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if F' has a factor cA,;, then cA, =c'A,, for any i, because a™" =a . From this we obtain a=a'A,; with a'eT*.

The proof is complete.

Consider the orthogonal Lie algebra O,,, and its universal embedding algebra U, ,, . The corresponding polynomial

n+l
K -algebra A and the Gelfand-Tsetlin algebra are defined above. We denote by F' the field of fractions of I", and by L
the field of fractions of A . The action of the group W on F and L is determined by the action of W on A . By the Lem-
mas 3 and 4, we obtain the following theorems.

Theorem 1. The natural monomorphism I' = A can be extended to an embedding of the fields K — L . The subalge-

bra T =A" is a Galois order in the sense of [5], I =K and G = G(L/K) is a Galois group of the field extension

K < L . Besides, the global dimension of I" equals N, .

Theorem 2. I =AY is a ring of multi symmetric polynomials in groups of variables {ymj |je Jm} 1in)’ and F° isa
me[l;n

n—1

field of fractions of I'*. Then F > F* is an extension of fields of degree 2[ 2 } . Moreover, F =F*[t,,t; ...,t;]/J , where

k is a maximal odd integer less or equal n+1, an ideal J is generated by z‘r2 —Gf(’), r=L.3,... k.
CONCLUSIONS. There is considered an invariant subalgebra I" of universal embedding algebra U, of complex or-
thogonal matrix Lie algebra O, . Were introduced new variables, in terms of which I" is a subalgebra of polynomial algebra,

which is invariant under the action of Weyl group W . We describe algebra I" as subalgebra of the algebra of symmetric
polynomials in groups of variables.
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IHBAPIAHTHA NIOANTEBPA YHIBEPCAHI:HO'I' QBI'OPTYIO‘-IO'I' AIITTEBPU
OnsA OPTONOHANBbHOI MATPUYHOI ANFEBPUA 111

HocnidxeHo cmpykmypy ma enacmusocmi iHeapiaHmHoi nidaneebpu ensghaHda-LiemiHa yHisepcarnsHoi 0620pmytoqoi arneebpu Orisi OPMO2OHaITbHOI KOMIIEKCHOI
aneebpu Jli. Ls nid aneebpa po3ansidaemscs sik rid aneebpa anzebpu rosiHomie 8id 2pyr 3MIHHUX, 3arexHux ei0 080X iHOeKcis, sika € iHeapiaHMHOK 8IOHOCHO Oi 2pyru
Bedinsi. B pobomi roka3aHo, wio nid aneebpa lenbghaHOa-LlemniHa peanidyembcsi sik 0esike CKiHYeHe PO3WUPEHHST an2ebpu CUMEmpPUYHUX MOmiHOMIg 6i0 epyr 3MIHHUX.
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UccnedosaHbl cmpykmypa u ceolicmea uHeapuaHmHou nodanzebpsi [ensghaHOa-LlemnuHa yHueepcarbHol obepmbigansHOU anzebpbl Orisi Opmo20HasIbHOU
KomrnexkcHol aneebpbi Jlu. Oma nod anzebpa paccmampusaemcsi Kak o0 anzebpa rMonuHoOMO8 om 2pyrin NMePeMeHHbIX, 3asucsuux om d8yx UHOEKCo8, Komopasi
s18r155IeMCs UHBapuaHMHol omHocumesbHo delicmeusi epynnbl Belins. Aneebpa lenbghaHOa-LiemnuHa peanudyemcsi Kak HEKOmMOPOEe KOHEYHOE pacluupeHue anzebpbl
CUMMEMPUYHBIX MONUHOMOS OM 2Py NePEeMEHHbIX.
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ANNIHILATOR SUBALGEBRAS IN LIE ALGEBRAS OF DERIVATIONS

Let K be an algebraically closed field of characteristic zero and K(x; , ..., X,) be the field of rational functions. The set Ann(S) of all
K-derivations of K(xs , ..., X,) which annihilate a set S — K(xs, ..., X,) is a subalgebra of the Lie algebra W,(K). The structure of the

subalgebra Ann(S) is connected with centralizers of elements of W,(K). A characterization of the subalgebra Ann(S) is given, some sets
of generators of Ann(S) are pointed out in the Lie algebra of all K-derivations of the polynomial ring K[xi, ..., Xn].

