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GENERAL SOLUTION TO THE FOURTH ORDER LINEAR DIFFERENTIAL EQUATION
WITH COEFFICIENTS SATISFYING THE SYSTEM

OF THREE THE FIRST ORDER DIFFERENTIAL EQUATIONS
In this paper we obtain the general solution of the fourth order linear differential equation with coefficients satisfying the system of

three the first order differential equations.

1. Introduction
The analytical method of the integration of the fourth order linear differential equation, which is considered in this paper,

was proposed by N. A. Lukashevich [7] while studying the linear differential equation of the third order. The gist of this
method is as follows: the general solution of the linear equation is searched in the form of product

1( ) ( ),y x y x ! " (1)
where 1( )y x is arbitrary partial solution of the linear equation, ( )x! is sufficiently smooth a function. Then, using a special
procedure [2,7,8], the linear differential equation of the third order is reduced to the second order nonlinear differential equa-
tion of the form
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with respect to the new unknown function ( )i x , which is connected with the function ( )x! by means of Schwarzian deriva-
tive using the relation
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Remark 1. The using Schwarzian derivative is an effective means for solving many mathematical problems. Among them
let's mention a classical problem of conformal mapping of the polygons, sides of which are the arcs of circles, the theory of
univalent functions, the theory of quadratic differentials, problems of the nonlinear dynamics, etc. In the papers [5, 9] the appli-
cations of Schwarzian derivative to the studying of the dynamics of mappings of the segments are given. Application examples
of the generalized Schwarzian derivative in solving the problems about softness or stiffness of the Andronov-Hopf bifurcations
are given in the paper [13]. Some other applications of Schwarzian derivative are described in the papers [1, 10].

Remark 2. Under certain coefficient ratios the equation (2) can be reduced to the XXV Painlevé equation in the Ince
classification [6].

Detailed study of the homogeneous linear differential equation of the third order by the instrumentality of the relations
(1), (3) and the equation (2) is given in the paper [2]. There's also given the generalization of studying method on the fourth
order linear equations of the form

, - , - , - , -( ) 0IVy p x y q x y r x y s x y### ## #$ $ $ $  . (4)
In this case the appropriate nonlinear differential equation with respect to the function i(x) is the fourth order equation

and is quite cumbersome (denote it ( )). The explicit form of the equation ( ) is given in the paper [2].
It should be noted, that if the functions ( )x! and ( )i x are known, then partial solution of the equation (4) can be found

as the general solution of the first order linear differential equation of the form [3]
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2. Problem statement and preliminaries
In this paper we'll solve the problem of integration of the fourth order linear differential equation (4), coefficients of which

satisfy the conditions
21 2 1 3 10, 0, 4 0.

4 3 4 2 4
p p q q pq r r pr s# # #$ %  $ %  $ %  (6)

Let use the result of the paper [2] according to which the equation ( ) for the equations (4), (6) has the form
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The equation (7) was studied in detail in [2, 4,11,12]. In particular, there was proved, that equation (7) has one- and two-
parametric families of solutions, which are contained among the functions
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where 2 4 8( ), ( ), ( )P x P x P x are polynomials of the second, fourth and eighth degrees with certain coefficients. Respectively
for example, such family of solutions is the function
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Note also, that the equation (7), using substitutions
3 3( ) ( ) exp( ), exp( ),
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can be reduced to the differential equation of the second order of the form [2]
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Let consider the function ! in the form of the polynomial of the third degree

3 2
1 2 3 4( )x C x C x C x C!  $ $ $ , (8)

where ( 1, 4)iC i  are arbitrary constants. Such choice of the functions ( )x! allows us to find the family of solutions of the
equation (7). Really, substituting the equality (8) into the equation (3), we find the function
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Theorem 1. Function (9) defines the two-parametric family of solutions to the equation (7).
Proof. Fact, that function (9) is the solution is verified by substituting it into the equation (7). Fact, that it's the two-

parametric family is proved by the fact, that the function (9) defines the general solution of the second order nonlinear dif-
ferential equation in the form

6 3 2 4 4 2 2 2 32048 5000 375 1024 1500 96 72 0i i i i i i ii i i i i# # ## # ## ## ##$ $ % $ % $  . (10)
3. Solution of the problem
Let find the partial solution 1( )y x for the equations (4), (6). To do this we use the formula (5). Substituting (6), (8) and (9)

into the equality (5) we obtain the differential equation of the form

1 1( ) ( ) 4 ( ) 0p x y x y x#$  . (11)

Integrating the equation (11) and substituting found function 1( )y x into the relation (1) we obtain

3 2
1 2 3 4 1

1( ) exp( ( ) )
4

x
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Theorem 2. The general solution of the equation (4), (6) has the form (12).

Proof. Functions
1

1exp( ( ) ), 0,1,2,3
4

xix p d i% / /  0 are the partial solutions of the equation (4), (6), which is easily veri-

fied by direct calculations. These functions form the fundamental system of solutions. Therefore, their linear combination of
the form (12) gives the general solution of the equation (4), (6).

Example. Let the first coefficient of the equation (4), (6) has the form
( ) sn( )p x x m , (13)

where sn( )x m is the Jacobi elliptic function with the parameterm . Solving (6), we find the other three coefficients of the
equation, namely
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where cn( ) , dn( )x m x m are the Jacobi elliptic functions.
Substituting (13) into the general solution (12), we obtain

1
3 2 4

1 2 3 4( ) ( ) (dn( ) cn( )) my x C x C x C x C x m m x m
%

 $ $ $ % . (17)
Expression (17) defines the general solution of the equation (4) with the coefficients (13) – (16).
Remark 3. As noted above, the choice of the function ( )x! in the form of (8) is not random. It is connected to the fact,

that obtained from the equation (3) function ( )i x is the solution of equation (7). Following functions ( )x! of the form (18) –
(20) also satisfy the similar property
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These functions correspond to the functions ( )i x of the form
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which are also the solutions of the equation (7).
Let prove, that the choice of the function ( )x! in the form of the one of the functions (18) – (20) doesn't change the

structure of the general solution (12). Really, let choose, for example, the function ( )x! in the form (18). Then correspond-
ing function ( )i x has form (21). Substituting relations (6), (18) and (21) into (5), we obtain the differential equation

1
1

( ( ) 4) ( )
( ) 0

4
xp x y xy x

x
%# $  . (24)

Integrating the equation (24) and substituting found function 1( )y x into the relation (1), where the function ( )x! has the
form (18), we obtain equality (12), which was to be proved above. In the other two cases (19) and (20), carrying out analo-
gous reasoning, we get the general solution of the equation (4), (6) again in the form (12).

4. Conclusions
1) Relation (9) from the theorem 1 defines two-parametric family of the solutions of the equation (7).
2) Relation (9) from the theorem 1 also defines the general solution of the differential equation (10).
3) Theorem 2 indicates the general solution of the equation (4), (6).
4) Found functions (21) – (23) are also two-parametric families of the solutions of the equation (7).
5) Considered method of finding the solutions can be applied not only to the equation (7), which is connected to the lin-

ear equation (4), (6). It can be used for investigating the subclasses of the fourth order nonlinear equation of the form ( )
(given in [2, p.70-71]), which is connected to the linear equation (4).
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