 54#4/$6')337$ ! "#$%&. E#( %7$ ! 5$64#4/(3& :!, 3)C:&.7?(C 5&/5#$6'&# ( )V d , )

5$ "#a; – ( )V c , ( )V b , /4 c b< , ,4 2 4
n n nc b> > > . +$ ! $:'*/3!>'76; ( )V c , ( )V d &  )* $

( )3 3 3 3 33 3 3c d c b n n+ + + + < , /4 2
nd > . E#( %7$ ! 5&/5#$6'&# ( )V d * & )343'3( , '$ ! /$/)3"! 33d , $6')33&C
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K$# !.& 34 )*. +4, B$ ( )V d * & )343'3( , 6.&/!* - 5#(3%(5! $:'*/3)33;, :$ &3)"?4 ,&3 !',$#(,6; : 3) 54#4/$6-

')337$ ! "#$%&, ) 3) $6')337$ !  ).( : ,467 5#$6'&# V. +$ !, ;"B$ 34 &63!,), ( ) , 2
nV d d > , '$ 34 !',$#(,6; : &

5&/5#$6'&# ( )V a , /4 3
4
na c d= + > , – %4 6.&/!* - 5$#;/"! $:'*/3)33; – ,&/ 3)C 43?(@ /$ :&.7?(@ #$- &#3$6'4C.

+$ ! ( ) ( )3 3 33c d c b+ + + < ( ) ( )3 33 33 3 24 2
n nn n+ + ≤ . Q ,(5)/"! a c d= + 5&/5#$6'&# ( )V a !',$#43$ 3) $6')337$-

 ! "#$%&, ).4 5#( %7$ ! ( ) , 2
nV d d > , #$-')?$,)3(C -"#)>. +)"( 9(3$  )* $ $%&3"!

( ) ( )33 3 3 33 3 34
nc d c n n+ + < + < . P4 ! 4 /$,4/43$.

F 5#$%46& $:'*/3)33; ,6&@ ".&'(3 L#$:43&!6) -/&C63>* $ 5$6.&/$,34 /$/),)33; J@ %(".&93(@ ,4"'$#&, & $'#( !* $
%(".&93(C ,4"'$# c$ !67$8$ )#(K 4'(93$8$ ,4"'$#3$8$ 5#$6'$#! n

pF . M4C ,4"'$# 5$#$/G!* :)-(6 L#$:43&!6)
1,..., nc A c−$ $

, ;"(C * , /)3$ ! ,(5)/"! 3$# ).73( :)-(6$ /.; qF .

3.  !"#$%$&
 !"#$"$%$&!%$ %$&'( )*+$, "$-.,$&' %$#)!/0%$1$ -!2'3. %!, 345%6*%%') "$/*), 74'( . 4/!35 ,*+*#)5%$&!%'8

!/1$#'+)5& )!9 %!(4#!:. "$-5+$&. $;5%4. 34/!,%$3+5 ( )3 2logO n q .