INTRODUCTION. Let K be an algebraically closed field of characteristic zero and R = K(x,,...,x,) be the field of
rational functions in n variables. The set DeryR of all K -derivations of R, i.e K -linear operators D on the field R

satisfying the Leibniz's rule: D(fg)=D(f)g+ fD(g)forall f,geR is a Lie algebra over K and a vector space over R ina
natural way: if we take f eR,D e DergR, the derivation fD sends any element ge R to fD(g) . The structure of the Lie
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algebra DergR is of great interest because one can consider derivations as vector fields on geometric objects. If we take
any element D e Dergy R then D can be written in the form:

0 0
D=f—+.+f—,f R,
/ 0Ox, % 0ox, fie
and D is a vector field with rational coefficients. Such Lie algebras were studied by many authors (see, for example [1],
[2], [3]). If we take any set S < R=K(x[,..,x,), then one can pose a question about the structure of the annihilator

An (S)={DeW,(K)|D(s)=0 forall seS} (here W,(K)=DergR). This subset Ann(S)cW,(K) is obviously a

7, k)
subalgebra of VI7n(K) and a subspace of the R -space Wn(K). We point out explicitly a basis (over R) of A4nn(S) (see
Theorem 1). Note that the annihilator 4nn(S) is contained in a larger subalgebra Nan(K), which consists of all

derivations D of R such that D(K(S))c K(S) where K(S) is the subfield of R generating by the set S and by the
subfield K . We give also the basis of N over R. These results are applied to the Lie algebra W, (K) of all derivations of

the polynomial ring K[x,,...,x,,]. Here we consider systems of generators over K[xi,..,x,] since Anny (x)(S) is a

submodule of the free K[x;....,x,]-module ,(K) (Theorem 2).

We use standard notations, the ground field is denoted by K and is algebraically closed of characteristic zero. Recall
that a polynomial g is a slice for a derivation D e W,(K) if D(g)=1.

ANNIHILATORS OF SETS OF RATIONAL FUNCTIONS. The next two lemmas contain some preliminary results used
in the sequal.

Lemma 1. Let D;,D, Wn(K) and a,beR . Then
1) [aD,,bD,]=ab|D,, D, ]+ aD,(b)D, —bD,(a)D;;
2) If in addition a,b € KerD| n KerD, then [aD;,bD,]=ab[D;,D,] .
Lemma 2. Let D be a K -derivation of the field K(x;,..,x,) and F be an algebraic extension of K(xi,...,x,) . Then
there exists a unique extension D of D on F , i.e. such a derivation of F that 5|K(xl,”_,xn)=D
Lemma 3. Let S be a subset of K(x,..,x,) and K(S), the subfield generated by K and S in K(x;,...,x,) . If K(S) is
the algebraic closure of K(S) in K(x,...,x,) then:
1) Annu;n (K)(S) = Anan(K) (K(S))= Annu;n (K)(K(S)) ;
2) Anng (K)(S) is a subalgebra of Wn (K) and a vector-space over R of dimension m=n—tr.degg K(S) ;

3) If in addition m >1 then the Lie algebra Anng (K)(S) is simple.

