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For optimal control problem with semidefinite quality criterion for wave process with dissipation we receive the conditions
under which control isn't beyond the restrictions, and we construct optimal synthesis in this case. We propose approximated
homogeneous synthesis law, which provides control system behavior that is closed to optimal one.

 "87<
H"&"5" *'7.&'0- '*+-)"$1!'6' (2?.0"!!3 . 8'?)% =0'?'+!'6' =0'3=(. ("7' #-!+2=.) &$3 ?'=*'&%$2!-A #-#+2) .

=")(!2!%B 8'?)% = '&!'6' 7'(. 0-)"6"/ ?'=0'3=(. = +'5(- ='?. *?"(+-(-, " = %!I'6' – !2 )',2 7.+- ?'=0'3="!" 0 ="6"-
$1!'). 0-*"&(.. ;?"(+-5!" ('?-#+1 +"(-A ="&"5 9%$(') =?'=.)%$", '#(%$1(- #")2 (2?.0"!!3 =% =0'?'+!%) =0'3=(') &"/
=)'6. =&%B#!<0"+- 6!.5(2 .*?"0$%!!3 ?%=!')"!%+!-)- +2A!'$'6%5!-)- *?'92#")-, *?-5'). 92 .*?"0$%!!3 )',!" 0-7-
?"+- '*+-)"$1!-) = +'5(- ='?. +'6' 5- %!I'6' (?-+2?%< (0"?+'#+% *?'92#., 0-('?-#+"!!3 %#!.<5-A ?2#.?#%0 +':'), "
!"30!%#+1 =")(!.+'4 8'?).$- &$3 (2?.0"!!3 &'=0'$3/ ?2"$%='0.0"+- (2?.<5-B 0*$-0 . ?2"$1!'). 5"#%. J'&' )',-
$-0'#+% '+?-)"!!3 +"(-A (2?.0"!1 = )"+2)"+-5!'4 +'5(- ='?., +', !" ,"$1, !"30!% )"+2)"+-5!% )2+'&-, 0 '#!'0% 3(-A
$2,"+1 )2+'& &-!")%5!'6' *?'6?").0"!!3 K. D2$$)"!" [1] +" )2+'& 0"?%"9%B!-A !2?%0!'#+2B L.–M. M%'!#" [2], &"<+1
=)'6. &'02#+- ="&"5. &' (%!920'4 8'?).$- '*+-)"$1!'6' #-!+2=. $-I2 0 '(?2)-A 0-*"&("A. N"( *?- ="#+'#.0"!!%
)2+'&. &-!")%5!'6' *?'6?").0"!!3 )- *?-A'&-)' &' (?"B'0-A ="&"5 &$3 ?%0!3!1 +-*. K%(("+%, " )2+'& 0"?%"9%B!-A
!2?%0!'#+2B &'=0'$3/ *'7.&.0"+- !2'7A%&!% .)'0- '*+-)"$1!'#+% 0 +2?)%!"A *?3)'4 +" #*?3,2!'4 ="&"5, ="$-I"<5-
*'=" #0'/< .0"6'< I$3A- ?'=0'3="!!3 '+?-)"!'4 #-#+2)-.

O #0%+$% #("="!'6', *'7.&'0" ="('!. '*+-)"$1!'6' #-!+2=. . &'02&2!'). &' 8'?).$- 0-6$3&% !"0%+1 &$3 '(?2)'6'
($"#. ="&"5 '*+-)"$1!'6' (2?.0"!!3 ?'=*'&%$2!'< #-#+2)'< / "(+."$1!'< ="&"52<, :' ?'=0'3=./+1#3 . &"!%B ?'7'-
+% &$3 ="&"5% '*+-)"$1!'6' (2?.0"!!3, 0 3(%B (2?'0"!-B *?'92# '*-#./+1#3 (?"B'0'< ="&"52< &$3 A0-$1'0'6' ?%0-
!3!!3 = &-#-*"9%/<, " (?-+2?%B 3('#+% / !"*%00-=!"52!-). K'7'+" / *?'&'0,2!!3) 9-($. ?'7%+ [3 – 6].

=$"8(#$%&( :()(>*
G2A"B nR+ , – '7)2,2!" '7$"#+1 = 6$"&('< )2,2< % &$3 (0, 1)-% (2?'0"!-B *?'92# . 9-$%!&?% . /0 ,TQ t T* '*--

#./+1#3 (?"B'0'< ="&"52< &$3 A0-$1'0'6' ?%0!3!!3 = &-#-*"9%/<

 !
. /

 !  !

0

0

0 0 0 1

( , ) 2 ( , ) ( , ) ( ) ( ), ( , ) , ,

( , ) 0, , , ,

, ( ), , ( ), ;

tt t

t

y x t y x t A y x t g x v t x t t T

y x t x t t T

y x t x y x t x x

- - - - -

-

- - - -

0 ( 1 * ( %+2
33 * %4+ %5
3

* " * " %+36

(1)

&2  !: ,A div a- -* 7
 !

