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DYNAMICS OF GENERALIZED PHASES IN A SYSTEM 

OF TWO WEAKLY-COUPLED SPIN-TORQUE NANO-OSCILLATORS 
WITH RANDOM EIGEN FREQUENCIES: THE CASE OF GLOBAL COUPLING 

Dynamics of generalized phases in a system of two weakly-coupled spin-torque nano-oscillators (STNOs) with random eigen 
frequencies (Gaussian distribution) is analyzed. It is shown that the system dynamics is conveniently described by a complex order 
parameter in the scope of global coupling model. The numerical analysis of time dynamics of the modulus of complex order parameter 
was performed. It is shown that the synchronization of two STNOs is most effective when the amplitude of coupling + is big and the 
phase of coupling 1 is multiple of 4. 
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Introduction. The spin-transfer torque (STT) [1, 3, 15, 
20–21] carried by a spin-polarized electric current can give 
rise to several types of magnetization dynamics 
(magnetization auto-oscillations [5–6, 8–11, 16–17] and 
reversal [7, 22]) and, therefore, allows one to manipulate 
magnetization of a nano-scale magnetic object [17]. 

The STT effect opens a possibility for the development 
of a novel type of nano-scale microwave devices – spin-
torque nano-oscillators (STNOs). The practical application 
of STNOs faces four main problems: 

� low enough operation frequencies of devices based on 
STNOs (typically, 1–15 GHz); 

� low output microwave power (or DC power if a STNO 
is used as a microwave detector); 

� large generation linewidth; 
� imperfect manufacturing technology of STNOs. 

The last three problems can be solved using the mutual 
phase-locking of several STNOs [6, 11, 14, 18–19]. For 
instance, using numerical simulations it has been 
demonstrated [4, 12] that the finite delay time of the 
coupling signal can lead to a substantial (~ 100 times) 
increase in the frequency band of phase-locking. 

In this work we perform numerical simulations of phase-
locking of two STNOs with random eigen frequencies 
(which are caused by the parameters spread of the STNOs 
due to the imperfect manufacturing technology) with 

account of a delay of the coupling signal. We consider the 
general case of two coupled nano-contact STNOs without 
account of the exact type of coupling. Thus, our results are 
valid for different types of coupling. 

Theoretical model. The dynamics of the two weakly-
coupled STNO can be described by the system of coupled 
nonlinear equations for the complex amplitudes � �jc t  of 
spin wave modes, excited in j-th nano-contact [2, 14, 19]: 
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 (1) 

where 
 �, 1,2j k � , � �2

j jc�  and � �2

,eff j jc�  are the 

frequency and effective damping rate (that includes 
contribution from the positive natural damping and current-
induced negative damping) of j-th mode, coupling 
frequencies ,j k	  are defined by Eq. (6) in [19], and ,j k�  is 
the phase shift, for example, the phase shift of the spin 
wave (radiated by the k-th nano-contact) acquired during 
its propagation to the j-th nano-contact. 

The system (1) without time delay ( , 0j k� � ) was derived 
and analyzed in [19]. The analysis of the system (1) was 
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carried out in [2, 14] for the case of fixed (not random) 
frequencies and with account of time delay ( , 0j k� � ). 

In the absence of coupling ( , 0j k	 � ) each of Eqs. (1) 
has a free-running solution [2, 14] 

� � � � � �� �ie j jp t t
j jc t p t �� , (2) 

where the power � � � � 2

j jp t c t�  is determined by condition 

of the vanishing of total damping � �, 0eff j jp� � . For a weak 

coupling ( , ,j k j k	 

 � � ) it is possible to perform a 
perturbative analysis of Eqs. (1), and obtain criteria of 
phase-locking in a closed analytical form [2]. 

Analysis of mutual phase-locking of two oscillators with 
an account of phase of the interaction (or, equivalently, 
delay of the coupling signal) showed that each oscillator 
can be described by one dynamical variable – "generalized 
phase" � �j t� .It can be introduced as in that case the 
system (1) transforms to the equations of motion for the 
phases � �j t� , which can be written in the form 

� �

� �
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2
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sin ,

sin .

d
dt
d
dt
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 (3) 

Here j�  is the natural (free-running) frequency of j-th 

oscillator, ,j k�  is the amplitude of the coupling between  

j-th and k-th oscillators, and ,j k�  is the coupling phase. 

Both amplitude ,j k�  and phase ,j k�  of the coupling are 
renormalized by the nonlinearity of the oscillators. 

