
ISSN 1684-1565  !"# !"$%!.  #&!'(%!. (1)29/2013 ~ 7 ~

 !"#$ %!.  !"#$%&' &'() *$'(# )+&*(%&&, -'.()/&#0 '-1"%!'"&#0 )&!12"%3)(, 4' *5%2%36&77!6 &14'.%(&)
"15*36!%!# 8. 936:1(1")' )  . ;'!'()3'(%. <#(=1&' !%>'? (3%+!#('+!) !%>#0 )&!12"%3)(, ,> !"%&+@'"$%!'")(
>3%+* ( , )p pS S .

"&!"$%  !%$'!"()#!* +,-'-.. 1. 936:1(1"#' 8., ;'!'(#3'( 9.A.  -1"%!'"&B1 #&!12"%3B 8!#3!61+% -' +-1>!"%36&'/ $1"1 # "1C1&#,
&1>'!'"B0 '-1"%!'"&B0 *"%(&1&#/ // D"*.B ;'+>'(+6>'2' ;%!1$%!#=1+>'2'  :41+!(% – 2011. – !. 72, E1, – 8. 63–103. 2. F#"$%& ;. G., 8'3'$,> ;.
H. I('/&B1 '-1"%!'"&B1 #&!12"%3B 8!#36!61+%// J"':31$B $%!1$%!#=1+>'/ @#5#>#. – 1966. – E 1, – 8 33–67. 3. F#"$%& ;. G., 8'3'$,> ;. H.
I('/&B1 '-1"%!'"&B1 #&!12"%3B 8!#36!61+%// J"':31$B $%!1$%!#=1+>'/ @#5#>#. – 1966. – E 2, – 8. 26–60. 4. F#"$%& ;. G., 8'3'$,> ;. H.
I('/&B1 '-1"%!'"&B1 #&!12"%3B 8!#36!61+%// J"':31$B $%!1$%!#=1+>'/ @#5#>#. – 1966. – E 3, – 8. 27–53. 5. I%31K>#/ L. M., A"1/& 8. N.
O&!12"#"'(%&#1 # .#@@1"1&K#"'(%&#1 P"$#!'(B0 '-1"%!'"'( # -"#3'?1&#1 > !1'"## ('5$*41&#/. – <'"'&1?. D". +1$#&%"% -' @*&>K#'&%36&'$*
%&%3#5* – 1956 – !. 1, – 8. 81–105. 6. ;%3%$*. ;. ;., ;%3%$*. 8. ;., 8-1>!"%36&%, !1'"#, '-1"%!'"&B0 $1" ( 2#36:1"!'('$ -"'+!"%&+!(1, 9321:"%
# %&%3#5. – 2003 – E 3. 7. J1331" <. <.,  -1"%!'"B N%&>13, ( !1'"## ('5$*41&#/ *&#!%"&B0 # +%$'+'-",?Q&&B0 '-1"%!'"'( // R*&>K. %&%3. # 12'
-"#3., – 1985 – E 19, – 8. 37–51. 8. Aleksandrov A.B., Peller V.V. Functions of perturbed unbounded self-adjoint operators. Operator Bernstein type
inequalities // Indiana Univ. Math. J. – 2010. – Vol. 59, – P. 1451–1490. . 9. Birman M., Solomyak M. Double operator integrals in Hilbert space// Integral equ.
oper. theory – 2003. – E 47. – 8. 131–168. 10. Potapov D., Sukochev F. A. Lipschitz and commutator estimates in symmetric operator spaces//, Operator
Theory 2008, –E 59:1, – 8. 211–234.

#/01234/ 05 67085479 1 : 05 .1 1 . 12

;. ,<6=/ />?., ). %5@>A/@AB@5C 8/@0. DBE.-F/A. @/<8, 05G.

