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TWO PHASE ASYMPTOTIC SOLITON-TYPE SOLUTION TO KORTEWEG-DE VRIES EQUATION
WITH VARIABLE COEFFICIENTS IN GENERAL CASE

The paper deals with a problem of constructing main term of two phase soliton-type solution to Cauchy problem for singularly per-
turbed Korteweg-de Vries equation with variable coefficients in general case. The set of initial values for the problem is described.

=A< 517.956
J. '+8;"/#&$, &+#-. 92:.-8+*. #+;&, -$U., I. ?&20V, --) 92:.-8+*. #+;&, ()$9.

1J= 28/#2 I.J. A)+5$8+#$%+, <!6%

;"$<=8>8$?#@ !#8@ABC ;##D E!#!F#$G "$#ACEDB#> HICB@#$G "$"8@<
J$K@B@#L!;EM#$G B! #D#M

B! 0*+*#*-*C #($*01 461%(,*-* 2!%!5$(%&"$&/,*-* %D',),,) 4,!A0(,* !"&#+$*$&/,D %*4'')45& .D,DA,*E "&,-1.)%,*
461%(,*E "&"$(#& 0&3(%(,=D!.@,&2 %D',),@ 1 '&+!051 5%!$,&2 5*%(,D' 2!%!5$(%&"$&/,*-* %D',),,). >$%&#!,D %(41.@$!$&
14!-!.@,(,* 0.) !,!.*-D/,&2 "&"$(# 4 +(%D*0&/,&#& 5*(3D=DF,$!#&.

 "*;(. T5%5>%5 #"%6)017%& 28)79%5 #"#+9'" /";979%<5$0@%". 75-%1%@

= ( , ) , [0; ],dx A t x t T
dt

  ! (1)

/9 ( , )A t  – ,-$/7$+%$ '$+7"<1 n -6& !&71/,) 2 /5>#%"'" $8& ,&'!09,#%&2%$*%"'" %9#,5%*9%%& /";979%<5>&-%"'"

909'9%+$'", 1,5 %$ -5/752,) [0; ]T /&!)#,$P+@ 75-%&'57%5 $#"'!+&+"*%5 7&2-"%9%%1
0

( , ) = ( ),k
k

k
A t A t

"
  #  – '$0">

!$7$'9+7, !&*$0" 5%+9%#"-%& /&#05/()-$+"#@ 52 #979/"%" UU #+&05++1. ?65/%& [21, 16, 6] $#"'!+&+"*%5 7&2-'12,"
#"#+9'" (1) ) -"!$/,) !7&#+". ,&79%5- .$7$,+97"#+"*%&6& 75-%1%%1

0( ( ) ) = 0,det A t E$% (2)
/9 E – &/"%"*%$ '$+7"<1, '&(%$ 2%$>+" ) -"601/5 ;&7'$0@%". 71/5- 2$ #+9!9%1'" !$7$'9+7$  .

E"!$/&, ,7$+%". ,&79%5- 75-%1%%1 (2) /&-6"> *$# 2$0"4$-#1 %9/&#05/(9%"'. E$(0"-"' ,7&,&' ) !"+$%%5
!&8)/&-" 7&2-'12,5- #"#+9'" (1) #+$0" +9&79'" !7& $#"'!+&+"*%9 7&2C9!09%%1, /&-9/9%5 ) !7$<1. U),).$7" [17],
V. K"8)>5 [22], D. M-$%& [18 – 20], K.:. :9C9%,$ [7, 8]. N$,"' *"%&', -"!$/&,, ,&0" .$7$,+97"#+"*%9 75-%1%%1 '$=
,50@,$ ,&79%5- 8)- 2-9/9%"> /& 850@4 !7&#+&6& -"!$/,), ,&0" <9 75-%1%%1 '$= 0"49 &/"% ,&75%@. K$'$ ( !7&809'$
,7$+%&6& ,&79%1 8)0$ 7&2-'12$%$ - !7$<1. D.M. S,501 [11 – 13]. E5% !&,$2$-, C& 7&2-'12," #"#+9'" (1) 2&87$()P+@#1
$#"'!+&+"*%"'" 7&2-"%9%%1'" 2$ /7&8&-"'" #+9!9%1'"  , !&,$2%"," 1,". 2$09($+@ 1, -5/ ,7$+%&#+5 ,&79%5-
.$7$,+97"#+"*%&6& 75-%1%%1 +$ 909'9%+$7%". /50@%",5-, C& B' -5/!&-5/$P+@, +$, 5 -5/ !&-9/5%," 28)7PP*".
,&9;5<5=%+5- #"#+9'".

© '+8;"/#&$ J., ?&20V I., 2014



ISSN 1684-1565 <;8@<;8$%;. <@G;#!%;. 1(31)/2014 ~ 35 ~

FW'X&* 2 8/*$-! -$"02-./#V. J /$%5> 7&8&+5 /01 !&8)/&-" $#"'!+&+"*%". 7&2-'12,5- #"#+9'" (1) -",&7"#+&-
-)=+@#1 '9+&/ 28)79%&6& .$7$,+97"#+"*%&6& 75-%1%%1, 2$!7&!&%&-$%"> D.M. S,509', 2$ /&!&'&6&P 1,&6& -"!$/&,
,7$+%". ,&79%5- .$7$,+97"#+"*%&6& 75-%1%%1 2-&/"+@#1 /& -"!$/,) !7&#+". ,&79%5- [14, 15].

I/*$- :W;)/#$5$ ,+)+&*/)!"*!@#$5$ )2%#Y##Y. W&2601%9'& #"#+9') (1). ?65/%& '9+&/) 28)79%&6&
.$7$,+97"#+"*%&6& 75-%1%%1 --$($='&, C& '$+7"<1 0 0 1( , ) = ( ) ( )B t A t A t &  '$= !7&#+5 -0$#%5 2%$*9%%1 ( , )iw t  ,

= 1,i n , /01 -#5. [0; ]t T! , 0(0; ] !  , 0 1 '' . N&/5 5#%)= +$,$ %9&#&80"-$ '$+7"<1 ( , )T t  , [0; ]t T! , 0(0; ] !  , C&
1

0 1 2( , ) ( , ) ( , ) = ( , ) { ( , ), ( , ),..., ( , )}.nT t B t T t W t diag w t w t w t$     (    
:&7'$0@%5 7&2-'12," #"#+9'" (1) 4),$='& ) -"601/5

1( , ) = ( , ) exp ( , ) , = 1, ,
t

i i i
ai

x t u t t dt i n
) *
+ ,  %  
+ , 
- .

