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ASYMPTOTICAL INTEGRATION OF LINEAR SINGULARLY PERTURBED SYSTEMS
OF THE DIFFERENTIAL EQUATIONS

Using the perturbed characteristic equation method, the asymptotic solutions of the linear singularly perturbed system of differential equations
in the case of multiples roots of the characteristic equation is constructed. The results generalized for similar systems with periodic coefficients.
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J D?6. *&+'D- +H"+1,$D'",% H,"!$D2",% G,G#&$ J+GDH!V +G+M7,1& $DG.& 1 =!>!7:"D< #&+'DW H,"!$D2",% G,G#&$ 9
=1'-=69 = #,$, N+ #!6D G,G#&$, H+J9G6!T#: H+G#!#":+ J+1",< +J,G D J', .:+$9 H&$+"G#'9T#: G67!H"D "&7D"D<"D &B&6-
#,. 8',67!H+$ #!6+W H,"!$D2"+W G,G#&$, V H,"!$D2"! G,G#&$!, N+ 1,="!2!V#:G- =! H+J+$+>+T D#&'!.D< "&J&'&'1"+>+
1DH+M'!I&""- 1DH'D=6! 1 G&M&. ?!1D#: 9 1,J!H69, 6+7, '+=>7-H91!"& "&J&'&'1"& 1DH+M'!I&""- V 9"D$+H!7:",$, #+M#+
1 H&-6+$9 G&"GD "!<J'+G#DS,$ "&7D"D<",$ 1DH+M'!I&""-$ 1DH'D=6! 1 G&M&, 1DHJ+1DH"! H,"!$D2"! G,G#&$!, -69 1+"+
J+'+HI9V, H&$+"G#'9V G67!H"9 J+1&HD"69 #! GJD1DG"91!""- J&'D+H,2",% #'!V6#+'D< H+1D7:"+>+ J&'D+H9 [4].

4 #&+'DW +H"+1,$D'",% H,"!$D2",% G,G#&$ +#',$!"+ .D79 ",=69 >7,M+6,% '&=97:#!#D1, -6D ="!<S7, G1+V =!G#+G9-
1!""-, =+6'&$!, 9 #&+'DW 'D=",.&1,% #! H,B&'&".D!7:"+-'D=",.&1,% 'D1"-": D #&+'DW 6'!<+1,% =!H!2 H7- H,B&'&".D!-
7:",% 'D1"-": = 2!G#,"",$, J+%DH",$, [5].
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LH"DVT = +G"+1",% =!H!2 #&+'DW H,"!$D2",% G,G#&$ V 1,="!2&""- #,JD1 #'!V6#+'D< H,"!$D2"+W G,G#&$, #! 1G#!"+1-
7&""- 1=!V$+=1'-=6D1 $DI 'D=",$, #,J!$, #'!V6#+'D< [2,4]. K7- J&'D+H,2",% #'!V6#+'D< H,G6'&#",% H,"!$D2",% G,G#&$
B9"H!$&"#!7:",$ '&=97:#!#+$ H+G7DHI&""- #!6+W =!H!2D V #&+'&$! C!'6+1G:6+>+ J'+ GJD1DG"91!""- J&'D+H,2",%
#'!V6#+'D< 'D=",% J&'D+HD1 H7- "&J&'&'1",% 1DH+M'!I&": 1DH'D=6! 1 G&M& [3]. X! H+J+$+>+T .DVW #&+'&$, $+I"! +#',-
$!#, 1DH+$+G#D J'+ #&, .,67, -6,% J&'D+HD1 V 9 '+=>7-H91!"+>+ 1DH+M'!I&""-. 8'+#& .&< 1!I7,1,< '&=97:#!# "& H!V
=$+>, +#',$!#, D"B+'$!.DT J'+ 1=!V$+'+=#!S91!""- .,67D1 (2, J',"!<$"D, W% $D"D$!7:",% #+2+6), -6D GJD1DG"9T#:
1DHJ+1DH"+ H+ #&+'&$, C!'6+1G:6+>+.

O H!"D< G#!##D H+G7DHI9V#:G- =!H!2! J'+ 9J+'-H691!""- .,67D1 "&J&'&'1"+>+ 1DH+M'!I&""- 1DH'D=6! 1 G&M& "& =!
J&'D+H!$, (-6 9 #&+'&$D C!'6+1G:6+>+), ! =! 1=!V$",$ '+=#!S91!""-$ #+2+6 .,67D1.

