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O. Hegubaniok, kaHAa. is.-MaT. Hayk, B. YepHsk, A-p ¢is.-mat. Hayk,

kadp. chiznyHoi enekTpoHiku, €. MapTuil, A-p ¢is.-maT. Hayk, kad. meanyHoi pagiodisnkm,
0. ConomeHko, acn., |. ®epipuuk, cTyA., kad. i3U4HOT eNeKTPOoHiKK,

papiodisnuHun cdakynbtet, KHY imeni Tapaca LLleBueHka, Kuis

NNA3MOBO-PIDIUHHA CUCTEMA 3 OBEPTAJIbHOIO KOB3HOIO YT OO TA PIAKUM ENEKTPOAOM

Y po6omi npedcmaeneHi pe3ynbmamu OoclidxeHHs1 06epmasnibHOi KO83HOI Oyau 3 piGKuM ennekmpodom. [ocnidkeHO cneKmpu eunpoMiHIO8aHHS
nnasmu o6epmarnbHOI KO83HOI dyau 3 piOKuUM enekmpodoM. BumipsiHi eonbm-amnepHi xapakmepucmuku o6epmasibHoOi koe3Hoi dyau e diana3oHi momokie
nosimpsi 0-220 cm’/c. BuzHayeHo memnepamypu 3acesieHHs1 36y0)XeHUX eSIeKMPOHHUX T; , KOnueHux TV* ma obepmosux T, pieHie. [ocnidxeHo
po3rnodin yux memnepamyp 83008 M/1a3M08020 ¢hakerty.

Knroyoei cnoea: nnasma, o6epmarnbHa Koe3Ha Oyaa, piokuli enneKmpood, niia3moeo-piGuHHa cucmema, eslekKmpuYHuli po3psio.
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kadh. usnyeckomn anekTpoHuku, E. MapTbiw, a-p. ¢pus.-mar. Hayk, kad). MeAULIMHCKON paanodunsnkum,
E. ConomeHko, acn., U. ®eanpuuk, ctya., kad. onanyeckom aneKTpoHUKM,

paauodusnyeckuin pakynsteT, KHY umenn Tapaca LLeBYeHko, Kues

MNA3SMEHHO-XXUOKOCTHAA CACTEMA
C BPALLATEJIbHOU CKONb3ALLEN AYITOU U XKWOKUM SNTIEKTPOOM

B pabome npedcmaesieHbl pe3ysbmambl Uccried08aHUsl ef 1bHOU cKonb3siwjeli Ayau ¢ Xuldkum 3anekmpodoM. MccrnedoeaHbl crieKmpbl
u3nyyveHusi nnaasMbl epawjamenibHol ckonb3siujell Oyau ¢ XuOKUM 31eKmpodoM. M3MepeHHbIe e0fbMaMIepHbIe XapaKmepucmuKku epaujamesibHOl

ckonb3swell dyeu e Ouarna3oHe nomokoe eo3dyxa 0-220 cm3/c. OnpedeneHbl Mmemrepamypbi 3acesieHusi 8036YXOeHHbIX 3/1eKMPOHHbIX Te ,
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Knroyeenle crioea: nnasma, epawjarousamesibHasi ckonb3siwas dyaa, uokull 371eKmpoo, niasMeHHo-XUGKOCMHas cucmema, afnekmpuyeckull pa3psio.
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DYNAMICS OF GENERALIZED PHASES IN A SYSTEM
OF TWO WEAKLY-COUPLED SPIN-TORQUE NANO-OSCILLATORS
WITH RANDOM EIGEN FREQUENCIES: THE CASE OF GLOBAL COUPLING

Dynamics of generalized phases in a system of two weakly-coupled spin-torque nano-oscillators (STNOs) with random eigen
frequencies (Gaussian distribution) is analyzed. It is shown that the system dynamics is conveniently described by a complex order
parameter in the scope of global coupling model. The numerical analysis of time dynamics of the modulus of complex order parameter
was performed. It is shown that the synchronization of two STNOs is most effective when the amplitude of coupling A is big and the

phase of coupling B is multiple of .
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Introduction. The spin-transfer torque (STT) [1, 3, 15,
20-21] carried by a spin-polarized electric current can give
rise to several types of magnetization dynamics
(magnetization auto-oscillations [5-6, 8-11, 16-17] and
reversal [7, 22]) and, therefore, allows one to manipulate
magnetization of a nano-scale magnetic object [17].