Proof. 1) Every K -derivation DeWn(K) annihilating the set S annihilates obviously the subfield K(S). Since the
subfield K(S) is an algebraic extension of K(S) then every derivation of R annihilating K(S) annihilates also K(S) by

the Lemma 2. Therefore Anng; (K)(K(S))zAnnn; (K)(K(S)). The converse inclusion is obvious, so we have

Annn;" (K)(K(S)) = Anan(K)(K(S)) .
2) Let k=tr.degyg K(S) and yi,...,y; be a transcendence basis for K(S) over K (the elements y,,...,y; can be cho-

sen from the set ). Take a complement of the set {y,,...,y,} to a transcendence basis of the field K(x.,...,x,) consisit-

0
and consider the derivations —,i=1,...,n, of the subfield K(y,...,y,) of

ing of arbitrarily chosen elements y;,,,...,» 5
Vi

N

0

the field R=K(xy,...,x,). Let us extend the derivations a—, i=1,...,n, to the derivations of the field K(x,...,x,) using
Vi

Lemma 2, and save the same notations.

Then 9 rens
ayk+l ayn

annihilate obviously the subfield K(S) (because aﬁ(yj)zo,izkﬂ,...,n,j=1,...,k). Therefore
Vi

0 0
+..+R—c Anny (K)(S) - Let us show that the latest inclusion is equality. Take any D e Anng; (K)(S) . Then D
Vit Vn " !
can be written in the form:

R

0 0
D=fi—+.t fr—+in tot o
1 v " vk " oy,
for some f; € K(x;,...,x,,) (because the derivations %,...,aa are linearly independent over K(x;....,x,) ).
M Vn
. 0 0 0 0
Since fi, —+..+f,—¢€ AnnW"(K)(S) , we see that D =fil—+..+f —€Anng; K) ().

i+t vy &g Wi W
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The obvious equalites D;(y;)=0,i=1....,k imply f;=0, ie.D;=0 (by the equality ai(yj):ﬁl-/-). Hence
Vi '

0 0
Annz S)=R—+...+R .
W,,(K)( ) iy Wy
3)Let m=n—k>1 . We have by the above proven
0 0
Ann S)=R—+...+R ,
w00 =R o,

i.e. the subalgebra Annj (K)(S) is a vector space of dimension m>1 over R. Let I be a nonzero proper ideal of

A )(S) . Then I contains a nonzero ideal J which is a vector space over R . The latter is impossible because of re-

nan (K
sults of the paper [4].
Let S be a non-empty subset of K(x,...,x,) and {y,...,y;} be a maximal algebraically independent over K subsystem

of S. We can assume without loss of generality that S ={y,,...,;} because Anng (K)(S) = Ann; (K)({yl,...,yk}) by the pre-

vious lemma. Complement the set S to a transcendental basis {xi,...,x,_;,|,....y;} Of the field K(x,..,x,) over K (itis
possible after renumbering of variables). Denote by Jsx, the jacobian derivation of the subfield K (x,...,x,_;,y1,..y;) de-

fined by the rule: JS,x1 (h) =det J(Xypees X1, B, X 4 [5eesX s V1 oees Vi sk = L,...;n —k , where the latter determinant is as following:

1 0 0

o oh o on

Ox;  0Ox Wi (1)
0 0 1 0
0 0 0 1

Extend these derivations on the whole field K(xi,...,x,) (it is possible by Lemma 2) and save the same notations for
them. Denote by A =detJ (x,...,X,_, Vioeees Vi) -
Lemma 4. The derivations JS,x,. ,i=1,..,k, are linearly independent over K(x,..,x,) and each of them contains the

subfield K(S) in its kernel and the derivation J; -i maps the subfield K(S) into itself.

=0 for some f; eR. Since Jg, (x;)#0 (because this is the jacobian of

Proof. Assume that fiJg , +..+ f, /sy, ,

algebraically independent over K rational functions xi,...,x,_,yi, ¥ ) @nd Jg (x;)=0,i=j, we get f; =0,...,f,_, =0

and therefore Jg , ....Jg .  are linearly independent over R. FurtherJg . (y;)=0 forj=1...k and i=1l..n—k and

therefore K(S)c KerJs ;. ,i=1,...,n—k .Butthen K(S)c KerJg , bylLemma2.

v, agrees on K(yi,..,y;) Wwith the derivation ai So iJS,y’_ maps K(yy,....y,) into itself. By

