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Analytic solution of non-stationary axially symmetric problem of thermoelasticity for two-layer cylinder that corresponds to
jump-like change in time ambient temperature are given. Non-stationary problem of thermal conduction is solved with the help of
Laplace transform. Circle and longitudinal stresses are obtained as solution of quasi-static problem of thermoelasticity for given
temperature distribution.
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'(#%2'( ,"%24'(.*- *23 2!"*0!$,  (,1(#4'-; *" +(%(#$; '" !042'& #-1 !"1-"%&'(B *" /".(#(B +((!1$'"*$. D" +('+-
!2*'(30  !$+%"1- *2!3-/'()( 01"!0 +(! 0." !2"+*(!" EEHF-1000  !(#212'(  (!-#'7%&'$9 "'"%-, (12!4"'()( !(,#'7-
,+0 , *(/'$3 /$.2%&'$3 !(,#'7,+(3, 7+$9 #!";(#0: ,"%24'-.*& C-,$/'$;  "!"32*!-# #-1 *23 2!"*0!$. J'"%-, ,".#-1-
/$# #$.(+0 *(/'-.*& ( (;$6+" # 324"; 5%) "'"%-*$/'()( !(,#'7,+0.

1.  !" #. F0+(#(1*#( +  !"+*$/2.+(30  !$32'2'$?  !2(6!",(#"'$7 K" %"." $ Z- !2(6!",(#"'$7. – L.: D"0+", 1971. – 288 .. 2.$%&'(!)*% +.  .
@2!3(0 !0)(.*&. – G.: E$>" <+(%", 1975. – 216 .. 3.$,-!)*% .. #., /'012%)%& .. 3., 40'5!&67*18 #. 3. J'"%-*$/'$9 !(,#'7,(+ '2.*"8-('"!'(B ,"1"/-
*2!3( !04'(.*-, >( #-1 (#-1": *23!(01"!0 1#(<"!(#()( 8$%-'1!0 // E-.'. G$B#. 0'-*0. I2!-7: C-,.-3"*. '"0+$. – 2009. – E$ . 2. – I. 65–70. 4. 91:%;!)-
*% <. =., #,>7!0  5. @2(!$7 0 !0)(.*$. – L.: D"0+", 1975. – 575 ..
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 ?<"#! %@?$ <##A B!C$#$ D E?<"8$#%@F #< GG  !?H#!I E@ =B>#!
 J$?!#CB$K#@;L B=D=B L<B! D C@ !?H#$; @"="$;=8B$K#$; C#@;

 !"#$%&'(! ")*)+' ,-! ./$0&/ 1!$2.)&&% /*3)$0&!4 -/*2&2 . -3"3-.')-/, 5! 6)7 8!-6' ,-%6!#! 1-'#!.!#! 92$/&*-) "
*!./$0&26 !:3:263(-2+&26 *&!6 () ,-';&' ,$):(2&1', %1) ,!1-2.)7 &3"<'-3&' ./$0&' ,!.3-=&> -/*2&2. ? .21!-2:-
()&&%6 -!"1$)*' ") .$):&262 8'&19/%62 *!,!6/;&! ..3*3&!4 :,31(-)$0&!4 ")*)+/ " ,)-)63(-!6 . #-)&2+&/@ '6!./
"&)@*3&! )&)$/(2+&2@ -!".'%"!1 ")*)+/.  !"#$%&'(! 1!&1-3(&2@ ,-21$)* 63=)&/+&!4 :2:(362, *$% %1!#! ") "),-!,!&!-
.)&26 )$#!-2(6!6 ,!<'*!.)&! -!".'%"!1.

The problem of coupled oscillation of ideal liquid in a cylindrical container with axisymmetric bottom and an elastic plate on
the free surface is studied. An analytical solution of mentioned problem is constructed using eigenfunction expansion method.
Using concrete example, we analyze the obtained solution.

1. 9"',+
I*#(!2''7 !2,2!#0"!-# #2%$+(B :3'(.*- 1%7 *!"'. (!*0#"''7 *" ,62!242''7 !-1$'$  (*!260: 1(+%"1'()( "'"%-,0

3(4%$#()( !2,('"'.'()( ,60!2''7 ;#$%&(#$; !0;-# !-1$'$. E 7+(.*- ,".(6-# (63242''7 !0;%$#(.*- !-1$'$ #$+(!$.*(-
#0?*& . 28-"%&'- 3236!"'$ "6( *('+-  !04'-  %".*$'+$, 7+-  (+!$#"?*& #-%&'0 '2,60!2'0  (#2!;'? !-1$'$. =!(6%2-
3" #,":3(1-B !-1$'$ -  !04'$; 2%232'*-# '" BB #-%&'-9  (#2!;'- # !2,2!#0"!"; +"'('-/'(B )2(32*!$/'(B C(!3$ 1(.%--
140#"%".& # [2, 3, 5]. E [1] ," !( ('(#"'( '"6%$42'- 32*(1$ !(,#'7,"''7 ,"1"/- )-1!( !04'(.*- 0 #$ "1+0 1(#-%&'()(
(.2.$32*!$/'()( +('*29'2!".