( )a a x- -* – 0-)%?!" #-)2+?-5!" )"+?-93 ?'=)%?!'#+% n n2 , 3(" ="&'0'$1!3/ .)'0- ?%0!')%?!'4

2$%*+-5!'#+% +" '7)2,2!'#+%, 1 2, ( ),g L- -" % + 1
1 0 ( ),H-" % + 0,1 8 0 0,t 9 0T t8 – &'0%$1!% 8%(#'0"!% )')2!+- 5"#..

G" (2?.0"!!3 !"($"&2!% '7)2,2!!3
 ! . /: ;2 0 0, : ( ) , .v U v L t T v t t T% * % ' < ).#. !" (2)

© 67&./8#( 5., 2012



?@8;?@8$%@. ?;H@#!%@. 28/2012 ~ 49 ~
H"&"5" '*+-)"$1!'6' (2?.0"!!3 *'$36"/ . )%!%)%="9%4 (?-+2?%< 3('#+%

0

2 2
2

0 0 1 1( ) ( ) ( , ) ( ) ( , ) ( ) ,
T

t
t

J v q x y x T dx q x y x T dx v t dt- - - -

+ +

= > = >
? @ ? @* A &B (C &B (
? @ ? @
D E D E
F F F (3)

&2 , 0,A C 9 0,A (C G 0 1, ,RB B % 0 1 2, ( ).q q L- - % +

 %&')', :' *?- &'0%$1!'). (2?.0"!!% v U% (?"B'0" ="&"5" (1) )"/ /&-!-B ?'=0'3='( . / !0 2, ; ( )y C t T L- % + [7].
P?%) +'6', ="&"5" '*+-)"$1!'6' (2?.0"!!3 (1) – (3) )"/ /&-!-B ?'=0'3='( [2]. O [4, 5] 92B ?'=0'3='( *'7.&'0"!' . 0--
*"&(. 0%&#.+!'#+% &-#-*"9%4 ( 01 * ).

=$?7)$%( $<8!;(-@#$0$ &/.7%(##A :* :%$.$8#*; :%'A:&$;
>$%&.<5- %&24 #+"+2B [4, 5], *'7.&./)' '*+-)"$1!-B #-!+2= ="&"5% (1) – (3) . 30!'). 0-6$3&%. C$3 91'6' #*'5"+(.

*2?2B&2)' 0%& ="&"5% '*+-)"$1!'6' (2?.0"!!3 &$3 #-#+2)- = ?'=*'&%$2!-)- *"?")2+?")- (1) – (3) &' !2#(%!52!!'-
0-)%?!'4 ="&"5% '*+-)"$1!'6' (2?.0"!!3 0 +2?)%!"A ('28%9%/!+%0 Q.?'/ 0-A%&!'4 ="&"5%.

 02&2)' &' ?'=6$3&. #*2(+?"$1!. ="&"5.
0, ,

( ) 0, .
A X X x
X x x

-0 (H * %+3
5

* %4+36
(4)

 %&')' [8], :' #*2(+?"$1!" ="&"5" (4) )"/ *'#$%&'0!%#+1 0$"#!-A 5-#2$  !  !  !2 2 2
1 20 ,k
- - -' I ' I ' ' I '" " &$3 3(-A

 !2 , ,k k-I $ ) $ ) *?- 91'). 0%&*'0%&!% 0$"#!% 8.!(9%4 : ; 1
01

( ) ( )k k
X x H

)-
*

, + .+0'?<<+1 '?+'!'?)'0"!-B 7"=-# . *?'#-

+'?% 2 ( )L + % '?+'6'!"$1!-B 7"=-# . *?'#+'?% 1
0 ( )H + . K'=($"&2)' 0#% 8.!(9%4 ="&"5% (1) – (3) . ?3&- Q.?'/ =" 0$"#!-)

7"=-#') : ; 1
( )k k

X x
)-
*

:

 !

 !

 !  !

 !