/ (3)

/9 ( , )iu t  – n --"'57%"> -9,+&7, $ ( , )i t%  – #,$017%$ ;)%,<51,C& '$P+@ +$,5 ;&7'$0@%5 7&2-"%9%%1 2$ #+9!9%1'"  :
( ) ( )

0 0
( , ) = ( , ), ( , ) = ( , ), = 1, ,s s s s
i i i i

s s
u t u t t t i n

" "
   %   %  # #   (4)

#+$05 ia -"2%$*"'& %"(*9.
F5/#+$-"'& (3) /& #"#+9'" (1):

0
2

( , ) ( , ) ( ) ( , ) ( , ) ( , ) = ( , ).s
i s i i i i

s
B t u t A t u t u t t u t

"

0  &   $  %    #
?75-%PP*" ,&9;5<5=%+" !7" "&/%$,&-"." #+9!9%1. !$7$'9+7$  , /5#+$='& #"#+9') $06987$B*%". 75-%1%@

(0) (0)
0( ( , ) ( , ) ) ( , ) = 0,i iB t t E u t $ %     (5)

(0) (1) (0) (1) (0)
0( ( , ) ( , ) ) ( , ) = ( , ) ( , ) ( ( , )) ,i i i i iB t t E u t u t t u t 0 $ %    %  &       (6)

1
(0) ( ) ( ) ( ) ( 1) ( )

0
=0 =2

( ( , ) ( , ) ) ( , ) = ( , ) ( , ) ( ( , )) ( ) ( , ), = 2,3,...,
s s

s k s k s s k
i i i i i k i

k k
B t t E u t u t t u t A t u t s

$
$ $ $0 $ %    %  &  $  # #      (7)

2 1,&B 5 2%$.&/"'& ( ) ( , )s
iu t   , ( ) ( , )s

i t%   , = 1,i n , = 0,1,...s
K!7$-/5, #"#+9'$ (5) !979+-&7P=+@#1 - +&+&(%5#+@, 1,C&, %$!7",0$/,

(0) (0)( , ) = ( , ), ( , ) = ( , ), = 1, ,i i i iu t t t w t i n 1  %     

/9 ( , )i t1  , = 1,i n , – #+&-!<5 '$+7"<5 ( , )T t  .

Q9.$> ( ) ( )( , ) = ( , ) ( , ), = 0,1,...s s
i iu t T t q t s    . ?$ !&8)/&-&P (0) ( , ) =i iq t e , ie – &/"%"*%"> -9,+&7, i -+$ ,&'!&%9%+$

1,&6& /&75-%P= 1 , 794+$ ,&'!&%9%+ – %)05.
N&/5 #"#+9'$ (6) %$8)/9 -"601/)

(0) (1) (1) (1)( ( , ) ( , )) ( , ) = ( , ) ( , ),i i i i iW t t q t t e c t $ %   %  &    (8)

/9 (1) 1( , ) = ( , ) ( , )i ic t T t T t e$ 0   .
 +(9,

(1) (1)( , ) = { ( , )} ,i i it c t%  $   (1){ ( , )} = 0,i iq t  
(1)

(1) { ( , )}
{ ( , )} = , = , , = 1, ,

( , ) ( , )
i j

i j
j i

c t
q t i j i j n

w t w t
 

2 
 $  

/9 {}i – i -+$ ,&'!&%9%+$ -5/!&-5/%&6& -9,+&7$.
H%$0&65*%&, 2$!"#)P*" #"#+9') (7) ) -"601/5

(0) ( ) ( ) ( )( ( , ) ( , )) ( , ) = ( , ) ( , ), = 1, , = 2,3,...,s s s
i i i i iW t t q t t e c t i n s $ %   %  &    

/9
1

( ) ( ) ( ) 1 ( 1) ( 1) 1 ( )

=1 =2
( , ) = ( , ) ( , ) ( , ) ( , ) ( , ) ( ( , )) ( , ) ( ) ( , ) ( , ),

s s
s k s k s s s k
i i i i i k i

k k
c t q t t T t T t q t q t T t A t T t q t

$
$ $ $ $ $ $0 0  %  &    &  $    # # 

/&-&/"'& BB #)'5#%5#+@.
1.  !(+-$& &)+*#!, /0/8/#*+)#!, -20V#!&2%. Q9 &8'9()P*" 2$6$0@%&#+5, --$($='&, C& '$+7"<1 0 ( )A t '$=

&/%9 -0$#%9 2%$*9%%1 0 ( )a t , 1,&') -5/!&-5/$P+@ /-$ 909'9%+$7%5 /50@%"," ,7$+%&#+5 p , q , !7"*&') > 2q p " ,
=p q n& .

F&,0$/$P*" - #"#+9'5 (1)

0
0

1( , ) = exp ( ) ( ) ( , ),
t

x t a t dt P t y t
) *

  + ,+ , - .
/

/9 ( )P t +$,$ %9&#&80"-$ '$+7"<1, C&
1

0 0 0( ) ( ) ( ) = ( ) { ( ) , ( ) },p p q qP t A t P t t diag a t E J a t E J$ 3 ( & &



~ 36~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/ ISSN 1728-3817

pE , pJ , qE , qJ – ,-$/7$+%5 '$+7"<5 !&71/,) p +$ q -5/!&-5/%&, !7"*&') pE , qE – &/"%"*%5 '$+7"<5, $ pJ , qJ –

'$+7"<5, 909'9%+" !974&B -97.%@&B %$//5$6&%$05 1,". /&75-%PP+@ 1 , 794+$ B. 909'9%+5- /&75-%PP+@ 0 , /5#+$='&

= ( , ) ,dy D t y
dt

  (9)

0
( , ) = ( ),s

s
s

D t D t
"

  # 1
0 1 1( ) = { , }, ( ) = ( )( ( ) ( ) ( )),p qD t J diag J J D t P t A t P t P t$ 0( $ 1( ) = ( ) ( ) ( ), = 2,3,...s sD t P t A t P t s$ .