The derivation lJS
A Vi

Lemma 2 the derivation %JS can be uniquely extended on the algebraic closure K(S) of the subfield K(S) in R and

Vi

hence iJS»y.' maps K(S) into itself.

can be easily written in the standard basis {ai,..., 0 + of the field

Remark. The derivations iJS . and iJS
AT A X X,

Y

K(x,...,x,) inthe form Jg :flai+.,.+fnai , Wwhere f; € K(x,...,x,) . The coefficients are minors of order n -1 of the
X1 Xn

determinant (1)
Theorem 1. Let K be a field, S be a subset of the field K(x,...,x,) of rational functions and y,,...,y; be a maximal

set of algebraically independent over K elements of S. Then the annihilator Ann; (K)(S) is a vector space over

K(x,...,x,) with the basis Jg . ...Jg, . The set N, of all elements of VIN/n(K) which map K(S) into itself is a
1

semidirect sum Ny =M x Anny (x(S) where M is a subalgebra of Wn(K) with the basis %JSJI"“’Z‘]S% .

3 Xy

Proof. As %JS% ) =1Jg, (y))=0,i#j, we see that %Js,yl,...,%JS,yk are linearly independent over R .
Every derivation Js,y, maps K(S) into itself by Lemma 4. Denote by M the subalgebra M = K(S)Ws,,, +-.+K(S)s of the

Lie algebra Wn (K) . It can be easily shown that Ann; (K)(S) is an ideal of the Lie algebra N, . Take any element D € N, . Then
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k k
D(y;)=f; for some f,cK(S) and (D—Zﬁ]s’yi)(yi)zo for all i=1,..k. But then D—ZﬁJS,yi € Anng (S) and
i=1 i=1
therefore N; =M x Anny ()(S) the semidirect sum of the subalgebra M and the ideal Annyy (xy(S) (it is obvious that the
intersection of these subalgebras of N, is zero).
Example. Consider more detailed the case r.degy K(S)=1. We can assume without loss of generality that S = {y,} .

The annihilator of the subset S consists of linear combinations over R of the derivations Jg . =i,i=1,...,n—1 . The

Ox;

Gyl)
xn a)}l

ANNIHILATORS OF RATIONAL FUNCTIONS IN THE LIE ALGEBRA W,(K). We will denote by W,(K) the Lie
algebra of all K -derivations of the polynomial ring K[x,..,x,]. It consists of the derivations of the form

subalgebra M is of the form M = K(y, )(

D= f‘a_+ A+ 1 aa , f; €K[x,,...,x,]. The Lie algebra W, (K) is contained in W(K) and W,(K) is a free K[x,...,x,]-
a5 Xn

module. This Lie algebra acts naturally on K(xi,...,x,) and we consider annihilators of elements of K(xi,...,x,) in the
subalgebra W, (K). If ¢ € K(x,...,x,) then Anan(K)((p) is a submodule of the module W,(K) over the ring K[x,...,x,] .
We point out generators of Anngy (k) (@) in some cases.

Lemma 5. Let ¢ € K(xy,...,x,) and Annyy (x)(9) be the annihilator of ¢ in W, (K). Then:

1) Anny (k)(p) is a submodule of rank n—1 of 7, (K);

2) If in addition » =2, then the Anny () is @ free submodule of rank 1 of ,(K).

Proof. 1) See Lemma 4.
2) See [3].
Lemma 6. Let D:Zn‘,l’;aiEWn(K) with  p; € K[x,...x,] and D(¢)=0 for some ¢eK(x,...,x,). Then the

i=1 i
% 0 a0

derivations DY) = —
J Ox; Ox;  Ox; Ox;

—.i,j=1,..,n,i # j , satisfy the equality z ij(’) (Z—Q)D.
j=l,j#i X

Proof. It is obvious that D}’)((p):o for i, j=1,...,n . Further we have

; 1 op O op O 0 z 0 < 0 0
S o= $ o[ -R (-2 5 nl 5 a2
Jj=1, j#i Jj=1, j#i Xj OX;  OX; OX; Xi ) j=1, j#i o\ =l =i X ) OX;
The latter sum can be written in the form