1

1

0 0 0 0 1 1 1 1
1 1

0 0 0 0 1
1

( , ) ( ) ( ), ( ) ( , ), ;

( ) ( ), ( ), ;

( ) ( ), ( ), ; ( ) ( ), ( ), ;

( ) ( ), ( ), ;

k k k k
k

k k k k
k

k k k k k k k k
k k

k k k k
k

y x t y t X x y t y t X

g x g X x g g X

x X x X x X x X

q x q X x q q X q

)
- - - - - -

*
)

- - - - - -

*
) )

- - - - - - - - - - - -

* *
)

- - - - - - -

*

* * J

* * J

" * " " * " J " * " " * " J

* * J

K

K

K K

K  !1 1 1
1

( ) ( ), ( ), ;k k k k
k

x q X x q q X
)

- - - - -

*
* * JK

(5)

&2 +.+ % &"$%  !,J J – #("$3?!-B &'7.+'( . *?'#+'?% 2 ( )L + .
H"=!"5-)', :' *?- *'7.&'0% '*+-)"$1!'6' (2?.0"!!3 =% =0'?'+!%) =0'3=(') !"30!%#+1 *"?")2+?. - !2 / #.++/0'<,

+'). &$3 #*?':2!!3 )- '*.#+-)' *"?")2+? - . *'&"$1I-A 0-($"&("A, *'!'0-0I- B'6' . (%!920%B 8'?).$% &$3 '*-
+-)"$1!'6' #-!+2=.. H .?"A.0"!!3) 91'6', . +2?)%!"A ('28%9%/!+%0 Q.?'/ ="&"5" '*+-)"$1!'6' (2?.0"!!3 (1) – (3)
*2?2*-I2+1#3 . 0-6$3&%

 !  !

2

0 0 0 1

( ) 2 ( ) ( ) ( ),
, ;

k k k k k

k k k k

y t y t y t g v t
y t y t

0 ( 1 ( I *3
5

* " * "36

## #

#
(6)

,v U% (7)

0

2 2
2

0 0 1 1
1 1

( ) ( ) ( ) ( ) inf .
T

k k k k
k k t

J v q y T q y T v t dt
) )

* *

= > = >
* A &B (C &B ( $? @ ? @? @ ? @

D E D E
K K F# (8)

H"&"5" (6) – 92 ="&"5" P'I% &$3 $%!%B!'6' !2'&!'?%&!'6' ?%0!3!!3 =% #+"$-)- ('28%9%/!+")-, " +'). &$3 0#%A 1k 9
% v U% )"/ /&-!-B ?'=0'3='(. G"&"$% &$3 #('?'52!!3 0-($"&'( 7.&2)' 00","+-, :' 0-('!./+1#3 !2?%0!%#+1

2 2
1 .I 8 1 (9)

H" .)'0- (9) &$3 &'0%$1!'6' 1k 9 A"?"(+2?-#+-5!2 ?%0!3!!3 &$3 $%!%B!'6' '&!'?%&!'6' ?%0!3!!3, :' 0%&*'0%&"/
!2'&!'?%&!'). ?%0!3!!< 0 (6), )"/ &0" (')*$2(#!'-#*?3,2!% ('?2!% = !2!.$1'0'< &%B#!'< 5"#+-!'< .&1 H".0",-)',
:' 92 +02?&,2!!3 ="$-I"/+1#3 #*?"02&$-0-) &$3 &'#-+1 02$-(-A k % . 0-*"&(., 3(:' !2?%0!%#+1 (9) !2 0-('!./+1-
#3. P?%) +'6', !20",(' *2?2('!"+-#3 . #*?"02&$-0'#+% !"#+.*!-A '9%!'(

0

0

2
2 2 2 2 2

0 12 2

2 22
2 2 2 2 2

0 1

1 1( ) 3 1 ( ) ,
2

1( ) 3 1 1 ( ) ;
2

T

k k k k
k k k t

T

k k k k k
k k k t

y t g v s ds

y t g v s ds

L M= >1N O' ( " ( " (? @N OP P 1PD EQ R
L M= > = > = >1 1 1N O' P ( " ( ( " ( (? @ ? @ ? @? @N OP P 1 PD E D ED EQ R

F

F#

(10)

&2 2 2 .k kP * I & 1



~ 50 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

@9%!(- (10) +" ?%0!%#+1 ;"?#20"$3 &"<+1 =)'6. ="*-#"+- '9%!(- &$3 ?'=0'3=(%0 (?"B'0'4 ="&"5% (1):

 !  ! 0

2
2 2 2 2 2

0 12 2
1 1 1

1 1( ) 3 1 ( ) ,
2

T

t

y t g v s ds- - - -
- - -

L M
= >N 1 O

' ( " ( " (? @N O? @PD EN OP 1 P
Q R

F

 !  !  !1 1
0 0

0

2
3 4 2 22 2 2 2 22 2

0 0 12 2 2( ) ( ) 1 1 1 1

2 1( ) 3 2 2 1 1 ( ) ,
2

T

H H
t

y t g v s ds- - - - -
-+ + - - -

L M= > = > = >N O? @ ? @ ? @1 1 1 1N O' " ( 1 ( ( " ( ( " ( (? @ ? @ ? @1N OP? @ ? @ ? @P P PN OD E D E D EQ R

F (11)