*!6! 67!G,BD6!.D- H!V =$+>9, =+6'&$!, '+='D="-#, $DI G+M+T .,67, +H"+>+ J&'D+H9, 2+>+ "& $+I"! H+G->"9#,, 1,-
6+',G#+19T2, 67!G,BD6!.DT =! J&'D+H!$,. K7- '+=1'-=!""- J+G#!17&"+W =!H!2D 1,6+',G#+19V#:G- #&+'D- J&'&G#!"+-
1+6. 07!G 1DH+M'!I&":, N+ H+G7DHI9V#:G-, =19I&"+ = "&J&'&'1",% 1DH+M'!I&": 1DH'D=6! 1 G&M& H+ 9"D$+H!7:",% +J9-
67,% 1>+'9 "&J&'&'1",% 1DH+M'!I&":, +G6D7:6, H,"!$D6! #!6,% 1DH+M'!I&": V H+G,#: G67!H"+T #! 1DH+M'!I!V J'!6-
#,2"+ 1GD $+I7,1D G.&"!'DW 1 #&+'DW +H"+1,$D'",% H,"!$D2",% G,G#&$.
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.D-, $ %1 2, , , nB  & & & – J&'D+H,2"! #'!V6#+'D- J&'D+H9 n (.,67 J&'D+H9 n ) 1DH+M'!I&""- :f I I' , H&
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1 2

1 2
.

n

n
jj j

, -
.  / 0

1 2

 
 

(1)
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! " ! "! "11, 1 , , 1 .n*. . (2)

L#I&, H+1D7:"+$9 .,679 J&'D+H9 n "&J&'&'1"+>+ 1DH+M'!I&""- 1DH'D=6! 1 G&M& $+I"! J+G#!1,#, 9 1DHJ+1DH"DG#:
VH,"9 .,67D2"9 J&'&G#!"+169 . J+'-H69 n , .,67D2",$ =+M'!I&""-$ -6+W V '-H+6 1,>7-H9 (2).
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(4)

)+=>7-"&$+ GJ&.D!7:",< 67!G .,67D2",% J&'&G#!"+1+6 J+'-H69 n 1,>7-H9 (1), H7- 6+I"+W = -6,% DG"9V VH,"& 2,G-

7+ $ %2, , 1i n: # * , H7- -6+>+ ! "i n:.  #! 1i ij j )+ J', 1 i i:( + D 1i ij j ); J', i i n: ( + . ?!=,1!#,$&$+ #!6D .,-

67D2"D J&'&G#!"+16, +J967,$, 1>+'9 .,67D2",$, J&'G#!"+16!$,. 5"!7+>D2"+, .,67D2"9 J&'&G#!"+169 J+'-H69 n 1,-

>7-H9 (1), H7- -6+W DG"9V VH,"& 2,G7+ $ %2, , 1i n: # * , H7- -6+>+ ! " 1i:.  #! 1i ij j ); J', 1 i i:( + D 1i ij j )+ J',

i i n: ( + , "!=,1!#,$&$+ +J967+T 1",= .,67D2"+T J&'&G#!"+16+T.

X>!H!"! 1,N& .,67D2"! J&'&G#!"+16! (4) V +J967+T 1>+'9 .,67D2"+T J&'&G#!"+16+T, H7- -6+W 2i:  .
?!H!7D '+=>7-H!#,$&$+ J&'D+H,2"D #'!V6#+'DW +J967,% 1>+'9 9"D$+H!7:",% 1DH+M'!I&": #! 1DHJ+1DH"D W$ +J967D
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.,67D2"& =+M'!I&""- (2) J&'&G#!"+16, . $+I"! =!J,G!#, "!G#9J",$ 2,"+$

! "1 2, , , .nk k k (5)

K7- +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, (4) .,679 A 1DH+M'!I&""- (3) WW .,67D2",$ =+M'!I&""-$ V '-H+6 1,>7-H9
! "1 3 4 2 5 . (6)

)+=DM'V$+ .,67D2"& =+M'!I&""- (5) "! M7+6, H1+$! GJ+G+M!$,. @J+2!#69 =!G#+G9V$+ "!G#9J"9 G%&$9 '+=M,##-:
6+I"& = 2,G&7 '-H6! J+G7DH+1"+ J+'D1"TV$+ = 2,G7+$ 1nk * #! 1DH"+G,$+ 9 M7+6, = "&J!'",$, "+$&'!$, #D 2,G7!, N+