Q$/$05 --$($='&, C& #"#+9'$ (1) '$= -"601/ (9).
?%$>/9'& )'&-", !7" -",&%$%%5 1,". '$+7"<1 0 ( , )B t  '$= !7&#+5 -0$#%5 2%$*9%%1. A01 <@&6&, -",&7"#+&-)P*"

'9+&/ /5$67$' Q@P+&%$, !7&$%$052)='& 28)79%9 .$7$,+97"#+"*%9 75-%1%%1
0( ( , ) ) = 0.det B t wE $ (10)

?$!"49'& 75-%1%%1 (10) %$#+)!%"' *"%&':
1 2

1 2 1( , ) ( , ) ... ( , ) ( , ) = 0.n n n
n nw t w t w t w t$ $
$&4  &4  & &4  &4  

?$ !&8)/&-&P ( , )i t4  , = 1,i n , – '%&6&*09%" 2'5%%&B  . Q9.$>
(1) (1)
1 , 1( ) ( ) = 0, [0; ],p p q pa t a t t T& & 2 ! (11)

/9 (1) ( )ija t – -5/!&-5/%"> 909'9%+ '$+7"<5 1( )A t .

N&/5
( , ) = ( ), 0, = 1, 1,i t O i q4    5 $ (1) 2

, 1( , ) = ( ) ( ), 0,q p q pt a t O& &4  $ &   5
2( , ) = ( ), 0, = 1, 1,i t O i q n4    5 & $ (1) (1)2 3

1 , 1( , ) = ( ) ( ) ( ), 0.n p p q pt a t a t O& &4   &   5

W&2601%9'& !71'&,)+%) #"#+9') ,&&7/"%$+ Oks , %$ &#5 $8#<"# 1,&B -5/,0$/$='& !&,$2%"," #+9!9%1 w , $ %$ &#5
&7/"%$+ – !&,$2%"," #+9!9%1  , ,&'!&%9%+ ,&(%&6& *09%) 2 %$>'9%4"' !&,$2%",&'  75-%1%%1 (10).

N!". 1

 #,50@," 1 2
1 1= , = ,
p q

6 6 +& 75-%1%%1 (10) '$= /-5 67)!" 7&2-'12,5-, !&,$2%"," #+9!9%1 6&0&-%". *09%5-

$#"'!+&+"," 2$ !$7$'9+7&'  1,". -5/!&-5/%& /&75-%PP+@
1
p
+$
1
q

. ?$!"#)P*" -"2%$*$0@%5 75-%1%%1 [4] /01 ,&(%&B

2 0$%&, !&8)/&-$%&B /5$67$'" Q@P+&%$
(1)

0 1 ( ) = 0
p

pw a t$

+$
(1)

0 , 1( ) = 0,
q

p q pw a t& &$

2%$.&/"'& ,&9;5<5=%+" 6&0&-%". *09%5- $#"'!+&+",:
(1)

0 1( ) = ( )p
pw t a t

+$
(1)

0 , 1( ) = ( ).q
p q pw t a t& &

N$,"' *"%&', 7&2-'12," 75-%1%%1 (10) '$P+@ -"601/
1 2

(1)
1( , ) = ( ) ( ), = 1, ,p pp

i pw t a t O i p  &  
1 2

(1)
, 1( , ) = ( ) ( ), = 1, .q qq

i p q pw t a t O i p n& &  &  &

 #,50@,"

0( ( , ) ( , ) ) ( , ) = 0, = 1, ,i iB t w t E t i n $  1  



ISSN 1684-1565 <;8@<;8$%;. <@G;#!%;. 1(31)/2014 ~ 37 ~

+& ,&'!&%9%+$'" ( , )i t1  '&()+@ 8)+" $06987$B*%5 /&!&-%9%%1 909'9%+5- i -6& 71/,$ '$+7"<5 0 ( , ) ( , )iB t w t E $  .

3&(9% 2 -9,+&75- ( , )i t1  , = 1,i n , -"2%$*$=+@#1 2 +&*%5#+P /& #,$017%&6& '%&(%",$. H +&') --$($='&, C&

1 2

3 4

( , ) ( , )
( , ) = ,

( , ) ( , )
T t T t

T t
T t T t

  ) *
 + ,  - .

/9 1( , )T t  +$ 4 ( , )T t  – ,-$/7$+%5 '$+7"<5 p -6& +$ q -6& !&71/,) -5/!&-5/%&, !7"*&')

1 1 1
1 1 1

1 2

1 1 1
1 1 1

(1) (1) ... (1) ( ) ( ) ... ( )

( ) ( ) ... ( ) ( ) ( ) ... ( )( , ) = , ( , ) =
. . . . . . . .

( ) ( ) ... ( ) ( ) ( ) ... ( )

q p q p q p
q q q

q p q p q pp p p
q q q

p p p
q q qp p p
q q q

O O O O O O

O O O O O OT t T t

O O O O O O

$ $ $

$ & $ & $ &

$ $ $
$ $ $

)) * +    + , ++ , +   + , +      + , ++ ,
+ ,
+ ,   - .    -

,

*
,
,
,
,
,

+ ,
+ ,
+ ,

.

1 1 1

1 1 1

1 1 1
3 4

1 1

(1) (1) (1)

(1) (1) ... (1)( ) ( ) ( )
. . . .

( ) ( ) ... ( )
( , ) = , ( , ) =

. . . .( ) ( ) ( )
( ) ( ) ( )

( ) ( ) ... (
. . . .
( ) ( ) ( )

p p p

q q q
p p p
p p p

q q q
q q

O O O

O O OO O O

O O O
T t T t

O O O
O O O

O O O

O O O

$ $ $

$ $ $

) *
+ ,
+ ,

   + ,
+ ,
+ ,    

  + ,
+ ,   
+ ,

   + ,    + ,
+ ,+ ,   - .

!

!

!
!

!

1

,

)q

) *
+ ,
+ ,
+ ,
+ ,
+ ,
+ ,
+ ,
- .

[0; ]t T! , 0 5 .
?65/%& #+7),+)7" '$+7"<5 0 ( , ) ( , )iB t w t E $  

1 4 0( , ) = 0, ( , ) = 0, [0; ], (0; ]detT t detT t t T2 2  !  !  
5

1 1
2 2

1 4( , ) = ( ), ( , ) = ( ), [0; ], 0.
p q

detT t O detT t O t T
$ $

    !  5
 #,50@,"

0 1

1 1 1 1min = > 0
j p

q p j
q q p p q7 7 $

) *) *$
& $ $+ ,+ ,

- .- .
,

5
1

1 4 3 1 2( , ) = ( , ) ( ( , ) ( , ) ( , ) ( , ))detT t detT t det T t T t T t T t$   $    
+&

2
2( , ) = ( ), [0; ], 0

p q

detT t O t T
& $

  !  5 ,
[1].

N$,"' *"%&' 1 21

3 4

( , ) ( , )
( , ) = ,

( , ) ( , )
V t V t

T t
V t V t

$   ) *
 + ,  - .