Eqs. (3), were derived from a simple auto-oscillator 
model [14, 18, 19]. It can be shown, however, that the 
model (3) is rather general and can be applied to the 
description of phase-locking of oscillators of any nature [14, 
18, 19]. This model will serve as a basis for numerical and 
analytical study of phase-locking phenomenon in large 
arrays of spin-torque nano-oscillators. 

In experiments, frequencies j�  of  the oscillators in an 
array differ due to uncertainties in technological process, 
presence of impurities, etc. Therefore, the free-running 
frequencies j�  in system (3) should be considered as 
random quantities having certain probability distribution 
� �jP �  (we assume that probability distribution is the same 

for each oscillator). Without loss of generality, we assume 
that the average frequency ,j av�  of oscillators is zero 
(otherwise, one can perform transformation 
� � � � � � ,j j j j avt t t t� � � � � ��� , that does not change form of 

Eqs. (3)). For simplicity, we consider only the case, where the 
frequency distribution � �G jP �  is the Gaussian distribution: 

� �
2

1 1exp
22

j
G jP

� ��� �
� �� � � � ������ � �� �� �

. (4) 

Here ��  is a characteristic width of the frequency 
distribution (we assume it is the same for all oscillators). 

The coupling amplitudes ,j k�  and phases ,j k�  depend 
on the coupling mechanism between oscillators and on 
their properties (nonlinearity). Here we analyze the 
simplest case of practical interest – the case of global 
coupling. This is the typical case of coupling by the 
common current bias current, when coupling between all 
oscillators is the same: 

, constj k� � � � , , constj k� � � � .  (5) 

In the following we will study global coupling of oscillators 
using model (3) with coupling (5), when the eigen frequencies 
of oscillators are characterized by the distribution (4). The 
main task is to analyze dependence of the locking process on 
the amplitude �  and phase �  of the coupling. 

The convenient parameter for the phase-locking 
characterization is a complex order parameter [13] 

� �1 2i ii 1e e e
2

r R � � � � � . (6) 

The amplitude R  of the order parameter characterizes 
number of phase-locked oscillators, while the rate of 
change of the phase /d dt! �   gives the frequency of 
phase-locked oscillations. 

Numerical model. Our numerical model is based on 
the numerical solution of Eqs. (3) for some particular 
values of 1,2 2,1� � � � � , 1,2 2,1� � � � � , 1� , 2�  and known 

initial conditions � �1 0� , � �2 0� . During the numerical 
analysis we assume for simplicity that the average 
frequency of the STNOs is zero and chose the 
characteristic width of the frequency distribution ��  as 

0.1�� �  (the case of small frequency deviations, i.e. the 
case of small uncertainties in technological process of 
STNO fabrication). We also assume that the initial phases 
of STNOs � �1 0� , � �2 0�  are random values with 
rectangular distribution: 

� �� � � �1,2
1,2

1/ 2 , 0 0 2
0

0 , otherwiseRP
" � # � # �

� � $
%

. (7) 

Since the frequencies 1�  and 2�  are random values 
described by frequency distribution law (4) and initial 
phases � �1 0� , � �2 0�  are random values described by 
distribution law (7), it is clear that the dynamics of general 
phases � �1 t� , � �2 t�  will depend on 1� , 2�  and � �1 0� , 

� �2 0�  and, therefore, may also be random (at least 
partially). To eliminate this influence of randomness on the 
system dynamics and to obtain statistically correct results 
we performed multi-pass numerical analysis of the Eqs. (3). 
The used algorithm may be described as follows: 

1) We chose some particular values of the amplitude of 
coupling �  and the phase of coupling � . 

2) We generate the random vector of initial phases 
� � � � � �
 �1 20 0 , 0� � � �

�  using the distribution law (7) and the 

random vector of oscillator eigen frequencies 
 �1 2,� � � �
�  

using the distribution law (4) for the case of 0.1�� � . 
3) We numerically solve the equations (3) for the case 

of some particular values of equation's parameters � , � , 
�
� , � �0�

�  defined above. We calculate the modulus of the 

complex order parameter as a function of time � �R t  using 

numerically calculated phase vector � � � � � �
 �1 2,t t t� � � �
� . 

4) We repeat the stages 2 and 3 N  times, where N  is 
the number of passes. After that we do the averaging of the 
obtained data of � �R t  for all realizations and obtain an 
averaged dependence 

� � � �
1

1 N

kN k
R t R t

N �
� & , (8) 

where � �kR t  is a dependence of the modulus of the 

complex order parameter on time obtained at k -th pass. 
We believe that for a large enough value of N  the 

influence of randomness on the system dynamics is 
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minimal. The minimal number of passesN , which 
correspond to that case might be found numerically. 

