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3asHaummo, wo: 1) 3ayBaxeHHs1 1-4 NOWMPIOIOTLCA Ha BMNAOOK PO3rnsiHYTOl TemnepaTypHOI 3afadi; 2) napameTpu
pj,hj , J =12, fanTe MOXNMBICTL BUAINATK i3 dopmyn (50) po3s'asku novaTkoBO-KpanoBmMx 3afay y BUNagkax 3agaHHs Ha

noBepxHax x =0,x =a;y =0,y =b kpanoBux ymoB 1-ro poay 1 2-ro pogy Ta ix MOXNuMBMX koMbGiHauii; 3) aHani3 po3B'a3ky
(50) B 3anexHocTi BiA aHaniTM4HOro  BUMARY  QYHKUIA  f; (tx.y.z), g; (x.y.2), wf (t.y, z),azsj (t.x.2),

j=1n+1s=12,g0(t,x,y) Ta g;(t.x,y) npoBoanTLCs GeanocepeaHbO.

4. BUCHOBKMU
3a 3aranbHuX NpunyLleHb Y Mexax heHOMEeHOoNorivYHoi Teopii TennonpoBiaHOCTi NobyaoBaHO iHTerpanbHi 306paxeHHs
TOYHUX aHaniTUYHUX PO3B'A3KIB HecTaLuioHapHMX 3agay B obMexeHux BaratoliapoBux NpocTopoBux cepegosuwiax. Ogep-
XaHi po3B'A3KN HOCATb anropUTMIYHWMIA XapakTep, HenepepBHO 3anexaTtb Bif napameTpiB i AaHuX 3adady N MOXyTb ByTu
BMKOPUCTaHI K Y TEOPETUYHUX AOCAIOXEHHSIX, TaK i B iIH)KEHEPHMX po3paxyHKax.
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A TIME-NONLOCAL BOUNDARY VALUE PROBLEM FOR EQUATION
OF HOMOGENEOUS BAR MOTION

Classical solution of boundary value problem for the equation of motion of a homogeneous bar is studied. By using the
Fourier method the problem is reduced to integral equation. By means of contracting mappings principle the local existence and
uniqueness of classical solution for the given boundary value problem is proved.

Y pob6omi docnidxyembcsi Knacu4Huli po3e'si3ok o0Hiei kpaliogoi 3ada4i Ons pieHsiHb pyXy oOHOpiOHOI 6anku. 3a donomo-
200 Memoda ®yp'e 3adayy 3eedeHO 00 iHMezpanbHO20 piHSIHHA. [ani, 3a NPuUHYUMNOM cmuckar4ux eidobpaxeHb doeedeHi
icHyeaHHs1 ma eOuHicmb Kilacu4HO20 pPo38 's3KYy.

Introduction. Non-local problems are problems wherein instead of giving values of solution or its derivatives on fixed
part of boundary, the relation of these values with values of the same functions on another inner or boundary manifolds is
given. Theory of non-local boundary value problems is important in itself as a part of general theory of boundary value
problems for partial equations and it is important as a field of mathematics that has numerous applications in mechanics,
physics, biology and other natural science disciplines.

The most general time non-local conditions were considered by A.A.Kerefov, J.Chabrowsky [10], V.V.Shelukhin [9],
G.M.Liberman [6], A.l.Kozhanov [4]. Yu.A.Mitropolsky, B.l.Moiseenkov [7], J.M.T. Thompson, H.B. Stewart [11], B.S.Bardin,
S.D.Furta [1], D.V.Kostin [5] and others have situated oscillation and wave motions of an elastic bar on an elastic
foundation.

Problem statement and its reduction to an integral equation. In domain Dy = {(x,t):0<x<10<t<T} we
consider equation [5]

utt(x,t)+uXXXX(x,t)+/J’uxx(x,t)+au(x,t)+u3(x,t) =0 (1)
under local boundary conditions
u0,t)=u(1t)=u,,(0,t)=u,, (1,t)=0, 0<t<T, (2)
and non-local boundary conditions
u(x,0)+ou(x,T)=@(x), u(x,0)+oui(x,T)=v(x), 0<x<1 (3)

where >0, a>0, § are given numbers, ¢(x), v(x) are given functions and u(x,t) is a unknown function.
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Note that the similar equation arises in the theory of crystals [2].

Definition. Function u(x,t) is called a classic solution of the problem (1) — (3) if it is continuous in closed domain Dy
together with all its derivatives contained in equation (1), and satisfies boundary conditions (2), (3) in the ordinary sense.