+ $H#I- $&-')($'#I- !#(-J').I '!K)#)-"(!.(L-")
 !"#$%&'($) $%&)( *%!"#"%+$)( ,!'%&-. !,/(!"&%&#$-. *&%0$)1 %2(3#"%3$)1 -$"(43#'%&, ,!-'-&#5/-( - 3#6&-&#5/-( $(*#&$-(

3(6,'7"#")8.9'7:(&(3-% - 9.;%"%&-'%&#

I. Zhurba, PhD graduate, O. Konstantinov, PhD

DOUBLE RIEMANN-STIELTJES OPERATOR INTEGRALS
In paper give new sufficient conditions on the existence of double operator integrals which strengthen and extend recent results of S. Albeverio

and A. Motovilov.

M+% 517.518
$. #7>A767@85, 8/@0. D1E.-F/A. @/<8,
). N/285C>O8B2, 8/@0. D1E.-F/A. @/<8,

%#M 1F7@1 (/6/>/ P7CQ7@8/, %B:C
Email: ChaikovskiyAV@ukr.net

'#)(*'+,"( -./ -)01$&  +-0.(* '#2#)#)*'+,"( %)!"'$& !)10 #'"(*

 3%:%"< %"3-=#$% $%&< $(3<&$%!"< *'. *3,4-1 =%*,'<& $(2(3(3&$%!"< >3#"$-1 #34,=($"<&.

 "(M&. S10%/  !UC  – $&'?#&% (+)0 ")(&'$)"&' &1-1"1"(&#0 &%  .)/+&#0 @*&>K)/. <#5&%=#$' .3, &#0 ."*2*
+>)&=1&&* ")5&#K7 !% ."*2#/ (")(&'$)"&#/) $'.*36 &1-1"1"(&'+!):

 !  !  !  !2 , : 2 2h f x f x h f x h f x" # $ % $ $ , x & , 0h ' ,  !f UC&  ;

 !
 (

 !2
2

0,
, sup sup ,h

xh t
f t f x

&&
) # "

 

, 0t ' ,  !f UC&  .

T $'&'2"%@)U [2] -"'(1.1&' .1!%36&1 (#(=1&&, ")(&'$)"&#0 $'.*3)( &1-1"1"(&'+!) ")5&#0 -'",.>)(, 5'>"1$%,
&%(1.1&' &1")(&'+!) .3, &#0. T K)/ ?1 $'&'2"%@)U $'?&% 5&%/!# / :):3)'2"%@)=&) -'+#3%&&,. T .%&)/ +!%!!) '!"#$%&'
&1")(&'+!) .3, ."*2#0 $'.*3)( &1-1"1"(&'+!) >"%!&#0 %"2*$1&!)(, ,>), &%+>)36># &%$ ().'$', * 3)!1"%!*") &1
5*+!")=%3#+6.

$"#$ #) N)"(!#). V': +@'"$*37(%!# '+&'(&#/ "15*36!%! &%C'U "':'!#, .3, 131$1&!)( -"'+!'"* ! )
=#+13 k &! ) n &" ((1.1$' -'5&%=1&&,

 !  !, : , 0, 0, 1, 2, 3, , 1, , 1, , 3, 2, 1, 0, 0,p k n n n n# % %# # # # ,

.1 -1"C#/ &1&*36'(#/ 131$1&! K)WU -'+3).'(&'+!) +!'U!6 &% k -'$* $)+K). X1"15  !,
i

p k n -'5&%=%!#$1$' i -!*

>''".#&%!* 131$1&!%  !,p k n , .1 i &! .
 +&'(&#$ "15*36!%!'$ .%&'U "':'!# W !%>% !1'"1$%.
(7567F/. Y>4' .3, .1,>#0 &%!*"%36&#0 =#+13 m , n , 1n , … , mn !% K)3#0 =#+13 k , 1k , … , mk ) s , 1s , … , ms

(#>'&*W!6+, ")(&)+!6  !  !
0

, ,
m

i i i
i

sp k n s p k n
#

# * , !' +-"%(.?*W!6+, &1")(&)+!6

 !  !2 2
1

, ,
m

i i
i

s f nt s f n t
#

) + )* , 0t ' ,  !f UC&  .