0P | 0 op 0 < op | 0 o9 0 [ O¢
-—t St p————F - -— D,
( ax-]Z_;p‘/ ox ; Pi Oox; Ox; (gpj Oox ]éx ax ax ox;

Theorem 2. Let go:EEK(xl,...,xn) be such a rational function with coprime polynomials u,v that there exist
v

polynomials f;..., f, with flg—(p+~~+.fn :‘p :Lz' Then Anny xy(¢) is a submodule of rank n—1 over K[x,...,x,] with
x| X, v "

— i op 0 O0p 0 | »
enerators D, = DW j=1,..n, where DV = -+ — 4+ ~ |,
g ! Zf i) " / Ox; Ox;  Ox; Ox;

i=li#j

Proof. Take any derivation D e Anny k)(p), let D:plai+....+pnai,pieK[xl,...,x,,]. Consider the derivation
8 x| X

n

pi__9» 0  0p 0

AN , .
. Since D(p) =0 then by Lemma 6 it holds z DY =(==2)D,i=1,...n . Multiply both sides of
/ x; 0x; 6x o, X; ()= y Pj ( 6xl-) i n ply

J=1,j#i

these equalities by f; and add them. Then we obtain in the right hand side Zf,(— )D = —LD The left hand side is of

i=1

the form Zf’ ijD(’) —Zp ZfD(’) . Denote D, = z /;D’v*  Then we get —D= Zp] . It follows

i=1 J=1,j#i i=lLi#j i=lizj Jj=1

from this equality that AnnW (K)((p) has generators D;....,D, . It can be easily shown that D;,.. ,D eW,(K) .
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Corollary 1. Let /' be a polynomial from the polynomial ring K[x,,...,x,]. If the ideal of K[x,...,x,] generated by the
o I

partial derivatives —,...,—— coincides with K[x;,...,x,], then the annihilator Anny (x)(f), can be generated by n generators.
X1 Xn "
Corollary 2. If a polynomial f € K[x,...,x,] is a slice for a derivation D eW,(K), then Anny (g (f) can be generated

by n elements.

Corollary 3. Let f eK[x,...,x,] be such a polynomial that at least one of the partial derivativesi,izl,...,n is a
X

nonzero constant. Then Anny, (xy(f) is a free submodule of W, (K) of rank n—1.
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AHYNATOPHI NIQANTEBPU B ANMEBPAX 1Nl AUPEPEHLUIFOBAHb
Hexali K aneebpaidHO 3aMKHeHe rione xapakmepucmuku Hynb i K(x; , ..., X,) - rone paujoHanbHux byHKUiti 8id n 3miHHUX. MHoxuHa Ann(S) ecix K-
OdugpepeHruitosaHb K(X1, ..., Xn), sIKa aHynoe NiOMHOXUHY S C K(xq, ..., X,) € nidaneebporo aneebpu J1i W,(K). Cmpykmypa nidanzebpu Ann(S) nos's3aHa 3 ueHmparni-

3amopamu enemeHmie 8 W,,(K). JaHo xapakmepu3aujio nidanzebpu Ann(S), ekazaHo cucmemy meipHux 015 nidaneebpu Ann(S) e aneebpi J1i ecix K-OughepeHuirosaHb
Kinbusi MHo2o4rneHig K[Xs, ..., Xpl.
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AHHYNATOPHbIE NOOANTEEPbLI B ANMTEEPAX NI JU®DEPEHLIMPOBAHUNA
IMycmb K aneebpauvecku 3aMKHymoe rnorsie xapakmepucmuku Hyrb i K(X , ..., X,) 11oe payuoHarnbHbIX (hyHKUUU om n nepemeHHHbIX. MHoxxecmeo Ann(S) ecex
K-0ugbgpeperuuposarull K(x; , ..., X), aHHynupyrowux nodmHoxecmeo S < K(xs, ..., X,) siensiemcss nodaneebpoli anzebpbi Jlu W, (K). Cmpykmypa nodanzebpbi