Since system {sin 4, x, 4, = kz)};24 forms basis in space L,(0,1), then it is obvious that classical solution u(x,t) of the
problem (1) — (3) can be represented as follows:

u(x,t)= 3 ug(t)sinx, A =kx,, (4)
where .
u(t) = 2(})u(x,t)sinﬁkxdx . (5)
Applying the Fourier formal method for determining u,(t) (k=12,...), from (1), (3) we find:
Up(t)+ (A - B2 +a)uy(t) = F(tu), 0<t<T; k=12,..., (6)
Uk (0)+8uK(T) = @y, U(0)+u(T)=v, k=12,..., 7)

1 1 1
where F (t;u) = -2f u3(x,t)sin Axdx, @ =2[@(x)sin 4 xdx, v, =2[v(x)sin 4 xdx .
0 0 0

2 2
It is obvious that }L,f —ﬁ/i,f to= (/1,% —g] +ar—ﬂT . Let assume ﬂz <4a . Then, by solving problem (6), (7) we find:

Uy (t) = é{ﬁk(cos Pt +0 cos S (T — 1))@y +(sin fit — o sin g (T —t)y —
Brpi(T)

—§?Fk(r;u)(sinﬂk(T+t—r)+§sinﬂk(t—r))dr}+/;}Fk(r;u)sinﬁk(t—r)dr, k=12,..., (8)
0 k O

where g, =4 - BiZ +a , pi(T)=1+25cos BT +52. Itis obvious that

P 1(T) {Bi(=sin Byt + 5 sin B (T - t))epy +(cos Byt + 5 cos B (T - t))wy —
k

Ui (t) =

—5} Fi(z;u)(cos fi (T +t—7)+ 0 cos B, (t - T))dr} +}Fk(r;u)cosﬂk(t—r)dr, k=12,..., 9)
0 0

up(t)= R (tu)- P {Br(cos Byt + 5 sin B (T — 1))y +(sin it -
pr(T)

-dsin B (T - 1)) - 57]-Fk(r;u)(sinﬁk(T +t-7)+0sinfi (t-7))dz} - ﬁk}Fk(r;u)sinﬂk(t -7)dr, k=12,.... (10)
0 0
After substitution of expression u,(t) (k=12,...) from (8) into (4), we obtain:

© 1
Y op _—
ueed kz_:1{ﬂkpk(7—)

—5? Fe(zu)(sin (T +t —7)+ 5 sin i (t - r))dr};ka(r;u)sin By (t - r)dr} sin 4, x . (11)
0 k0

[ Bx(cos Byt + 5 cos By (T —t))epy +(sin Syt + 5 sin B (T —t))w) -

Thus, problems (1) — (3) is reduced to the integral equation (11) for unknown function u(x,t).

The following lemma is important for studying the uniqueness of solution of the problem (1) — (3).
Lemma. If u(x,t) is a classical solution of the problem (1) — (3) then functions

1
u(t)=2fu(x,t)sin 4 xdx, k=12,...,
0

determined by relation (5), satisfy on [0,T] system (8).
Proof. Let u(x,t) be any classic solution of problem (1) — (3). Multiplying the both hand sides of equations (1) by
functions 2sin 4, x , integrating the obtained equality with respect to x from 0 to 1and using the relations

1 21
2fug(x,t)sin 4 x dx = ;2[2f u(x,t)sin /”kadx] =u(t),
0 0

1 1

2[ Uy (x,t)sin A xdx = -2 (Zju(x,t)sin Ay X dx] =-22u(t),
0 0
! af )t 4

2[ Uyyyne (X 1) SN e x dx = A | 2f u(x,t)sin 4 x dx | = A u(t),
0 0

we get:
up(t)+ (A = B2 +a)uy(t) = F(tu), 0<t<T; k=12,..,
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1
Where F(t;u)=-2f u3(x,t)sin Aexdx,
0

From condition (3) we have
U (0)+0uy(T) = @y, U (0)+ou(T)=vy,, k=12,...,

1 1
@i =2[ p(x)sinxdx, v, =2[v(x)sinAxdx.
0 0

Thus, u,(t) (k=12,...) satisfy equation (6), (7). Hence, as it was noted above, it directly follows before obtaining
system (8), that functions u,(t) (k =1,2,...) satisfy on [0,T] system (8). The lemma is proved.

1
From the lemma it follows that if w,(t)=2fu(x,t)sinixdx, k=12,..., is solution of system (8), the function
0

u(x,t)= O§ uy(t)sin 4, x is the solution of (11).
k=1
The following corollary follows from the lemma.