+5C707@@R. I"*2% +>)&=1&&% ")5&#K, .'-*+>%W 5':"%?1&&, (,>1 $'?&% '!"#$%!#, 5%-#+%(C# @'"$*3* (1.31) 5 [1]
-"# 2m # ) 5()(C# ( &)/ -'.):&)), % +%$1:

 !  !  !  !2 , 2 2nh f x f x nh f x nh f x" # $ % $ $ #  !  !  !  ! !2 2 2, 2 , 1 , 2h h hf x f x h n f x n h" $ " $ $ $ % " $ % $#

 ! !  !  !  ! !  ! !2 2 2 2, 1 1 , 2 , 2 3 , 2 2h h h hn f x n h n f x nh f x n h f x n h$ " $ % $ % " $ $ $ " $ % $ " $ % ##

 !  !
2 2

2

0
, ,

n

hj k
j

p k n f jh
%

$
#

# " #*  !  !2, ,hj k
j

p k n f x jh
$

&
" $*

!
, x & , 0h ' , k &! , n &" ,  !f UC&  . (1)

© #7>A767@85 $., N/285C>O8B2 )., 2013



~ 8 ~ * ( , ' $ % %3456789:9 ;<=>9;<?7;9:9 @;>5AB63CAC@ >DA;> "<B<6< EA5FA;8< ISSN 1684-1565

;%W$' !%>) ")(&'+!) (-',+&1&&, .#(. &#?=1):

 !2 ,hs f x" #  !  !2, ,hj k
j

s p k n f x jh
$

&
" $*

!
 !  !2

1
, ,

m

i i i hj kj i
s p k n f x jh

$& #
# " $ #* *

!

 !  ! !2

1
, ,

i i
i

m

i i i h i ij ki j
s p k n f x k k j h

$# &
# " $ % $ #* *

!
 ! !2

1
,

i

m

i n h i
i

s f x k k h
#

" $ %* .

T -1"C)/ !% '+!%&&)/ ")(&'+!,0 $# +>'"#+!%3#+6 @'"$*3'7 (1), * ."*2)/ – ")(&)+!7 5 *$'(# !1'"1$#, % ( !"1!)/
")(&'+!) $# 5$)&#3# -'",.'> -).+*$'(*(%&&, !% * (&*!")C&)0 +*$%0 5"':#3# 5%$)&* )&.1>+* +*$*(%&&,: i ij k k j# % $ ,

1 i m+ + . H().+#

 !2 ,s f nt s) #
 (

 !2

0,
sup sup ,nh

xh t
f x

&&
" +

  (
 ! !2

0,1
sup sup ,

i

m

i n h i
xh ti

s f x k k h
&&#

" $ %*
 

 !2
1

,
m

i i
i

s f n t
#

+ )* .

D1'"1$* .'(1.1&'.
#/>41058 1. S10%/  !f UC&  , n &" , 0t ' . D'.)  !  !2
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INEQUALITIES FOR SECOND MODULUS OF CONTINUITY IN THE CASE OF MULTIPLE ARGUMENTS
New inequalities for second modulus of continuity in the case of multiple arguments are obtained.
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 "(M&. S% '+&'() @'"$%36&#0 +!1-1&1(#0 ",.)( $'?&% "'5(#&*!# &%/:)36C 5%2%36&* @'"$* '-1"%!'"&'2'
=#+31&&,. D%>, >'?&1 +-)(().&'C1&&,, ,>1 $%W $)+K1 .3, @'"$%36&#0 +!1-1&1(#0 ",.)(, $'?&% -1"1&1+!# &%
+!1-1&1() ",.# * .'()36&)/ %+'K)%!#(&)/ %321:"), ,>) 5:)2%7!6+, * !'$* =# )&C'$* +1&+). < ,>'+!) %+'K)%!#(&'U %321:"#
$'?&% (#:"%!#, &%-"#>3%., %321:"* 3)&)/&#0 ':$1?1&#0 '-1"%!'")( * 2)36:1"!'('$* -"'+!'").