 !1
0

0

242 2 2 2 22 2
0 0 12( ) 1 11

1( ) 3 2 1 1 ( ) ;
2

T

t H
t

y t g v s ds- - - - -
- -+ -

L M= >
= > = >N O? @1 1 1

' " ( 1 ( " ( ( " ( (? @ ? @N O? @ ? @ ? @1P PN OD E D E? @P
D EQ R

F

(+.+ )- *'!'0-$- *"?")2+? - ). H".0",-)' +"(',, :' *'&%7!% '9%!(- )',!" 7.$' 7 '+?-)"+- &$3 ?'=0'3=(%0 (?"B'0'4
="&"5% (1) 72=*'#2?2&!1' (!2 *2?2A'&35- &' 0%&*'0%&!-A ('28%9%/!+%0 Q.?'/).

;'02?!2)'#1 &' ?'=0'3="!!3 ="&"5% '*+-)"$1!'6' (2?.0"!!3 (6) – (8).  -('?-#+'0.<5- 8.!&")2!+"$1!. #-#+2).
?'=0'3=(%0 $%!%B!-A '&!'?%&!-A ?%0!3!1, 3(% 0%&*'0%&"<+1 ?%0!3!!3) 0 (6), ="&"5. '*+-)"$1!'6' (2?.0"!!3 (6) – (8) &$3
!2#(%!52!!'0-)%?!'4 #-#+2)- =0-5"B!-A &-82?2!9%"$1!-A ?%0!3!1 )',!" =02#+- &' 2(0%0"$2!+!'4 ="&"5% '*+-)"$1-
!'6' (2?.0"!!3, 0 3(%B (2?'0"!-B *?'92# '*-#./+1#3 &0'0-)%?!'< #-#+2)'< =0-5"B!-A &-82?2!9%"$1!-A ?%0!3!1.
C%B#!', 002&2)' *'=!"52!!3

 !  !  !

 !  !  !0

( )
1 0

1

( )
1 0 0 0 0 0 1

1

2
( )

2 1

1( ) cos ( ) sin ( ) ( ) sin ( ) ( ) ,

1cos ( ) sin ( ) sin ( ) ,

( )

T t k
k k k k k

k kk

T t k
k k k k k

k kk

T t k
k

k

a t e q T t T t y t T t y t

e q T t T t T t

a t e q

)
&1 &

*

)
&1 &

*

&1 &

L M= >1
* P & ( P & ( P &N O? @

P PN OD EQ R
L M= >1

A * P & ( P & " ( P & "N O? @
P PN OD EQ R

= >1
* & P (? @? PD E

K

K

#

 !  !  !

 !  !  !

 !

0

1

2
( )

2 1 0 0 0 0 1
1

( ) 0
1

1

sin ( ) ( ) cos ( ) sin ( ) ( ) ,

sin ( ) cos ( ) sin ( ) ,

( ) sin ( ) ,

k k k k k
kk

T t k
k k k k k k

k kk

T t k k
k

kk

T t y t T t T t y t

e q T t T t T t

g qb t e T t b

)

*

)
&1 &

*

)
&1 &

*

L M= >1
P & ( P & & P &N O? @@ PN OD EQ R

L M= > = >1 1
A * & P ( P & " ( P & & P & "N O? @ ? @? @P PN OD ED EQ R

* P &
P

K

K

K

#

 !  !( )
2 1

1
( ) cos ( ) sin ( ) .T t

k k k k
kk

t e g q T t T t
)

&1 &

*

= >1
* P & & P &? @

PD E
K

(12)

N'&% ="&"5" (6) – (8) 2(0%0"$2!+!" !"#+.*!%B ="&"5% '*+-)"$1!'6' (2?.0"!!3 &$3 #-#+2)- =0-5"B!-A &-82?2!9%"-
$1!-A ?%0!3!1 &?.6'6' *'?3&(.

 !  !
0

1 1 1 0 1

2 2 2 0 2

2 2 2
1 0 2 1

( ) ( ) ( ), ( ) ,
( ) ( ) ( ), ( ) ;
,

( ) ( ) ( ) ( ) .
T

t

a t b t v t a t
a t b t v t a t
v U

J v a T a T v s ds

* * A0
3 * * A3
3 %5
3
3 * A & B ( C & B (
3
6

F

#
#

(13)

H".0",-)', :' 0!"#$%&'( '9%!'( (10) +" .)'0 !" ('28%9%/!+- ="&"5% '*+-)"$1!'6' (2?.0"!!3 (1) – (3), 8.!(9%4 +"
#+"$% 0 (12) '=!"52!% ('?2(+!'. P?%) +'6', 8.!(9%4 1 2( ), ( )a t a t &'*.#("<+1 *'5$2!!2 %!+26?.0"!!3 +" &-82?2!9%<0"!!3.