$&"SD =! 1nk * , ! 9 M7+6, = J!'",$, "+$&'!$, #D 2,G7!, N+ "& $&"SD =! 1nk * . 4 '&=97:#!#D +#',$!V$+ '-H+6 1,>7-H9
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*&J&' =$D",$+ 9$+19 J+#'!J7-""- 1 J!'"D #! "&J!'"D M7+6, "!G#9J",$ 2,"+$: 9 M7+6, = "&J!'",$, "+$&'!$,
1DH"&G&$+ #D 2,G7!, N+ "& MD7:SD =! 1nk * , ! 9 M7+6, = J!'",$, "+$&'!$, #D 2,G7!, N+ MD7:SD =! 1nk * . 5"!7+>D2"+ J+-
J&'&H":+$9 1,J!H69, +#',$!V$+ '-H+6 1,>7-H9

! "1 1 1 1 1 11 1 1, , | , , | | , , .
sm m m l m l m nk k k k k k< < < < < < <) ) ) ) ) )     (8)

X! J+M9H+1+T 6D7:6DG#: M7+6D1 9 '-H6!% (7) #! (8) V J!'"+T, !HI& 1n nk n k * ; , #+M#+ 6+I&" = '-H6D1 =!6D"29V#:G-

M7+6+$ = J!'",$ "+$&'+$ 2s #! 2s< 1DHJ+1DH"+ D 1,6+"9T#:G- "!G#9J"D 'D1"+G#D
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O 1,J!H69 .,67D2"+>+ =+M'!I&""- (6) +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, (4) '-H6, (7) D (8) $+I"! 1DHJ+1DH"+
=!J,G!#, "!G#9J",$ 2,"+$

! "1| 3, 4, 2, 5 , (9)

! "1| 3, 4 | 2 | 5 , (10)
H& '-H+6 (9) G67!H!V#:G- = H1+% M7+6D1, ! '-H+6 (10) G67!H!V#:G- = 2+#,':+% M7+6D1.

Y,G7! 1 2, , , sm m m '-H6! (7) (1DHJ+1DH"+ 2,G7! 1 2, , , sm m m< < < '-H6! (8)) 'D1"D 6D7:6+G#D J+G7DH+1",% #+2+6 .,679,

N+ ="!%+H-#:G- "! 7D1D< >D7.D, ! 2,G7! 1 2, , , sl l l '-H6! (7) (2,G7! 1 2, , , sl l l< < < '-H6! (8)) – "! J'!1D< >D7.D '+=>7-H91!-
"+>+ +J967+>+ 1>+'9 9"D$+H!7:"+>+ 1DH+M'!I&""-.

X 2,G&7 1 2, , , sm m m , 1 2, , , sl l l 9#1+',$+ 1&6#+', 1,>7-H9

! "1 1 2 2, , , , , , ,s sm l m l m l (11)

! "1 1 2 2, , , , , , ,s sm l m l m l< < < < < < (12)
H& 1&6#+' (11) 1DHJ+1DH!V '-H69 (7), ! 1&6#+' (12) – '-H69 (8).

4&6#+'!$, 1,>7-H9 (11) D (12) H7- '-H6D1 (9) D (10) V "!G#9J"D 1&6#+',
! "1, 4 , (13)

! "1, 2, 1, 1 , (14)
E:*)V.**W 1. 4&6#+', (11), (12), -6D J+M9H+1!"+ = 6+&BD.DV"#D1 '-H6D1 (7), (8) 1DHJ+1DH"+, "!=,1!T#:G- 1&6#+'!$,,

N+ JDH+='D7D "! #,J+1D H7- +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, ! "1 2, , , . nk k k
E:*)V.**W 2. 4&6#+', N+ JDH+='D7,< "! #,J+1,<, -6,< "& G67!H!V#:G- 7,S& = J+1#+'T1!",% M7+6D1, N+ <+>+
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0+I"+$9 JDH+='D7+$9 "! #,J+1,< 1&6#+'9 1,>7-H9 ! "1 1 2 2, , , , , ,s sm l m l m l J+G#!1,$+ 9 1DHJ+1DH"DG#: 2,G7+ > ,
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-6& "!=,1!#,$&$+ 1!>+T .:+>+ JDH+='D7+>+ "! #,J+1,< 1&6#+'!.
4!>! #,J+1+>+ 1&6#+'! +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, 1,="!2!V#:G- !"!7+>D2"+, =! H+J+$+>+T B+'$97, (15).
K7- +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, (4) JDH+='D7,$, "! #,J+1D 1&6#+', V 1&6#+', (13) D (14), J',2+$9 6+I&" = ",% V

WW #,J+1,$ 1&6#+'+$. X B+'$97, (15) 1!>+T #,J+1+>+ 1&6#+'! (13) V 2,G7+
10
33

, ! #,J+1+>+ 1&6#+'! (14) – 2,G7+
10
31

.