Corollary. Suppose that equation (11) has a unique solution. Then problem (1) — (3) may have at most one solution, i.e.
solution of the problem (1) — (3) exists and is unique.

Existence and uniqueness of classical solution. Denote by 825‘7- [10] the set of all functions in Dy of the form
u(x,t)= S ug(t)sinx (A = k),
k=1
where every function u(t) is continuous on [0,T] and

1/2
Ju)= (;;1(1,? Huk(t)HC[O,T] )Zj < 4o0.

We define norm in this set as follows:

It is known that BZT is a Banach space.

Let consider in BgT operator o(u) = OZO 0, (t,u)sin 4, x , where
’ k=1

0, (tu)= {ﬂk(cos Bit +0cos G (T —t))gy +(sin Bt — o sin G (T - 1))y —

1
Brri(T)
—5? Fe(zu)(sin g (T +t —7)+ 5 sin i (t - 7))dz} +/)7i } Fe(z;u)sin g (t-7)dr (k=12,...).
0 k 0
We have:

R [0t Wlgro )% < 36T IA+[S) A i) +3((T)(1+[8))e42 v )7 + BT ((1+]5] p(T)(1+]5])e ) 103 (e
[07] 0

or
ey 112 o 1/2
(ka(ﬁf okt t)l o7, )ZJ <Bp(T)1+ \5\)[@(1,? W)?j .
. 112 - 12
+J§p(T)(1+\5\)s[kz1(zf\wk\)ZJ +\/§(1+5p(7—)(1+§)g[.[k21(;£Fk(r;u))ZdT] , (12)
m Ix
where

_ 1 2 i _1
p(T)_SL:ppk (T)<1/(1+5°-2|5]) , sip[mJ— )
Suppose that the data of the problem (1) — (3) satisfy the following conditions:
1. @) eC 01, e(x)eLy(0.1), ¢(0)=g(1) = ¢"(0) = #"(1) = p!*)(0) = (1) = 0;
2. ¥(x)eC?[0,1], v"(x)e Ly(0,1), w(0)=y(1)=v"(0)=¢"(1)=0 .
Then from (12) we have:

1/2
[kguﬁ’ ot )egory )2] <\3p()1+ 3P[0 VBT Sl (0 00 ¢

+/3T(1 +\§\p(T)(1+\5\)gH6u)3( +18U - Uy - Uyy +3U% Uy

. (13)
L,(Dr)
Denote

A(T) =B p(T)(1+5)[[¢®(x)

+3p(T)(1+[8]) v

L0 (X)HL2(0,1)
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and rewrite (13) in the form:

HCIJUHBST < A(T)+3T(1 +[5] p(T)(1 +\§\)5H6u)3( +18U- Uy Uy +302 Uy (14)

Lo(Dr)
Theorem. Let conditions 1-2, § == +1, /32 < 4q be fulfilled. Then for rather small values of T the problem (1) — (3) has

unique classical solution in the ball K = Kg(|u|zs_ < A(T)+1) of the space BS;.
2T ’

Proof. Let consider in space 825] equation

u=1aou, (15)
where operator ¢ is defined by the right side of equation (11). We consider operator ¢ in the ball

K= KR(HUHBSYT <R=A(T)+1) from B3r.

From (14) we find that for any u,u,u, € Kg the following estimates are valid:

[oulgs < AT)+27V3T (1+[5] p(T)(1+[5))s R®, (16)
2T
0wy - 0us, | 55 S81(1+\5\p(T)(1+\5\)€R2\/THu1(x,t)—u2(x,t)H 3 . (17)
Bor [

It follows from estimates (16), (17) that for rather small values of T the operator ¢ acts in the ball K=Kz and is
contractive, therefore in the ball K=Kg it has unique fixed point {u}, that is a unique solution of equation (15).
Consequently, integral equation (11) has a unique solution belonging to the ball K = Kg . As an element of the space BZS’T ,
the function u(x,t) has continuous derivatives u,(X,t), Uy (X,1), Uyyy (X,1), Uyyyy (X, 1) in Dy .