@+?-)"!" ="&"5" '*+-)"$1!'6' (2?.0"!!3 (13) "!"$'6%5!" +%B, :' '+?-)./+1#3 . 0-*"&(. 0%&#.+!'#+% &-#-*"9%4
(+'7+' *?- 01 * ) [4], % )',2 7.+- ?'=0'3="!" =" &'*')'6'< *?-!9-*. )"(#-).). ;'!+?36%!".  ?2=.$1+"+% '+?-)./)'
(2?.0"!!3:

 !  !0 1 0 0 2 1
0

1( ) ( , ) ( , ) ,
( )

u t A t t B t t
t

L M* & A & B ( A & BQ RS
(14)

&2

0 0 0

0 0

0 0

2 2
0 1 2 1 2

2
0 1 1 2 2 1 2

2
0 2 2 1 1 1 2

( ) 1 ( ) 1 ( ) ( ) ( ) 1 0,

( , ) ( ) ( ) ( ) ( ) ( ) ( ) ,

( , ) ( ) ( ) ( ) ( ) ( ) ( ) .

T T T

t t t

T T

t t

T T

t t

t b s ds b s ds b s b s ds

A t t b t b t b s ds b t b s b s ds

B t t b t b t b s ds b t b s b s ds

= >= >
? @? @S * ( A ( C & AC 9 8
? @? @
D ED E

* A ( AC & AC

* A ( AC & AC

F F F

F F

F F



?@8;?@8$%@. ?;H@#!%@. 28/2012 ~ 51 ~
;?- 0-('!"!!% !2?%0!'#+%

2
22 2 2

0 1 1 0 1 0 2 12
1 1 1 1

1 1 1 1q g q g q g q g
L M L M= > = >A C 1 1 AN O( ( A & B ( C ( ( A & B ' <N O? @ ? @
N OP 1 P P 1PN OD E D E Q RQ R

(15)

(2?.0"!!3 (14) ="&'0'$1!3/ '7)2,2!!3 ( ) ,u t ' < % +'). / *?'6?")!-) '*+-)"$1!-) (2?.0"!!3) ="&"5% (13).
 -('?-#+'0.<5- 6?"!-5!-B *2?2A%& P?"#'0#1('6' [9], )- )',2)' !" 7"=% *?'6?")!'6' '*+-)"$1!'6' (2?.0"!!3

(14) *'7.&.0"+- '*+-)"$1!-B #-!+2= &$3 ="&"5% '*+-)"$1!'6' (2?.0"!!3 (13):

. /  !  !1 2 1 0 2 1
1, , ( , ) ( , ) ,
( )

u t a a A t t a B t t a
t

L M* & & B ( & BQ RS
(16)

&2 1 1 2 2( ), ( )a a t a a t* * – ?'=0'3=(- ="&"5% P'I% 0 (13) = (2?.0"!!3) . /1 2( ) , ( ), ( ) ,v t u t a t a t* :' ="&"/+1#3 8'?).$'< (16).
;'02?+"<5-#1 &' 0-A%&!'4 ="&"5% '*+-)"$1!'6' (2?.0"!!3 (1) – (3) % *'!'0$<<5- *"?")2+? - . 8'?).$"A, *?--

A'&-)' &' '*+-)"$1!'6' #-!+2=. ="&"5% (1) – (3) . 0-*"&(. 0%&#.+!'#+% '7)2,2!1

 !  !11 12 21 22

0 1

1, ( , ) ( , ) ( , ) ( , ), ( , ) ( , ) ( , ) ( , ) ( , ), ( , )
( )

( , ) ( , ) ,
( )

tu t y A t t R t B t t R t y t A t t R t B t t R t y t
t

A t t B t t
t

- - - - - - - - - - -
-

- -

-

L ML M * & J ( J J ( J ( J J (N OQ R Q RS

B ( B
(

S

(17)

&2

 !  !

 !

 !

( )
11 0

1

( ) 0
12

1
2

( )
21 1

1

( )
22 1

( , ) cos ( ) sin ( ) ( ),

( , ) sin ( ) ( ),

( , ) sin ( ) ( ),

( , )

T t
k k k k

k k

T t k
k k

k k

T t
k k k k

k k

T t

R x t e q T t T t X x

qR x t e T t X x

R x t e q T t X x

R x t e q

)
- &1 & - - - -

-
*

-)
- &1 & - -

-
*

)
- &1 & - - - -

-
*

- &1 &

L M1
* P & ( P &N O

PN OQ R

* P &
P

= >1
* & P ( P &? @? @PD E

*

K

K

K

 !  !
1

cos ( ) sin ( ) ( ),k k k k
k k

T t T t X x
)

- - - -
-

*

L M1
P & & P &N O

PN OQ R
K

(18)