M 1"'-9 .*"**- !(,)%71":*&.7 ,"1"/" )-1!( !04'(.*-  !( ,#'7,"'- #-%&'- +(%$#"''7 !-1$'$ *"  !04'(B  %".*$'+$,
 !$/(30 !-1$'" ,'";(1$*&.7 # !2,2!#0"!-, 7+$9 3": C(!30  !73()( +!0)(#()( 8$%-'1!" , 1(#-%&'$3 (.2.$32*!$/'$3
1'(3, "  !04'$9 2%232'* !(,3->2'( '" #-%&'-9  (#2!;'- !-1$'$ - 4(!.*+( ,"+!- %2'( '" .*-'+"; !2,2!#0"!".

2. B%"'1.%651 01213)
F(,)%7'23( !2,2!#0"!, 7+$9 3": C(!30  !73()( +!0)(#()( 8$%-'1!" , 1(#-%&'$3 (.2.$32*!$/'$3 1'(3. D2;"9

!2,2!#0"! ," (#'2'( -12"%&'(? *" '2.*$.%$#(? !-1$'(? '"  (.*-9'0 )%$6$'0 dH h h= + ( h – #$.(*" !-1$'$ #

8$%-'1!$/'-9 /".*$'-  (.01$'$, dh – #$.(*" (.2.$32*!$/'()( 1'"). N0123( *"+(4 ##"4"*$, >( '2,60!2'" #-%&'"

 (#2!;'7 !-1$'$  (+!$*"  !04'(? +!0)(#(?  %".*$'+(? !"1-0." 0r , 4(!.*+( ,"+!- %2'(?  ( .#(:30 +('*0!0 '"
.*-'+"; !2,2!#0"!", "  (%2 )!"#-*"8-9'$; .$%  "!"%2%&'2 (.- .$32*!-B !2,2!#0"!". E#2123( 1( !(,)%710 8$%-'1!$/'0
.$.*230 +((!1$'"* Or zη *"+0, >( #-.& Oz . -# "1": , #-..? .$32*!-B !2,2!#0"!" - . !73(#"'" #)(!0 ( !(*$%24'(
1( #2+*(!" ,23'()(  !$.+(!2''7). =(/"*(+ .$.*23$ +((!1$'"* Or zη !(,3-.*$3( #  %(>$'-  %".*$'+$.

A"1"/"  !( #%".'- '2(.2.$32*!$/'- +(%$#"''7 ( $."'(B 32;"'-/'(B .$.*23$ # 62,!(,3-!'$; #2%$/$'";  -.%7
#-1(+!23%2''7 +0*(#(B *" /".(#(B ,3-''$; 3(42 60*$ .C(!30%&(#"'" *"+$3 /$'(3 [1]:

2 1 2
0 0 0

2 2

2 2 2 *
00

[ ( )] ( ) = ( ,0), [0, ], ( ) = 0, ( ) = 0, | (0) |< ,

1 1 = 0, ( , ) , = 0, = ( ), ( ) = 0,
LL L

L W r W r a r r r W r W r W

r z Q W r W r ds
r r zr r z

− ′− + δ − γ Φ ∈ ∞

∂ Φ ∂Φ ∂ Φ ∂Φ ∂Φ+ − Φ + ∈
∂ ∂ ∂∂ ∂

& 
(1)

12 ( )W r – .+%"1(#" '(!3"%&'()(  !()$'0  %".*$'+$ # '" !73+0 (.- Oz , ( , )r zΦ – .+%"1(#"  (*2'8-"%0 3"%$;

,3->2'& !-1$'$, Q – (6%".*& 32!$1-('"%&'()(  2!2!-,0 !2,2!#0"!", 0L  *L – %-'-B  2!2*$'0  %(>$'$
32!$1-('"%&'()(  2!2!-,0 , '2,60!2'(?  (#2!;'2?  %".*$'+$ - ,3(/0#"'(?  (#2!;'2? !2,2!#0"!" #-1 (#-1'(,  –
(!* ,(#'-<'&(B '(!3"%- 1( )!"'$8- (6%".*- Q .

E (1) ##212'( *"+-  (,'"/2''7:
2 2

2 2 2 20 0
4 2 2

1 1 1= , = , = , = , = , = , = .cDa R d da D L
D R g D r drgR dr r

ρ δ ωδ γ − ε γ λ λ ε + −
ρ ρ

!0* 0ρ , 0δ , cD – #-1 (#-1'( )0.*$'", *(#>$'" - 8$%-'1!$/'" 4(!.*+-.*&  %".*$'+$, ρ – )0.*$'" !-1$'$, R –
;"!"+*2!'$9 %-'-9'$9 !(,3-! !2,2!#0"!", ω – #%".'" /".*(*" +(%$#"'& !-1$'$ -  %".*$'+$, g – 3(10%& )!"1-:'*"
 (%7 3".(#$; .$%.
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