Ann(S) cesizaHa ¢ ueHmparnuzamopamu anemeHmos 8 W,,(K). JaHo xapakmepu3sayuro nodaneebpbl Ann(S), yka3aHo cucmemy obpasyroujux onsi nodanzebpbi Ann(S)
8 aneebpe Jlu scex K-OughepeHuyuposaHuli Korbuya MHo204reHo8 K[X1 , ..., Xq.
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HABJINXKEHE ONTUMANBbHE KEPYBAHHA B ®OPMI OGEPHEHOI'O 3B'A3KY
ANA NAPABOJIIYHOI CUCTEMM 31 WUBUAKO KONMMBHUMM KOE®ILIIEHTAMM

Po3zznsidaembcsi 3adavya 3HaxoOXeHHSI ONMuMalsibHO20 KepyeaHHs1 8 ¢hopmi obepHeHO20 38°A3Ky (CuHmesy) e JliHiliHo-
Kkeadpamuy4Hoi 3adadi, Aka cknnadaembcsi 3 napabosiyHoi cucmemMu 3i WeUOKO KoueHUMU KoegbiyieHmamu ma HanieeusHa4yeHoe20 Ui-
J1b08020 (hyHKUioHasy. 3HalideHo moy4Hy ¢hopmysly cuHmesy ma 3a 0oromo2oro rnepexody 0o ycepedHeHUX napamempie obrpyHmo-
8aHO lio20 HabsiuxeHy ¢hopmy.

BCTYI. Baxnumeoto 3agayeto B TeOpii ONTMMAanNbHOro kepyBaHHSA HECKIHYEHHOBUMIPHMMMW €BOMIOLINHUMK crucTemamu €
noGyanoBa onNTMManbHOro kepyBaHHs B hopmi 06epHeHoro 3B'A3ky (cuHTesy) [1], [4]. Ansa wmpokoro knacy 3agad sik 3 pos-
nogineHunm [1], Tak i 3 3ocepedXeHUM KepyBaHHAM [5] BOaeTbCs 3HaNTU 3aMKHeHY (bopMy ONTUMAarnbHOro CUHTEe3y, Napame-
TPU KO BUpaXarTbCsA Yepe3 BracHi oyHKUii Ta yucna BignoBigHOro audepeHuianbHoro onepatopa. Mpy uboMy AKWO
koedilieHT onepaTopa € LUBMAKO OCLMMIoYMMK [2], TO BUHUKAE 3agadva O6rpyHTyBaHHs HabnuxeHoOro ycepegHeHoro
cuHTe3sy [5]. Y paHin cTaTTi Taka 3agada po3B'si3aHa Ans napabonivyHoi MiHIMHOT cucTeMu 3 30cepeKeHUM KepyBaHHSAM B
npasili YaCTKHI Ta KBagpaTUYHUM KpUTEPIEM AKOCTI. Ha OCHOBI 3HanaeHoi opMyriM TOYHOrO CMHTE3Y 0OI'PYHTOBaHO hopMy
HabnmKeHoro ycepeaHeHoro onTumarnbHOro kepyBaHHs B hopMi 06epHEHOro 3B's3KYy.

MOCTAHOBKA 3A0AUI. Hexan Q< R?, p>1, — obmexeHa obnacts, ¢ € (0,1) — manun napametp, 7 > 0. B uunin-
api Or =(0,7)x Q) ana BekTop-PyHKLiA y = y(t,x), u =u(t) po3rnagaeTbes 3agava

%= AAN®y + By + C*(x)u,
y(t,x) =0, x € 0Q,

. (1)
(0,x) = yg(x),

n
9

uel= (LZ[O,T])

n 2 n T
J(vu)= Yo | [T, (x)dx |+, [u? (t)dt — inf. @)
i=1 Q =l 0
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