( , )y y x t- -* – ?'=0'3='( (?"B'0'4 ="&"5% (1) = (2?.0"!!3) ( ) , .v t u t y-L M* Q R

H".0",-)', :' 0#% ?3&- 0 (18) '=!"52!% ('?2(+!' +" 0-=!"5"<+1 8.!(9%4 !"#+.*!-A ($"#%0:  !11 0 2[ , ]; ( ) ,R C t T L- % +

 !1
12 0 0[ , ]; ( ) ,R C t T H- % +  !1

21 0[ , ]; ( ) ,R C t T H- &% +  !22 0 2[ , ]; ( ) .R C t T L- % +

'(?-!B/#!+  !"#"$%"%&' !&%(")
 !"#$%&' (17) (&) "*+'$,&-."/" 01#%2,..) 34 32"#"+.4$ 32')30"$ 3,(,54 (1) – (3) 2'(.", 6" 0"1!4748.+' 7-"/"

9'.+13% 3,*'9%:+-9) % 2'/&)(4 .1904.51..'; #)(42, 6" .1 8 3#%5.'$ (&) *#,0+'5.'; "<5'9&1.- % #1,&-."$% 5,94.
=#4$ +"/", .,)2.49+- *,#,$1+#% , )0'> $"?1 2;"('+' % "*1#,+"# A 0#,>"2"@ 3,(,54 (1) .1#1/%&)#.", +,0"? $"?1
9%++82" %90&,(.:2,+' 74 "<5'9&1..). A"$% *#'#"(." 2'.'0,8 3,(,5, *"<%("2' .,<&'?1."/" 01#%2,..) 34 32"#"+.4$
32')30"$, )01 < #1,&43%2,&" <&'3-0% (2 91.94 0#'+1#4: )0"9+4 (3)) *"21(4.0% 01#"2,."@ 9'9+1$' (1).

B,(,&4 <%(1$" 2'$,/,+' 2'0".,..) *#'*%61..).
*#&+ ,"%%-.  !"#$ %#&'( %)*+! ,#*'-.,) /0)1,2*') 32!4)+)5,')6 /#7#8) 2.'9%#:(,2;2 3!<-6#,,= (1) – (3):

0 0 0 0 0
0 0 1 1 0 0 1 1 2

0

, , , , ( ) 0;

0 -

g g q q q q L

a a G

     

 

! " ! " " !" ! ! #  !

!  !

*:#032 6 .<9

.<9 6 *!,*) /0)1,2*') %#'<9+(
(19)

(*'2*26,2 G-/0)1,2*') %#'<9+( 796. [10])

C21(1$" (" #"3/&)(% %91#1(.1.'> "*1#,+"# $ %0 0 .A div a& '
 !

B1;,> $ %20

1
k

k

(

&

) *+, -
. /

+, 0 10
1

( )k k
X x

(

&
– 2&,9.4 3.,51..) +,

24(*"24(.4 @$ 2&,9.4 !%.074@ 9*10+#,&-."@ 3,(,54 (4) 3 "*1#,+"#"$ 0,A *#'5"$% 22,?,+'$1$", 6" 9*10+# %91#1(.1."-

/" "*1#,+"#, 0A *#"9+'>, +"<+"

$ % $ % $ %2 2 2
1 20 .k
   2 + 3 + 3 3 + 3" " (20)

A"(4 3,(,5, "*+'$,&-."/" 01#%2,..) (1) – (3) 2'3.,51., +,0"? 4 *#' 0. &
D"<%(%8$" .,<&'?1.'> %91#1(.1.'> 9'.+13 3,(,54 "*+'$,&-."/" 01#%2,..) (1) – (3) 3, .,9+%*.'$ *#,2'&"$: %

!"#$%&4 (17) 2 0"1!4748.+,; , , ( , 1,2)ijA B R i j   & !"#$,&-." 3,$4.'$" 294 #)(' ., 904.51..4 9%$' 3, k 24( 0 (" N ,

5'9&, $ %2k + ., $ %20
k+ +, 294 0"1!4748.+, E%#'8 3, "#+"."#$"2,.": 9'9+1$": 0 1 1

( )k k
X x

( 
&

., 0"1!4748.+' E%#'8 3, 9'9-

+1$": 0 10
1

( )k k
X x

(

&
24(*"24(.'; /#,.'5.'; !%.074> 3 *#'*%61..) (19). F+#'$,8$" (1)01 01#%2,..) , ,N Nv t z 4 5

6 7 (1 Nz
 

– #"32')3"0 0#,>"2"@ 3,(,54 (1) 3 01#%2,..)$ ( ) , .N Nv t v t z 4 5& 6 7



~ 52 ~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/

="#10+.49+- 3,*#"*"."2,."/" .,<&'?1."/" %91#1(.1."/" 9'.+13% "<G#%.+"2%8 +1"#1$,.