Now show that uy(x,t) is continuous in Dy . Allowing for (8), from (6) we have:

u(t)= é{ﬂk(cos it + 0 cos S (T — 1))@y +(sin fit — o sin g (T —t)y -
Brpw(T)

—6} F (z;u)(sin g (T +t —7)+ 0 sin g (t - 7))d7} +ﬂi}Fk(r;u)sinﬂk(t —-r)drt+F(tu), k=12,....
0 k O

Hence we obtain:
1/2

1/2 1/2
u;(t)HC[O,T])Zj 32(1+/3+a)[p(T)(1+5)(k2(ﬂfwk)zj +sp(T>(1+\5\)(kz1uk3\wksz +

-1

(Of (A
k=1

- 112 . 12
+\/T(1+5P(T)(1+5)8[f ) (li?Fk(Tiu))szJ ++2( z (}“kHFk(t;u)Hc[OT]) ]
0 k=1 k=1 '

or

1/2
(ka(zk ok Olegory )ZJ <201+ +a)[p(T)(1 ¥ \5\)H(p(5>( X)HL2(0,1) +p(T)(A+[3)e v () 01y +

FT(+|6] p(T)(1+[8[)2 [6U3 +18U- Uy - Uy +3U% - Uy

j+ ZHHSle i L,(0.1)

L>(Dr) Clo,7]

The last relation means that function uy(x,t) is continuous in Dy .
It is easy to verify that equation (1) and conditions (2), (3) are satisfied in the ordinary sense. So, u(x,t) is solution of

the problem (1) — (3) in the ball K = Kg from BZT . Since equation (11) has unique solution in the ball K = Kz from BS’T ,

by the above mentioned corollary problem (1) — (3) has unique classical solution in the ball K = K5 from BS’T .

The theorem is proved.
Conclusion. Theorem on existence and uniqueness of solution of time-nonlocal boundary value problem for equation of
motion of a homogeneous bar is proved.

1. BapavH B.C., dypta C.[., B c6.: AkTyanbHble npobnembl knaccuyeckoi u HebecHon mexaHukun. M.: Anbd, 1998. c. 13-22. 2. U3tomos HO.A., CbIpOMATHU-
koB B.W. ®a3oBbie nepexoapl n cummeTpus kpuctannos. M.: Hayka, 1984. 3. Kepedos A.A. HenokanbHble rpaHnyHble 3a4ayum Ans napabonnyecknx ypaBHe-
Hui. OudbdbepeHu. ypaHeHus. 1979, T.5, Ne 1, c. 74-78. 4. KoxaHoB A.M. HenokanbHas no BpeMeHW kpaeBasi 3ajaya Ans NMHelHbIX napabonuyeckux ypas-
HeHuit. Cnbupckuii xxypHan niayctpuansHon matematvkn, Tom VII, Ne1(17), 2004, c. 51-60. 5. KoctvH [.B. O6 ofgHoi cxeme aHanusa ABYXMOAOBbIX NPOru-
60B cnabo HeogHopoaHo ynpyron 6anku. Joknaabl Akagemun Hayk, 2008, Tom 418, Ne 3, c. 295-299. 6. JIubepmaH .M. HenokanbHble 3apaun Ans kBasu-
TNMHEeHbIX Napabonuyecknx ypaBHeHW. HennHeliHble 3agayn mateMaTn4eckon rankn U cMexHble Bonpockl: B yecTb akaa. O.A. NagphkeHckow. T. 1, Hoo-
cubupck, 2002, c. 233-254. 7. Mutponnbcekuid KO.0., MoceeHkoB B.l JocnimkeHHs1 KonMBaHb B CUHCTEMAX 3 PO3MNOAINEHNMU NapameTpamu (aCUMNTOTUYHI
meToawn). — KuiB: BuaasHuuteo Kuis. yH-Ty, 1961. — 123 c. 8. Xyaasepanes K./., BenuneB A.A. ViccnenoBaHve ogHOMEpHOW CMeLLaHHOW 3ajayv Anst O4HOro
knacca nceenormnepbonmMyeckux ypaBHEHUIN TPETLETO MOPsiAKa C HENMHENHOW onepaTopHON npaBoii YacTblo. — Baky, 2010, 168 c. 9. LWenyxuH B.B. Henoka-
NbHble MO BPEMEeHU 3agauv Ans ypaBHEeHU rMOPOAVHAMWKM W BapuauMOHHble NpuHumMnbl Jucc. AO.d.-M.H., HoBocubupck, 1992. 10. Chabrowsky J. On
nonlocal problems for parabolic equations // Nagoya Math. J. — 1984. — N 93. — P. 109-131. 11. Thompson J.M.T., Stewart H.B. Nonlinear dynamics and chaos.
— Chichester; Singapore: Wiley, 1986.

Hapinwna no peakonerii 25.05.12