/9 1( , )V t  +$ 4 ( , )V t  – ,-$/7$+%5 '$+7"<5 p -6& +$ q -6& !&71/,)

-5/!&-5/%&, !7"*&')
1 1 1 1

1 1 1 11 1

1 2

1 1 1 1

(1) ( ) ... ( ) (1) ( ) ... ( )

(1) ( ) ... ( ) (1) ( ) ... ( )( , ) = , ( , ) = ( )
. . . . . . . .

(1) ( ) ... ( ) (1) ( ) ... ( )

p q
p p q q

p q
p p q qp q

p q
p p q q

O O O O O O

O O O O O OV t V t O

O O O O O O

$ $
$ $ $ $

$ $
$ $ $ $$

$ $
$ $ $ $

) * )
+ , +    
+ , +
+ , +
+ , +       
+ , +
+ , +
+ ,
+ ,    - . -

,

*
,
,
,
,
,
,

+ ,
+ ,

.
1 1 1 1

1 1 1 1

3 4

1 1 1 1

(1) ( ) ... ( ) (1) ( ) ... ( )

(1) ( ) ... ( ) (1) ( ) ... ( )( , ) = , ( , ) =
. . . . . . . .

(1) ( ) ... ( ) (1) ( ) ... ( )

p q
p p q q

p q
p p q q

p q
p p q q

O O O O O O

O O O O O OV t V t

O O O O O O

$ $
$ $ $ $

$ $
$ $ $ $

$ $
$ $ $ $

) * ) *
+ , + ,    
+ , + ,
+ , + ,
+ , + ,      
+ , + ,
+ , +
+ , +
+ , +    - . - .

,

,
,
,

[0; ]t T! , 0 5 .



~ 38~  ! " # $ % %&'()*+,-, ./01,./2*.,-, 3.1(45)&6463 174.1 8/5/)/ 94(:4.+/ ISSN 1728-3817

 <5%"'& ( ) ( , )s
iu t   +$ ( ) ( , )s

i t%   , = 1,i n , = 0,1,...s .  ! "#$%&#'#(

(0)|| ( , ) ||= (1)iu t O  ,
1

(0)| ( , ) |= ( )qi t O!    , [0; ]t T" , 0. #

)*+,-.+/ (1)|| ( , ) ||= (1)ic t O , [0; ]t T" , 0 # , 0#
1

(1) (1)|| ( , ) ||= ( ), | ( , ) |= (1), [0; ], 0.p
i iu t O t O t T

$
  !  "  #  

12!-#3,42# #5,2(67# ( ) ( , )s
iu t   , ( ) ( , )s

i t!   , = 1,i n , = 2,3...s 89/ 5.#7%
1 1 1 1 1 11 1

2 2 2 2( ) ( )|| ( , ) ||= ( ), | ( , ) |= ( ), [0; ], 0,
s s s s

q p q ps s
i iu t O t O t T

% & % &' $( ) ( ) ( ) ( )$ $ $ $ $ $* + * +, - , - , - , -. / . / . / . /0 1 0 1  !   "  #  
&: [ ]a – 5,-! 4!*0/2! 4/*-! a .

;#&,
1 1 1 1 1 11 1

2 2 2 2( ) ( )|| ( , ) ||= ( ), | ( , ) |= ( ), [0; ], 0,
s s s ss s

q p q ps s s s
i iu t O t O t T

% & % &' '( ) ( ) ( ) ( )$ $ $ $ $ $* + * +, - , - , - , -. / . / . / . /0 1 0 1    !   "  #  s N" .
8#+!<:7#, =# "#$%&#'!2, >#97!-.2, 9#?''@?+/ (3) */*0:7/ (1) 7!(0. !*/7"0#0/42/A B!9!+0:9. C-@ 5.#3#

"#?2!4/7# 4:9:?

( ) ( ) ( )1( , ) = ( , ) exp ( , ) , = 1, ,
t

m m m
i i i

ai

x t u t t dt i n
% &
* +  !  
* + 
0 1

2 (12)

m -2!$-/<:22@, @+, %0'#9((0.*@ ? (3) D-@B#7 #$9/'!22@ 9#?'/2:2. (4) 2! m -7% 4-:2,:

( ) ( ) ( ) ( )

=0 =0
( , ) = ( , ), ( , ) = ( , ), = 1, .

m m
m s s m s s
i i i i

s s
u t u t t t i n   !   !  3 3   

 ! "#$%&#'#( (0) ( , ) = 0i t 4!   , [0; ]t T" , 0(0; ] "  .
E:B!A

(0)

(0)
0

0, Re ( , ) 0,
=

, Re ( , ) > 0, [0; ], (0; ].
i

i
i

t
a

T t t T

5 !  67
8

!  "  "  79

 

 

;#&, ':+0#9->%2+5,@ (12) ?!&#'#-.2@6 */*0:7% (1) ? 0#42,*0( ( )( )mO : , &:

1 1 1( ) = 1 1 .
2 2
m mm m

q p
% & '( ) ( ): ' $ $ $* +, - , -. / . /0 1

F */*0:7, (1) "#+-!&:7# ( )( , ) = ( , ) ( , ),m
i i ix t y t x t  '  &: ( , )iy t  – 2#'! 2:',&#7! ':+0#9->%2+5,@. G!67#

( )= ( , ) ( ).mi
i

dy
A t y O

dt
:  '  (13)

E:B!A ( , ) = ( , ) ( , )i iy t T t z t   . ;#&, */*0:7! (13) 2!$%&: '/3-@&%
1( ) 1

= ( ( , ) ( , )) ( ),
m

qi
i

dz
W t F t z O

dt

: $ '
  '   '  (14)

&: 1 1 1

2
( , ) = ( , ) ( ) ( , ) ( , ) ( , )s

s
s

F t T t A t T t T t T t$ $ $

;

<    $   3 . 89/ 5.#7% || ( , ) ||= (1)F t O , [0; ]t T" , 0 # .