."/#"01.  !"#$ 0 1 2, ( ),q q L  8 # 1
1 0, ( ),g H  " 8 # 2 1

0 0( ) ( ),H H " 8 # 9 # *.<#6!7:96) 2+),39 ,g 2 : 1
0

1 1( )
,

H
 

#
" 2 ;

1 2
0

0 0( ) ( )H H
 

# 9 #
" 2 ; .<9 [0,1) 8 '# 6932,-&'(*= .<9.->!,,= (9), (15), (19), (20). ?27) 2.'9%#:(,! 3!<-6#,,= /)

/62<2',)% /6'=/32% /#7#8) (1) – (3) %#5 69;:=7 (17) '# *.<#671-&'(*= ,#*'-.,) 2+),39 0:9/(32*') %)1 2.'9%#:(-

,9% *9,'!/2% ,u t y  4 5
6 7 ) .20-726#,9% ,#0:91!,9% -*!<!7,!,9% *9,'!/2% , :N Nv t z 4 5

6 7 7:= 726):(,2;2 %#:2;2

0< = /,#$7-'(*= '#3) 0 1N > '# 0 0, = >2 7:= 726):(,9" 0N N> ) 0(0, ) 8  6932,-&'(*= ,!<)6,2*')

$ % $ %
1
0

0

0( )

, , [ , ],

( , ) ( , ) [ , ],

, , .

N N

N H

N N

v t z u t y t t T

z t y t t t T

J v t z J u t y

   

  
#

   

4 5 4 5? 3 < 86 7 6 7

@ ? @ 3 < 8

4 5 4 5? 3 <6 7 6 7

7:= 6*)"

7:= 6*)"

 %#,;%2,..)$ "74."0 (11), 2'/&)(% .,<&'?1."/" %91#1(.1."/" 9'.+13% ,N Nv t z 4 5
6 7 +, !"#$%&' (&) "*+'$,&-."/"

9'.+13% (17) ("21(1..) 748@ +1"#1$' $"?1 <%+' *#"21(1.1 *"(4<." (" [4].
 ,3.,5'$", 6" ,.,&"/45." [5] $"?., #"3/&).%+' 2'*,("0 2';"(% 01#%2,..) ., "<$1?1..) .AB F(.,0 "904&-0' .,-

)2.49+- ('9'*,74@ 9%++82" %90&,(.:8 2'/&)( 0"1!4748.+42 % 01#%2,..4 (14), +" #42.)..) (&) 2'3.,51..) +"50' *1#1-
0&:51..), , +,0"? *'+,..) *#" 04&-049+- +"5"0 *1#10&:51..) *"+#1<%:+- "0#1$"/" 2'251..), 6" <%(1 *#1($1+"$
.,9+%*.'; ("9&4(?1.-.

2&!%/34&
H #"<"+4 #"3/&).%+" 3,(,5% "*+'$,&-."/" 01#%2,..) 3 .,*422'3.,51.'$ 0#'+1#48$ )0"9+4 (&) ;2'&-"2"/" #42.)..)

3 ('9'*,748:. C'0"#'9+"2%:5' $1+"( E%#'8 3 *"(,&-I": 3,$4.": 2';4(."@ 3,(,54 "*+'$,&-."/" 01#%2,..) #"3*"(4-
&1.": 9'9+1$": 10242,&1.+.": 3,(,51: "*+'$,&-."/" 01#%2,..) (&) 9'9+1$' 32'5,>.'; ('!1#1.74,&-.'; #42.).-
(#%/"/" *"#)(0%, "+#'$,." %$"2', *#' 2'0".,..4 )0'; "*+'$,&-.1 01#%2,..) .1 2';"('+- ., "<$1?1..), +, *"<%("-
2,." "*+'$,&-.1 01#%2,..) % !"#$4 32"#"+."/" 32')30% (9'.+13%) % 7-"$% 2'*,(0%. B, <,34 *"<%("2,."/" "*+'$,&--
."/" 9'.+13% 90".9+#%>"2,." .,<&'?1.'> %91#1(.1.'> 9'.+13, )0'> 3 *#,0+'5."@ +"50' 3"#% $,8 #)( *1#12,/, +,
"<G#%.+"2,." 0"#10+.49+- 7-"/" 9'.+13%, +"<+" *"0,3,.", 6" .,<&'?1.'> 9'.+13 #1,&43%8 <&'3-01 (" "*+'$,&-."/"
3.,51..) 74&-"2"/" !%.074".,&% +, +#,80+"#4@ 9'9+1$'.