Z':'!% W "'5C#"1&#$ ) .'-'(&1&#$ (%")%&!'$ +!%!!) [2], ( ,>)/ -':*.'(%&% !'-'3'2)=&% *- %321:"% +!1-1&1(#0 ",.)(
(). %&!#>'$*!*7=#0 1"$)!'(#0 !()"&#0, (#(=1&) %&%3)!#=&) (3%+!#('+!) UU 131$1&!)(, % !%>'? &%(1.1&#/ '-#+ UU K1&!"*, !%
+!%!!) [3], -"' 5':"%?1&&, .1,>'U !'-'3'2)=&'U *-%321:"#, -'"'.?1&'U .('$% >'$*!*7=#$# 1"$)!'(#$# !()"&#$#.

T "':'!) "'523,.%7!6+, '>"1$' (#-%.># >'$*!*7=#0 !% %&!#>'$*!*7=#0 1"$)!'(#0 !()"&#0. T (#-%.>* >'$*!*7=#0
5$)&&#0 .3, (#:"%&#0 (%2'(#0 -'+3).'(&'+!1/ '-#+%&) ':3%+!6 5:)?&'+!) !% $&'?#&% 3)&)/&#0 &1-1"1"(&#0
+#$1!"#=&#0 $*36!#-3)>%!#(&#0 @*&>K)'&%3)(. D%>'? * "':'!) &%('.#!6+, @*&>K)'&%36&% "1%3)5%K), %321:"# ",.)(
(). .('0 %&!#>'$*!*7=#0 1"$)!'(#0 !()"&#0 * (#23,.) $%!"#=&'-5&%=&#0 @*&>K)/, 131$1&!%$# ,>#0 W 5(#=%/&)
-'.()/&) +!1-1&1() ",.# (). .('0 .)/+&#0 >'$*!*7=#0 5$)&&#0 )5 -1(&#$# 2"%&#=&#$# *$'(%$#.
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$E@/Q7@@R 1. *- %321:"% A &%5#(%W!6+, !'-'3'2)=&'7 *- %321:"'7, ,>4' A W !'-'3'2)=&#$ 3)&)/&#$ -"'+!'"'$ )

().':"%?1&&, *A f f A. &$ ()&('37K),) &1-1"1"(&1, % ().':"%?1&&, ( , )A A f g f g A/ . 0 &$ ($&'?1&&,) W
&1-1"1"(&#$ ().&'+&' >'?&'2' )5 +-)($&'?&#>)( -"# @)>+'(%&'$* ."*2'$* ("'5.)36&' &1-1"1"(&1).
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H1 1&
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+>%3,"&#$# .':*!>%$#  !, : ( , )H11
0 0 # 0 0 !% &'"$%$# :

H11
0 # 0 . D'-'3'2)=&#/ -"'+!)" TA prlim H1& 1# &%5#(%W!6+, ,.1"&#$,

,>4' .3, >'?&'2' T1& 5&%/.1!6+, !%>1 ' T1 & , 4' '-1"%!'" (>3%.1&&, 'H H11
, W '-1"%!'"'$ N)36:1"!% - G$).!%.

$E@/Q7@@R 3. D'-'3'2)=&#/ ,.1"&#/ -"'+!)" A &%5#(%W!6+, ,.1"&'7 %321:"'7, ,>4' A W %+'K)%!#(&'7
%321:"'7 &%. -'31$ C !% '-1"%K), $&'?1&&,  !,A A f g f g A/ . 0 &$ W "'5.)36&' &1-1"1"(&'7 ( !'-'3'2)U
-"'1>!#(&'U 2"%&#K).
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 !"#$%""& 7. ?*,;4*1 SA #$%& (!()(*+%# +,-,!,.%/*,0 1!.(234 A , "9% 9,)@+@<+7 5 @$%)1 (!()(*+1)4  ("9,0
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