C#':&:7# ,*2%'!22@ 9#?''@?+% */*0:7/ (14), =# ?!&#'#-.2@6 %7#'%
( , ) = 0.i iz a  (15)

E: #$7:<%(4/ ?!3!-.2#*0, ''!<!67#, =# 1 2( , ) = { ( , ), ( , )}W t diag W t W t   , &: 1( , )W t  0! 2 ( , )W t  – 7!09/5,,

'-!*2/7/ ?2!4:22@7/ @+/B 6 '-!*2, ?2!4:22@ 7!09/5, ( , )W t  ',&"#',&2# ? 2:&#&!02/7/ 0! &#&!02/7/ &,A*2/7/

4!*0/2!7/. C-@ '/?2!4:2#*0, "9/"%*0/7#, =# Re ( , ) 0iw t  6 , [0; ]t T" , = 1,i k , , Re ( , ) > 0iw t  , [0; ]t T" , = 1,i k n' .
;#&, ,? */*0:7/ (14) #09/7!67#

1( ) 1
1

1 1 1 1 2 2= ( , ) ( ( , ) ( , ) ) ( ),
m

qi
i i i

dz
W t z F t z F t z O

dt

: $ '
  '   '  '  

1( ) 1
2

2 2 3 1 4 2= ( , ) ( ( , ) ( , ) ) ( ),
m

qi
i i i

dz
W t z F t z F t z O

dt

: $ '
  '   '  '  

&: 1 2

3 4

( , ) ( , )
( , ) = ,

( , ) ( , )
F t F t

F t
F t F t

  % &
 * +  0 1

1( , )F t  – +'!&9!02! 7!09/5@ k -3# "#9@&+%; 1iz – ':+0#9, =# 7,*0/0. k ":9D/B

+#7"#2:20 ':+0#9! iz , 2iz – ':+0#9, =# 7,*0/0. 9:D0% +#7"#2:20 iz .



ISSN 1684-1565  !"# !"$%!.  #&!'(%!. 1(31)/2014 ~ 39 ~

 !"/D:7# :+','!-:20, */*0:7/ ,20:39!-.2/B 9,'2@2.:
1( ) 2

1 1 1 1 2 2
0

( , ) = ( , , ) ( , ) ( , ) ( ) ,
t m

q
i i iz t Z t F z F z O d

: $ '% &
* + =  =  ' =  '  =
* +
0 1

2 (16)

1( ) 2

2 2 3 1 4 2( , ) = ( , , ) ( , ) ( , ) ( ) ,
T m

q
i i i

t

z t Z t F z F z O d
: $ '% &

* + $ =  =  ' =  '  =
* +
0 1

2 (17)

&:
1( , , ) = exp ( , ) , = 1,2
t

j jZ t W t dt j
=

% &
=   * +* + 0 1

2 , – >%2&!7:20!-.2, 7!09/5, #&2#9,&2/B */*0:7

1
1 1 1= ( , ) , ( , , ) = ,i

i k
dz

W t z Z E
dt

  = =  0! 2
2 1 2= ( , ) , ( , , ) =i

i n k
dz

W t z Z E
dt $  = =  .

H/+#9/*0#'%(4/ 7:0#& "#*-,&#'2/B 2!$-/<:2., &#'#&/7# ,*2%'!22@ 0! 6&/2,*0. 9#?''@?+% = ( , )iz z t  */*0:7/
(16), (17) [5]. 89/ 5.#7% 7!6 7,*5: #5,2+!

1( ) 2
|| ( , ) ||= ( ), [0; ], 0.

m
q

iz t O t T
: $ '

  "  #
;!+/7 4/2#7 *"9!':&-/'! 0!+! 0:#9:7!.
 !"#!$% 1. E:B!A 1( ) [0; ]m

sA t C T'" , 0s ; , 7!09/5@ 0 ( )A t 7!6 #&2: '-!*2: ?2!4:22@, @+#7% ',&"#',&!(0. &'!
:-:7:20!92, &,-.2/+/ +9!02#*0, p , q , "9/4#7% > 2q p ; , =p q n' , '/+#2%60.*@ %7#'! (11). ;#&, ,*2%6 0!+: 1 ,

1 0 6  , =# */*0:7! (1) 2! ',&9,?+% [0; ]T 7!6 n 9#?''@?+,' = ( , )i ix x t  , &-@ @+/B
1( ) 2

( )|| ( , ) ( , ) ||= ( ), 0.
m

m q
i ix t x t O

: $ '
 $    #

&%'(%)!**+ 1. I+=# (1) (1)
1 , 1( ) ( ) 0, [0; ],p p q pa t a t t T' ' > " 0# '9!B#'%(4/, =# (1) (1)2 3

1 , 1( , ) = ( ) ( ) ( )n p p q pt a t a t O' '?   '  &-@

'/?2!4:22@ *0:":2,' "!9!7:09!  , ?! @+/7/ $%&%(0.*@ 9#?'/2:22@ >%2+5,A ( , )iw t  , *-,& 2!+-!*0/ %7#'% "9#

',&7,22,*0. ',& 2%-@ 2! ',&9,?+% [0; ]T +#:>,5,620! "9/ 3 '/9!?% ( , )n t?  .
&%'(%)!**+ 2.  !?2!4/7#, =# +#-/ 7!09/5@ 0 ( )A t 7!6 &:+,-.+! "#"!92# 9,?2/B '-!*2/B ?2!4:2., 0#

'/+#9/*0#'%(4/ 0:#9:7/ "9# !*/7"0#0/42: 9#?=:"-:22@, ?!7,*0. */*0:7/ (1) 7#<2! &#*-,&<%'!0/ */*0:7/,
B!9!+0:9/*0/42, 9,'2@22@ @+/B 7!(0. -/D: #&/2 +#9,2. ',&"#',&2#J +9!02#*0, [9, 22].

2. ,-./!$- 0 1!#2"3-4*-$- 5"!62728*/%$-. F &!2#7% "%2+0, ''!<!0/7:7#, =# +#7"#2:20/ 7!09/5, ( , )A t  –
":9,#&/42, >%2+5,J ?! ?7,22#( t ? ":9,#&#7 T .

E:B!A, @+ , ' ". 1, 7!09/5@ 0 ( )A t 7!6 #&2: 2%-.#': '-!*2: ?2!4:22@, @+#7% ',&"#',&!(0. &'! :-:7:20!92,
&,-.2/+/ +9!02#*0, p , q , "9/4#7% > 2q p ; , =p q n' .

8:9,#&/42/A 9#?''@?#+ */*0:7/ (1) D%+!67# % '/3-@&,
( , ) = ( , ) ,mx t R t y  (18)

&: ( )

=0
( , ) = ( , ),

m
s s

m
s

R t R t   3  ! ( , )y t  – 2#'! 2:',&#7! ':+0#9->%2+5,@.