1. J1&&$,. K. L'.,$'5190"1 *#"/#,$$'#"2,.'1. – M.: N3(,+1&-9+2" '."9+#,.."> &'+1#,+%#O, 1960. – 400 9. 2. P'".9 Q.-P. F*+'$,&-."1 %*#,2-
&1.'1 9'9+1$,$', "*'9O2,1$O$' %#,2.1.')$' 9 5,9+.O$' *#"'32"(.O$'. – M.: M'#, 1972. – 414 9. 3. =,*%9+). R.S., B,0".15.O> S.T. U'.+13 "*+'-
$,&-."/" "/#,.'51.."/" %*#,2&1.') (&) *,#,<"&'5190"> 0#,12"> 3,(,5' 9 <O9+#" "97'&&'#%:6'$' 0"V!!'7'1.+,$' // D#"<&1$O %*#,2&1.') '
'.!"#$,+'0'. – 1999. – W 6. – U. 44 – 57. 4. =,*%9+). F.C., U%0#1+., S.C. H91#1(.1.'> 9'.+13 "*+'$,&-."/" 01#%2,..) (&) ;2'&-"2"/" #42.)..)
// H0#. $,+. ?%#.. – 2003. – A. 55, W 5. – U. 612 – 620. 5. U%0#1+., S.C. F<$1?1.'> .,<&'?1.'> 9'.+13 "*+'$,&-."/" 01#%2,..) (&) ;2'&-"2"/" #42-
.)..) // H0#. $,+. ?%#.. – 2007. – A. 59, W 8. – U. 1094 – 1104. 6. U%0#1+., S.C. B,<&'?1.'> 9'.+13 "*+'$,&-."/" "<$1?1."/" 01#%2,..) (&) *,#,<"-
&45."/" *#"719% // C49.'0 ='@29-0"/" .,74".,&-."/" %.421#9'+1+% 4$1.4 A,#,9, X1251.0,. M,+1$,+'0,. M1;,.40,. – 2009. – 22. – U. 50 – 55.
7. P,(O?1.90,) F.S. =#,12O1 3,(,5' $,+1$,+'5190"> !'3'0'. – M.: B,%0,, 1973. – 407 9. 8. Temam R. Infinite-Dimensional Dynamical Systems in
Mechanics and Physics. – New York, 1997. 9. =#,9"290'> B.B. A1"#') %*#,2&1.') (2'?1.'1$. – M.: B,%0,, 1968. – 475 9. 10. Q'0"2 C.C., ="3&"2 U.M.,
F&1>.'0 F.S. H9#1(.1.'1 ('!!1#1.7',&-.O; "*1#,+"#"2. – M.: E'3.-$,+. &'+., 1993. – 464 9.

51$6'781 $/ #"$4/8"9 6 : 31 .1 0 . 11

;<= 620.179
2. >/9$1%/3, 41%$. ?6).-01(. %1 4, @. A 8&0, $-# ?6).-01(. %1 4

e-mail: vladislav_bogdanov@hotmail.com

;$#<=!>#$? @AB $8A% 8@!C$#$ D %A=E<%8#A=D B@<B%D
B< E@DF#A-EG<"8$>#AH =A;IGGH EGA"%AJA ;IKA@=A <#AJA

! #<E@DFI#AJA "8<#! !B @AB <#8<FI##L= =<8I@!<GD

  !"#$!%&'(()* $+,(!-. !/ *.&#0+ 0#%1+0234&5%) 61#%"!7 0.8#$*# '(!7 + ('6$32.(!7 %&'(!  +06# +0(# &# %&#-
9# + &#("#9# "#*6'"&(#9# ,$',"' +,  $'/3 '(()* 6$#-.%3 $#, '(&'2.(() *'&.$+'13 01)  !,(':.(()  '),"#%&+ $37(3 '(()
(&$+;!(# !&$!*(#%&+)  (.%&'-+#('$(+7 6$32(#-61'%&!:(+7 6#%&'(# -+ , 3$'/3 '(()* 6+0$#%&'(() &$+;!(! ,' (' '(-
&'2.((), )". 6$!"1'0.(# 0# 1#"'1+,# '(#< #=1'%&+ &' ,*+(>4&5%) , :'%#* ,' 1+(+7(!* ,'"#(#*. ?$+;!(' 6+0$#%&'4 ,'
3*# !  +0%3&(#%&+ *'"%!*'15(!/ ('6$32.(5  #=1'%&+  +%&$) &$+;!(!. @!) 1.(# #%#=1! #%&+ ,*+(! ('6$32.(5.

On the base of developed method of solving problems of planar deformation and stress states in non-stationary plastic-
elastic model with the counting of the process of unloading of the material the problems of crack cleavage were solved when
non-stationary pressure is applied. The non-stationary pressure time dependence is linear and area of that pressure has not
changed. The crack is growing when maximal stresses in the area of top of crack are absent. There were determined
dependences of plastic and elastic deformation energies and areas of plastic deformations for different values of stress intensity.
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