1.  !"!#!$ %.%., &'()!$ *. ., +,!"!$ %. ., -'.!$.)/0 %.%. </*)*%+!#%$* &&*,*%'* & =//'"+'6*34.> 4#'"+$1#!?'>. – @.: A$)4%'1!, 2006. – A%. 1.
– 321 c. 2.  !,1$/2 3.4., *)!5/6 %.4. B!3C'#*%'* /$4!/0%$1$ 4$/0;! 3 %$#)!/0%D) -!2'3$) ,/7 1/!&%D8 *,'%'; // E/1*-#!'6*34!7 +*$#'7 6'3*/ '
"#*,3+!&/*%'7 // F#. @GEH IIIB. – @.; J.: H!.4!, 1965. – F. 80. – I. 45–50. 3. &'6#7'01, +.8. F*$#'7 )!+#';. – @.: H!.4!, 1967.– 575 3. 4. &"'9-
7'6 4.:., ;<=/2 >.4. A$%*6%$)*#%D( /'%*(%D( !%!/'2 & 2!,!6!8. – @.: H!.4!, 1969. – 476 3. 5. &"?0!$ @.*. K$#5&%7%%7 "$/5%$)5!/0%$1$ 5 %$#)!/0-
%$1$ -!2'35& "#*,3+!&/*%%7 */*)*%+5& "$/5& L!/.! // M53%. H!;. .%-+. "J0&5&304! "$/5+*8%54!". – 2007. – N 591. – I. 22–27. 6. O%?$#)!;5(%5 +*8%$/$15P.
A#'"+$1#!?56%'( 2!8'3+ 5%?$#)!;5P. Q'?#$&'( "5,"'3, :$ R#.%+.9+037 %! */5"+'6%'8 4#'&'8. S$#).&!%%7 +! "*#*&5#7%%7: TIFU 4145: 2002. [6'%%'(
&5, 01.07.2003-07-01] – A.: T*#V. 4$)5+*+ U4#!P%' 2 "'+!%0 +*8%56%$1$ #*1./>&!%%7 +! 3"$V'&6$P "$/5+'4'; 2003. – 38 3. – (H!;5$%!/0%'( 3+!%,!#+ U4#!-
P%'). 7. A?,!( %.&. A.#3 &D3C*( !/1*-#D. – @.: H!.4!, 1965. – 432 3. 8. :'"BC1$ %.4. W3%$&D /'%*(%$( !/1*-#D. – @.: H!.4!, 1970. – 423 3.
9. C#15'6!$ *.%., D5',"/6.)/E F.G. W "$3+#$*%'' "#')'+'&%$1$ %$#)!/0%$1$ -!2'3! 4$%*6%$1$ "$/7 // @!+. 3-$#%'4. – 1989. – F. 180, N 8. – C.1067–
1072. 10. +'HH11$ I.A., +'HH11$' @.J. MD6'3/'+*/0%D* )*+$,D /'%*(%$( !/1*-#D. – IK-.: J!%0, 2002. – 733 3. 11. Cohn H., Kleinberg R., Szegedy B.,
Umans C. Group-theoretic Approach for Matrix Multiplication. http//arxiv.org. math/ 051F60v1 [math. GR] 18 Nov. 2005. 12. Coppersmith D., Winograd S.
Matrix multiplication via arithmetic progressions // Symbolic Computation. – 1990. – N 9. – P. 251–280. 13. Von Shur Gathen G., Giesbrecht M. I$nstructing
normal bases in finite fields // J. Symbolic Computation. – 1990. – N 10. – P. 547–570. 14. Gao Sh. Normal Bases over Finite Fields: Ph. thesis in
Combinatorics and Optimization. – Waterloo, 1993. – 119 p. 15. Stepanov S.A., Shparlinskiy I.E. On construction of primitive elements and primitive normal
bases in a finite field // Computational Number Theory / Ed. A. Peth, M.E., Pohst, H.C. Williams, H.G. Zimmer, 1991. (Proc. Colloq. Comp. Number Theory,
Hungary, 1990). – P. 189–192.
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 !"#$%&' ("#!)"*+ ,-$'.&',!* /* ,!)0)&)$ " ")(-")&!&'1 0',2*3'.&',!*.
We obtain a criterion for the recurrent sequence to be p-th power summable.

1. 6'(78&9:!33; '43':3'+' ()<8&=>!>8
H*8!( X – 4$)"/*43%'( -!%!85& "#$3+5# 2 %$#)$> || ||⋅ , ,I O – &5,"$&5,%$ $,'%'6%'( +! %./0$&'( $"*#!+$#' &

.X  !?543.9)$ [1; )p∈ ∞ 5 "$4/!,*)$

1/

1
( ) : { { : 1} | || || : ( || || ) }.p p
p n p n

n
X x x n X x x

∞

=
= = ≥ ⊂ = < ∞  

M5,2%!6')$, :$ "#$3+5# ( )p X 2 "$4$$#,'%!+%') ,$,!&!%%7) 5 )%$V*%%7) %! 4$)"/*43%'( 34!/7# 9 4$)"/*43-
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