8,&*0!'-@(4/ (18) &# */*0:7/ (1), 7!67#

( , ) = ( ( , ) ( , ) ( , )) .m m m
dyR t A t R t R t y
dt

<    $   (19)

G!09/5( ( , )mR t  ?2!B#&/7# ? 0#0#<2#*0,
1( , ) ( , ) ( , ) = ( , )( ( , ) ( , )),m

m m m m mA t R t R t R t t S t'<  $    @  '   (20)

&: ( , )m t@  – &,!3#2!-.2! 7!09/5@ '/3-@&% ( )

=0
( , ) = ( , ),

m
s s

m
s

t t@   @  3 ! ( , )mS t  – +'!&9!02! 7!09/5@ n -3# "#9@&+%,

@+! 0!+#< ",&-@3!6 '/?2!4:22(.
 9,'2((4/ +#:>,5,620/ "9/ "#&2!+#'/B" *0:":2@B "!9!7:09!  , &,*0!67#

(0) (0) (0)
0 ( , ) ( , ) ( , ) ( , ) = 0,B t R t R t t  $  @     (21)

(1) (1) (0) (0) (1) (0)
0 ( , ) ( , ) ( , ) ( , ) = ( , ) ( , ) ( ( , )) ,B t R t R t t R t t R t <  $  @   @  '        (22)

1
( ) ( ) (0) ( ) ( ) ( 1) ( )

0
=0 =2

( , ) ( , ) ( , ) ( , ) = ( , ) ( , ) ( ( , )) ( ) ( , ), = 2, ,
s s

s s k s k s s k
k

k k
B t R t R t t R t t R t A t R t s m

$
$ $ $<  $  @   @  '  $  3 3       (23)

( , ) ( , ) = ( , ),m mR t S t G t   (24)
&:

2 1
( 1 ) ( ) ( ) ( 1 )

0 =2 =0 = 1
( , ) = ( ) ( , ) ( ( , )) ( , ) ( , ),

s m m
s m s k m s k m s k

k
s k s k s

G t A t R t R t R t t
' $

' ' $ ' ' $

; '

<   $  $   @  3 3 3 3    ( ) ( , ) 0sR t  > , [0; ]t T" , >s m .



~ 40~ ) ( * ' $ % %+,-./0121 34561347/3121 836-9:.+;9;8 6<936 "4:4.4 =9->9304 ISSN 1728-3817

 9,'2((4/ % 9,'2#*0@B (21) – (23) ',&"#',&2, *0#'"5,, 7!67# */*0:7% !2!-#3,42% (5) – (7). 1 0#7% A #5,2+/
+#7"#2:20 ( ) ( , )sR t   , ( ) ( , )s t@   , = 0,s m , $%&%0. 0!+/7/ <, @+ , #5,2+/ ( ) ( , )s

iu t   , ( ) ( , )s
i t!   ' ". 1.

I+=# *0#'"5, 7!09/5, ( ) ( , )sR t   "#?2!4/0/ 4:9:? ( ) ( , )s
iu t   , = 1,i n , 0#

(1) ( )( , ) = ( , )( ( , ) ... ( , )),m m
mR t T t E Q t Q t  '   ' '     

&: ( ) ( , )sQ t   , =1,s m , – +'!&9!02! 7!09/5@ n -3# "#9@&+% ?, *0#'5@7/ ( ) ( , )s
iq t  , = 1,i n .

)*+,-.+/ &-@ ( ) ( , )s
iq t  *09%+0%92# 7!(0. 7,*5: 0!+, < #5,2+/, =# A &-@ ( ) ( , )s

iu t   , 0# ,*2%6 0!+: 1 , 1 0 6  , =# &-@

'*,B [0; ]t T" , 1(0; ] "  ( , ) = 0mdetR t 4 , "9/4#7%
11

1|| ( , ) ||= ( ), 0q
mR t O

$ '
$    # [3]. 1 0#7% ? 9,'2#*0, (24) ?2!B#&/7#

1( , ) = ( , ) ( , ).m mS t R t G t$   
 ! "#$%&#'#(

1( ) 1
1|| ( , ) ||= ( ), 0.

m
m q

mS t O
: $ '

'    #
;!+/7 4/2#7, */*0:7! (19) 2!$%&: '/3-@&%

1= ( ( , ) ( , )) .m
m m

dy t S t y
dt

' @  '   (25)

I+ ',&#7# ([10]), ":9,#&/42/A 9#?''@?#+ = ( , )y y y  */*0:7/ (25) 7!6 ?!&#'#-.2@0/ 9,'2@22@

A BA B 11 1( , ) = ( , ) ( , ) ( , ) ( , ) ( , ) ,
t T

m
m m m m

t

y t s T E t S s y s ds
' $$ $  C  C  $ C    2 (26)

&:
0

1( , ) = exp ( , )
t

m mt t dt
% &

C  @  * +* + 0 1
2 – >%2&!7:20!-.2! 7!09/5@ #&2#9,&2#J */*0:7/ = ( , ) , (0, ) = .m m

dy t y E
dt

 @  C  

E:B!A 1 2( , ) = { ( , ), ( , ),..., ( , )}m m m mnt diag t t t@  !  !  !  . E!&!-, "9/"%*+!67#, =#

Re ( , ) = 0, [0; ], = 1, .mi t t T i n4!  " (27)

I+ , 9!2,D:, ''!<!67#, =# 1 2( , ) = { ( , ), ( , )}m m mt diag t t@  @  @  , &: 1( , )m t@  0! 2 ( , )m t@  – 7!09/5,, '-!*2/7/

?2!4:22@7/ @+/B 6 '-!*2, ?2!4:22@ 7!09/5, ( , )t@  ',&"#',&2# ? ',&'672/7/ 0! &#&!02/7/ &,A*2/7/ 4!*0/2!7/.
;#&, */*0:7% (26) 7#<2! ?!"/*!0/ 2!*0%"2/7 4/2#7

1

1 1 1 1 1 1 2 2
0 0

1 1( , ) = exp ( , ) exp ( , ) ( ( , ) ( , ) ( , ) ( , )) ,
T T t

m
m m m m

t s T

y t E t dt t dt S t s y s S t s y t s ds
$

' $

% &% & % &
* +  $ @  @  '   ' '  '  * + * +* + * +* +  0 1 0 10 1

2 2 2 (28)

1

2 2 2 2 3 1 4 2
0 0

1 1( , ) = exp ( , ) exp ( , ) ( ( , ) ( , ) ( , ) ( , )) ,
T T t

m
m m m m

t s

y t t dt E t dt S t s y s S t s y t s ds
$

'

% &% & % &
* +  $ @  $ @  '   ' '  '  * + * +* + * +* +  0 1 0 10 1

2 2 2 (29)

&: 1 2( , ) = ( ( , ), ( , ))y t colon y t y t   , 1 2

3 4

( , ) ( , )
( , ) = ,

( , ) ( , )
m m

m
m m

S t S t
S t

S t S t
  % &

 * +  0 1
"9/4#7% 9#?7,92#*0, ':+0#9,' 1( , )y t  0! 2 ( , )y t  

&#9,'2((0. ',&"#',&2# "#9@&+% 7!09/5. 1( )m t@ , 1( , )mS t  0! 2 ( )m t@ , 4 ( , )mS t  ; 1E 0! 2E – #&/2/42, 7!09/5,
',&"#',&2#3# "#9@&+%.