/!V $DG.& "!G#9J"! 7&$!.
K.7) 1. ?&%!< ! "1 1 2 2, , , , , ,s sm l m l m l – JDH+='D7,< "! #,J+1,< 1&6#+' H7- +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16,

J+'-H69 n , ! 1 1 2 2 1 1 2 2
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   !""""#""""$ !""""#""""$ – JDH+='D7,< "! #,J+1,< 1&6#+' H7- +J967+W 1>+'9

.,67D2"+W J&'&G#!"+16, J+'-H69 pn . *+HD 1!>, .,% 1&6#+'D1 'D1"D.
K+1&H&""- 7&$, 1 1,6+"9V#:G- =! H+J+$+>+T #+#+I",% J&'&#1+'&": B+'$97, (15).
6E0ODDO JBHC E6?AKEX JHEI? SCAKYF0EX 6GIG DB0EJAC. 4,="!2,1S, 1!>9 JDH+='D7+>+ "! #,J+1,< #!

#,J+1+>+ 1&6#+'! +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, . , 1,="!2,$+ 1!>9 .DVW J&'&G#!"+16,.
E:*)V.**W 3. 4!>+T +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, . , -6! $!V +H," #,J+1,< 1&6#+', "!=,1!#,$&$+ 1!>9

.:+>+ #,J+1+>+ 1&6#+'!. 4!>+T +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, . , -6! $!V H1! #,J+1,% 1&6#+',, "!=,1!#,$&$+
MD7:S9 D= 1!> .,% #,J+1,% 1&6#+'D1.

4!>9 +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, . J+="!2!#,$&$+ .> .
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4'!%+19T2,, N+ 6+I"! +J967! 1>+'9 .,67D2"! J&'&G#!"+16! $!V J',"!<$"D +H," #,J+1,< 1&6#+', J+"-##- 1!>,
+J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, 1,="!2&"+ 6+'&6#"+.

?!J',67!H, 1!>+T +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16, (4) V 2,G7+
10
31

.

LG6D7:6, 6+$J+"&"#, #,J+1+>+ 1&6#+'! (!M+ = +H"+>+ D= #,J+1,% 1&6#+'D1, -6N+ #!6,% 1&6#+'D1 H1!) 'D1"D 6D7:6+G#D
J+G7DH+1",% D#&'!.D< "! +H"D< = >D7+6 '+=>7-H91!"+>+ +J967+>+ 1>+'9 9"D$+H!7:"+>+ 1DH+M'!I&""-, #+ =!H!"+$9 .,679
VH,",$ 2,"+$ $+I"! J+G#!1,#, 9 1DHJ+1DH"DG#: #,J+1,< 1&6#+' (1DHJ+1DH"+W +J967+W 1>+'9 .,67D2"+W J&'&G#!"+16,) –
1&6#+' 1,>7-H9 (11) !M+ I 1,>7-H9 (12).

)-H+6 1,>7-H9 (7) "!=,1!#,$&$+ #,J+$ .,679 9"D$+H!7:"+>+ +J967+>+ 1>+'9 1DH+M'!I&""-, -6N+ H!"+$9 .,679
G#!1,#:G- 9 1DHJ+1DH"DG#: #,J+1,< 1&6#+' (11). 5"!7+>D2"+, '-H+6 1,>7-H9 (8) "!=,1!#,$&$+ #,J+$ .,679 9"D$+H!7:-
"+>+ +J967+>+ 1>+'9 1DH+M'!I&""-, -6N+ H!"+$9 .,679 G#!1,#:G- 9 1DHJ+1DH"DG#: #,J+1,< 1&6#+' (12). X!91!I,$+, N+
#,J .,679 1,="!2!V#:G- +H"+="!2"+.

*!6,$ 2,"+$, $!V$+ #!6& JDHG9$6+1& #1&'HI&""-.
K.7) 2. 0+I&" .,67 "&J&'&'1"+>+ 9"D$+H!7:"+>+ +J967+>+ 1>+'9 1DH+M'!I&""- $!V VH,",< #,J.
*,J+$ .,679 A 9"D$+H!7:"+>+ +J967+>+ 1>+'9 1DH+M'!I&""- (3) V '-H+6 (10).
KY0YL0CL  !"#$!% &' (&!)*&+ ! ,%-*. /0!", 1*%-+2&*.  3"345'&!/!%.  ! "#$%&#' $()*+&, -.$-