Results and discussion. Using the algorithm stages  
1–3 described in the previous section we calculated the time 
dependencies of general phases � �1 t�  and � �2 t�  of two 
weakly-coupled STNOs. The typical obtained results (after 
renormalization – division by 2� ) are presented in Fig. 1. 
The corresponding dependence of � �R t  is shown in Fig. 2. 
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Fig. 1. The typical time dependencies  

of normalized general phases � �1 / 2t� �  (solid line)  

and � �2 / 2t� �  (dashed line) of two weakly-coupled STNOs  
for the case of model parameters: \ = 1, ^ = 0,  

_={-0.0016, 0.1500}, `(0)={1.3, 4.5} 
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Fig. 2. The typical time dependencies of the modulus of 

complex order parameter � �R t  for a system of two weakly-
coupled STNOs for the case of model parameters:  

\ =1, ^ = 0, _={0.0016, 0.1500}, `(0)={ 1.3, 4.5}. 
 

We also analyzed the dependence of � � NR t  on N  

(see Fig. 3). We show that the dependence � � NR t  is 

statistically stable if N > 100 for the case � = 1, � = 0. The 
obtained results depend on � , � , but it seems that N  is 
almost the same for any values of � , � , if �  is big 
enough and �  is far from / 2�  or �3 / 2  . 
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Fig. 3. The dependencies of the averaged modulus of complex order parameter � � NR t  on time  

for different number of passes N . \ =1, ^ = 0 
 
The following analysis was carried out with number of 

passes N = 200. First, we fix the phase of coupling �  (�=0) 
and analyzed the dependence of � �

N
R t  for different 

amplitude of coupling �  (Fig. 4). One can see, decrease of 
�  leads to a great perturbation of the system dynamics, 
thus, it seems the efficiency of synchronization decreases 
in that case. Second, we fix the amplitude of coupling �  
( 1� � ) and analyze the dependence of � �

N
R t  on phase 

of coupling �  (Fig. 5). 

One can see, the efficiency of synchronization � �
N

R t  
rapidly increases if �  is close to 0 or � . It is obvious, that in 
real in Fig. 4 and Fig. 5 there are plots with almost linear 
dependence of averaged modulus of complex order 
parameter � �

N
R t  on time. The visibility of function 

oscillation defined only by choosing the appropriate graph 
scale. The efficiency of synchronization for different 
amplitudes and phases of coupling is clearly shown in 
Fig. 6(b). One can see, that it is most effective for big 
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amplitudes of coupling when phase of coupling multiple of � . 
This means that the model of global coupling may be 
applicable only in that case. 

The final state of the system (value of � �
N

R t  at the 

moment 100t � ) is analyzed on Fig.6(a). 
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Fig. 4. The dependencies of the averaged modulus of complex order parameter � �

N
R t  

on time for different amplitudes of coupling � . N = 200, ^ = 0 
 

 

 

^ = 3|/8 ^ = |/2 ^ = 5|/8 

0.997420 

0.997422 

20 
^ = 0 

0.997420 
0.975 

0.994739 

0.980
7
0.978 

0.976 

0.67 

0.65 

0.61 

0.63 

0.155 

0.157 

0.159 

0.161 

0.06236 

0.06237 

0.057570

0.057580

0.057595

t 
^ = | ^ = 7|/8^ = 3|/4 

t t 

40 60 80 100 20 40 60 80 100 20 40 
^ = |/4 

60 80 

20 40 60 80 100 20 40 60 80 100

^ = |/8 

20 40 60 80 

20 40 60 80 100 20 40 60 80 100 20 40 60 80 

<R
(t)

> N
 

0.997422 

0.977 

100

100

100

0.081860

0.081857 

0.974 

0.994738 

<R
(t)

> N
 

<R
(t)

> N
 

 
Fig. 5. The dependencies of the averaged modulus of complex order parameter � �

N
R t  on time 

for different phases of coupling � . N = 200, \ = 1 
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Fig. 6. Density plots of the averaged modulus of complex order parameter at the moment t=100 (a)  
and difference between maximum and minimum values of averaged modulus of complex order parameter on time segment 

[80,100] (b) for different phases of coupling �  and amplitudes of coupling �  
 

Conclusion. We have demonstrated that the dynamics 
of two weakly-coupled STNOs is conveniently described by 
a complex order parameter in the scope of global coupling 
model. Using numerical analysis we show that the 
synchronization of two STNOs is most effective when the 
amplitude of coupling �  is big and the phase of coupling 
�  is far lesser or larger than / 2� . 
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