)":9!0#9, '/?2!4:2/A ?! &#"#7#3#( (28), (29), ',&#$9!<!6 72#</2% P , ={ ( , ) [0; ] : ( , ) = ( , )},P y t C T u t T u t " '   '
*:$: , 6 #":9!0#9#7 *0/*+%. 1 0#7% */*0:7! (28), (29) 2! 72#</2, P 7!6 6&/2/A 9#?''@?#+ [2].

;!+/7 4/2#7 *"9!':&-/'! 0!+! 0:#9:7!.
 !"#!$% 2. E:B!A 1( ) [0; ]m

sA t C T'" , 0s ; , 7!09/5@ 0 ( )A t 7!6 #&2: '-!*2: ?2!4:22@, @+#7% ',&"#',&!(0. &'!
:-:7:20!92, &,-.2/+/ +9!02#*0, p , q , "9/4#7% > 2q p ; , =p q n' , '/+#2%(0.*@ %7#'/ (11), (27). ;#&, ,*2%6 0!+:

1 , 1 0 6  , =# */*0:7! (1) 2! ',&9,?+% [0; ]T &-@ '*,B 10 <  6  7!6 6&/2/A T -":9,#&/42/A 9#?''@?#+ (18).

9!0':;/%/- /% <= ">?"("#!**+. K:?%-.0!0/ *0!00, #$3#'#9('!-/*. 2! G,<2!9#&2,A +#2>:9:25,J "C/>>:9:25/!-
-.2L: %9!'2:2/@ / *7:<2L: '#"9#*L", "9/*'@4:2,A 110-9,44( ? &2@ 2!9#&<:22@ M.N. 8:09#'*.+#3# (30 09!'2@ –
4 4:9'2@ 2011 9., 7. G#*+'!) 0! 2! G,<2!9#&2,A 2!%+#',A +#2>:9:25,J "1*/7"0#0/42, 7:0#&/ ' 0:#9,J &/>:9:25,!-.-
2/B 9,'2@2.", "9/*'@4:2,A 80-9,44( ? &2@ 2!9#&<:22@ G.M. O+,-@ (13, 14 39%&2@ 2012 9., 7. P/J').

@-.*"(5-. F *0!00, "#$%&#'!2# >#97!-.2% >%2&!7:20!-.2% 7!09/5( -,2,A2#J */23%-@92# ?$%9:2#J */*0:7/ &/-
>:9:25,!-.2/B 9,'2@2.. 89/ 5.#7%, '/+#9/*0#'%(4/ 7:0#& ?$%9:2#3# B!9!+0:9/*0/42#3# 9,'2@22@, '/"!&#+ +9!02/B
+#9:2,' B!9!+0:9/*0/42#3# 9,'2@22@ ?':&:2# &# '/"!&+% "9#*0/B +#9:2,'. E!':&:2/A *"#*,$ "#$%&#'/ !*/7"0#0/42/B
9#?''@?+,' %?!3!-.2:2# &-@ !2!-#3,42/B */*0:7 ? ":9,#&/42/7/ +#:>,5,620!7/.



ISSN 1684-1565  !"# !"$%!.  #&!'(%!. 1(31)/2014 ~ 41 ~

,1-."5  !"#$!%&'(!) *+,$,-
1.  !"#$!%&' (.). *&+',- $!#',.. – /., 1988.
2. 0!"#+'+1,2 3.4., 56,7+1  .8. (9"6.,+"!7:";< !"!7,=. – /., 1977.
3. 0+7$+>+'+1 5.?., (+$," @.4. A7&$&"#; #&+',, B9"6.,< , B9"6.,+"!7:"+>+ !"!7,=!. – /., 1976. 4. @!$+<7&"6+ 5./., C6D7: /.E., F6+1&.: 4.8.

3D"D<"D G,G#&$, H,B&'&".D!7:",% 'D1"-": = 1,'+HI&""-$,. – 0., 2000.
5. @#&J!"+1 4.4. 09'G H,BB&'&".,!7:";% 9'!1"&",<. – /., 1953.
6. *!$!'6," F.K. L "&6+#+';% +MN,% =!H!2!% #&+',, +M;6"+1&"";% H,BB&'&".,!7:";% 9'!1"&",< , + '!=7+I&",, J'+,=1+7:";% B9"6.,< 1

'-H;. – 8>., 1917.
7. (&N&"6+ @.(. LM !G,$J#+#,2&G6+$ '!GN&J7&",, G,G#&$; 7,"&<";% H,BB&'&".,!7:";% 9'!1"&",< // O6'. $!#&$. I9'". – 1955. – *+$ 7, P 2.

– @. 167 – 179.
8. (&N&"6+ @.(. LM !G,$J#+#,2&G6+$ '!GN&J7&",, G,G#&$; 7,"&<";% H,BB&'&".,!7:";% 9'!1"&",< // O6'. $!#&$. I9'". – 1955. – *+$ 7, P 4.

– @. 252 – 243.
9. (&N&"6+ @.(., C6,7: ?.Q., ?,6+7&"6+ 3.K. 5G,$J#+#,2&G6,& $&#+H; 1 #&+',, 7,"&<";% H,BB&'&".,!7:";% 9'!1"&",<. – 0., 1966.
10. R&<7 KI. 0+7&M!",- 1 "&7,"&<";% G,G#&$!%. – /., 1966.
11. C6,7: ?.Q. 5G,$J#+#,2&G6+& J+1&H&",& '&S&",< 7,"&<";% G,G#&$ 1 G792!& 6'!#";% 6+'"&< %!'!6#&',G#,2&G6+>+ 9'!1"&",- // O6'. $!#&$.