/) 0&*+'1#&, (2/234!#$-$* --252"$ -'5#$62##7 +'#'8#$.$ ($/75*)  #!34)(#&" 1&#$". 9)52"$ .$-$/&4&, :$ 5-'
5$-'+;#' $()*+' -.$/) 0&*+'1#' (2/234!#$-*&  ! '   ! <#!,$574;37 ) -'5#$62##'  , 4$=4$    ! ! , 7*:$

" # " #   $ ! % $ ! .
-678 3. >'5#$62##7  ? -'5#$62##7" +'#'8#$.$ ($/75*) #! "#$%&#' $()*+&, -.$/) 0&*+'1#&, (2/234!#$-$*.
$9:6;6<<=. @2/2-'/&"$ -&*$#!##7 )"$- ($-#$4&, 4/!#<&4&-#$34' 4! !#4&3&"24/&1#$34' 5+7 -'5#$62##7  . A"$-

-! ($-#$4& $<#!1!?, :$ 5+7 =)5;-7*&,  ! '   ! $()*+&, -.$/) 0&*+'1#&, (2/234!#$-$* -&*$#)?4;37 $5#2 <' 3('--'5#$-
62#;    ! ! !=$    ! ! . A"$-! 4/!<&4&-#$34' $<#!1!?, :$ <' 3('--'5#$62#;    ! ! '      ! ! , 52  ! ,   ! ,    ! – 5$-
-'+;#' $()*+' -.$/) 0&*+'1#' (2/234!#$-*&, -&(+&-!? 3('--'5#$62##7     ! ! . A"$-! !#4&3&"24/&1#$34' $<#!1!?, :$
7*:$ 5+7 =)5;-7*&, $()*+&, -.$/) 0&*+'1#&, (2/234!#$-$*  ! '   ! "!B4; "'302 3('--'5#$62##7    ! ! '    ! ! , 4$

   ! & ! . >&*$#!##7 -3', -&:2 <.!5!#&, )"$- -&(+&-!? < $<#!12##7 -!.& $()*+$C -.$/) 0&*+'1#$C (2/234!#$-*&.
/*4&!/%*. A 34!44' --252#$ $<#!12##7 $()*+$C -.$/) ($()*+$C -#&<) 0&*+'1#$C (2/234!#$-*&, -2*4$/!, :$ ('5$-

</'+&8 #! 4&($-&8, 4&($-$.$ -2*4$/! 4! -!.& $()*+$C -.$/) 0&*+'1#$C (2/234!#$-*&, 7*' -&*$/&34$-)B4;37 5+7 -&<#!-
12##7 4&() 0&*+) )#'"$5!+;#$.$ $()*+$.$ -.$/) -'5$=/!%2##7. D4/&"!#$ +2"& (/$ 34/)*4)/) 4&($-$.$ -2*4$/!, ?5&-
#'34; 4&() 0&*+) 5+7 )#'"$5!+;#$.$ $()*+$.$ -.$/) -'5$=/!%2##7 4! -'5#$62##7 +'#'8#$.$ ($/75*) #! "#$%&#' $()*-
+&, -.$/) 0&*+'1#&, (2/234!#$-$*, :$ '#5)*$-!#2 -!.$B $()*+$C -.$/) 0&*+'1#$C (2/234!#$-*&.
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 !""#!$%&'!($") *!+!,! - ./!""&0&.!1&& 1&./-' 2(3%(%4'245 62&#-+!/7245 '436./45 ''(%5 -$-8%!9(2&: -$%(*.! ' "(8) 3-
'*!&#2-#6 %!"3-/-9(2&; $-,(. 1&./!. <%(+/-9(2- 3-2)$&( '436./-: ''(%5 ( '436./-: '2&*) 1&./&,(".-: 3(%("$!2-'.&, 3-+-*%&$(-
/72-=- 2! $&3&,24: '(.$-%!, $&3&,2-=- '(.$-%! '436./-: ''(%5 1&./&,(".-: 3(%("$!2-'.& & '("! '436./-: ''(%5 1&./&,(".-: 3(-
%("$!2-'.&.

T. Tyshchuk, PhD graduate
Taras Shevchenko National University of Kyiv, Kyiv

CLASSIFICATION OF PERIODIC TRAJECTORIES
OF CONTINUOUS CONVEX UPWARD UNIMODAL MAPPINGS OF THE INTERVAL

The problem of classification of cycles of continuous convex upward unimodal mappings of the interval is studied. The concept of a convex
upward (convex downward) cyclic permutation, vector suspicious for typical and typical vector of convex upward cyclic permutation are posed.
Definition of weight of convex upward cyclic permutation is proposed.