I9'". – 1962. – *+$ 16, P 4. – @. 383 – 392.
12. C6,7: ?.Q. 8+G#'+&",& +MN&>+ !G,$J#+#,2&G6+>+ '&S&",- G,G#&$; 7,"&<";% H,BB&'&".,!7:";% 9'!1"&",< G $!7;$ J!'!$&#'+$ // Q=1.

19=+1. /!#&$!#,6!. – 1966. – P 1. – @. 163 – 169.
13. C6,7: ?.Q. L "&6+#+';% !G,$J#+#,2&G6,% $&#+H!% 1 #&+',, 7,"&<";% H,BB&'&".,!7:";% 9'!1"&",< G $&H7&""+ $&"-TN,$,G-

6+UBB,.,&"#!$,: H,G. ... H+6#. B,=.-$!#. "!96. – 0., 1968.
14. C6,7: ?.Q. L J&',+H,2&G6,% '&S&",-% G,G#&$ H,BB&'&".,!7:";% 9'!1"&",< 1#+'+>+ J+'-H6! // Arch. Math. (Brno). – 1987. – 23, P 1. – P. 53 – 62.
15. C6,7: ?.Q., @#!'9" Q.Q., F6+1&. 4.8. 5G,$J#+#,2&G6+& ,"#&>','+1!",& 7,"&<";% G,G#&$ +M;6"+1&"";% H,BB&'&".,!7:";% 9'!1"&",<. –

0., 1989.
16. Birkhoff G.D. On the asymptotic character of the certain linear differential equations containing a parameter // Trans. Amer. Math. Soc. – 1908. –

Vol. 9. – P. 219 – 231.
17. Hukuhara M. Sur les proprietes asymptotiques des solutions d'un systeme d'equations differentielles lineaires contenant un parametre // Mem Fac.

Engin. Kyusyu UniVol. – 1937. – Vol. 8. – P. 249 – 280.
18. Iwano M. Asymptotic solutions of a system of linear ordinary differential equations containing a small parameter, I // Funkcialaj Ekvacioj. – 1963. –

Vol. 5. – P. 71 – 134.
19. Iwano M. Asymptotic solutions of a system of linear ordinary differential equations containing a small parameter, II // Funkcialaj Ekvacioj. – 1964. –

Vol. 6. – P. 89 – 141.
20. Iwano M., Sibuya Y. Reduction of the order of a linear ordinary differential equation containing a small parameter // Kodai Math. Semi. Rep. – 1963. –

Vol. 15. – P. 1 – 28.
21. Schlesinger L. Uber asymptotische Darstellungen der Losunger linearer Differential systeme als Functionen eines Parameteres // Math. Anal. – 1907.

– Vol. 63. – S. 277 – 300.
22. Sibuya Y. Sur reduction analitique d'un systeme d'equation differentielles ordinair lineaires contenant un parameter // Journ. Fac. Sci. UniVol. Tokyo. –

1958. – Vol. 7, P 5. – P. 527 – 540.
.'*/01-' *# $,*"#-,2 / 3 11 .1 2 . 13

4. 5'67%,("#, "'(*. 8/9.-6'&. ('7", *#:., ;. <"/-=, *-$ 8/9.-6'&. ('7", >$#8.
.4? !6,(! ;.4. @$'2#6'(# ', A!, 

B5C;4DEDCFG5AEG C.DGHICIEJB.CG KC.GL.MN 5C.H?KOI.E JEP;?QG..MN 5C5DG;
@CRRGIG.SCBKT.MN ?IBJ.G.CL

 !"#"$%& #'(")* +",#-$'.."/" 0*1*2('134(35'42"/" -1*+.'.36 !"4(1"'.7 *43#!("(35'423' 1'8'.36 93.':.": 43./-961."
+",#-$'..": 434('#7 )3;;'1'.<3*9%.70 -1*+.'.3: + 49-5*' 21*(.70 2"1.': 0*1*2('134(35'42"/" -1*+.'.36. ="9-5'..7'
1',-9%(*(7 ">">$'.7 )96 *.*9"/35.70 434('# 4 !'13")35'423#3 2"?;;3<3'.(*#3.

P. Samusenko, PhD, M. Shkil, Full Doctor
National Pedagogical Dragomanov University, Kyiv

ASYMPTOTICAL INTEGRATION OF LINEAR SINGULARLY PERTURBED SYSTEMS
OF THE DIFFERENTIAL EQUATIONS

Using the perturbed characteristic equation method, the asymptotic solutions of the linear singularly perturbed system of differential equations
in the case of multiples roots of the characteristic equation is constructed. The results generalized for similar systems with periodic coefficients.
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J5D?4. *&+'D- +H"+1,$D'",% H,"!$D2",% G,G#&$ J+GDH!V +G+M7,1& $DG.& 1 =!>!7:"D< #&+'DW H,"!$D2",% G,G#&$ 9
=1'-=69 = #,$, N+ #!6D G,G#&$, H+J9G6!T#: H+G#!#":+ J+1",< +J,G D J', .:+$9 H&$+"G#'9T#: G67!H"D "&7D"D<"D &B&6-
#,. 8',67!H+$ #!6+W H,"!$D2"+W G,G#&$, V H,"!$D2"! G,G#&$!, N+ 1,="!2!V#:G- =! H+J+$+>+T D#&'!.D< "&J&'&'1"+>+
1DH+M'!I&""- 1DH'D=6! 1 G&M&. ?!1D#: 9 1,J!H69, 6+7, '+=>7-H91!"& "&J&'&'1"& 1DH+M'!I&""- V 9"D$+H!7:",$, #+M#+
1 H&-6+$9 G&"GD "!<J'+G#DS,$ "&7D"D<",$ 1DH+M'!I&""-$ 1DH'D=6! 1 G&M&, 1DHJ+1DH"! H,"!$D2"! G,G#&$!, -69 1+"+
J+'+HI9V, H&$+"G#'9V G67!H"9 J+1&HD"69 #! GJD1DG"91!""- J&'D+H,2",% #'!V6#+'D< H+1D7:"+>+ J&'D+H9 [4].

4 #&+'DW +H"+1,$D'",% H,"!$D2",% G,G#&$ +#',$!"+ .D79 ",=69 >7,M+6,% '&=97:#!#D1, -6D ="!<S7, G1+V =!G#+G9-
1!""-, =+6'&$!, 9 #&+'DW 'D=",.&1,% #! H,B&'&".D!7:"+-'D=",.&1,% 'D1"-": D #&+'DW 6'!<+1,% =!H!2 H7- H,B&'&".D!-
7:",% 'D1"-": = 2!G#,"",$, J+%DH",$, [5].
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