The STT effect opens a possibility for the development
of a novel type of nano-scale microwave devices — spin-
torque nano-oscillators (STNOs). The practical application
of STNOs faces four main problems:

= low enough operation frequencies of devices based on
STNOs (typically, 1-15 GHz);

= low output microwave power (or DC power if a STNO
is used as a microwave detector);

= large generation linewidth;

= imperfect manufacturing technology of STNOs.

The last three problems can be solved using the mutual
phase-locking of several STNOs [6, 11, 14, 18-19]. For
instance, using numerical simulations it has been
demonstrated [4, 12] that the finite delay time of the
coupling signal can lead to a substantial (~ 100 times)
increase in the frequency band of phase-locking.

In this work we perform numerical simulations of phase-
locking of two STNOs with random eigen frequencies
(which are caused by the parameters spread of the STNOs
due to the imperfect manufacturing technology) with

account of a delay of the coupling signal. We consider the
general case of two coupled nano-contact STNOs without
account of the exact type of coupling. Thus, our results are
valid for different types of coupling.

Theoretical model. The dynamics of the two weakly-
coupled STNO can be described by the system of coupled

nonlinear equations for the complex amplitudes cj(t) of
spin wave modes, excited in j-th nano-contact [2, 14, 19]:

%H(m (‘01\2)014—1"9”'1(‘01‘2)01 —Q,c,e" .
%+i®2 (‘CZ‘Z)CZ +T 2 (‘02‘2)02 -Q,c, i ,
where j,k={12}, mj(‘cj‘z) and reﬁ‘j(‘cj‘z) e the

frequency and effective damping rate (that includes
contribution from the positive natural damping and current-
induced negative damping) of j-th mode, coupling
frequencies Q,, are defined by Eq. (6) in [19], and B,, is
the phase shift, for example, the phase shift of the spin
wave (radiated by the k-th nano-contact) acquired during
its propagation to the j~th nano-contact.

The system (1) without time delay (B;, =0) was derived

and analyzed in [19]. The analysis of the system (1) was
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carried out in [2, 14] for the case of fixed (not random)
frequencies and with account of time delay (;, = 0).

In the absence of coupling (Q;, =0) each of Egs. (1)
has a free-running solution [2, 14]

¢, (t)= /pj (1) PRI , @)
where the power p, (1) =|c, (z‘)‘2 is determined by condition
of the vanishing of total damping T, (p,) =0 . For a weak

coupling (Q,;, <<, ®,) it is possible to perform a
perturbative analysis of Egs. (1), and obtain criteria of
phase-locking in a closed analytical form [2].

Analysis of mutual phase-locking of two oscillators with
an account of phase of the interaction (or, equivalently,
delay of the coupling signal) showed that each oscillator
can be described by one dynamical variable — "generalized
phase" ¢, (t).It can be introduced as in that case the

system (1) transforms to the equations of motion for the
phases o, (t), which can be written in the form

d .

T o, = Ay, sin(, 9, +B,,),

ddt @)
® .
dtz -, = A,,sin (([)1 —Q, + 32,1) :

Here ®; is the natural (free-running) frequency of j-th
oscillator, A, is the amplitude of the coupling between
Jth and k-th oscillators, and §,;, is the coupling phase.

Both amplitude A;, and phase B, of the coupling are

renormalized by the nonlinearity of the oscillators.

Egs. (3), were derived from a simple auto-oscillator
model [14, 18, 19]. It can be shown, however, that the
model (3) is rather general and can be applied to the
description of phase-locking of oscillators of any nature [14,
18, 19]. This model will serve as a basis for numerical and
analytical study of phase-locking phenomenon in large
arrays of spin-torque nano-oscillators.

In experiments, frequencies o, of the oscillators in an
array differ due to uncertainties in technological process,
presence of impurities, etc. Therefore, the free-running
frequencies o, in system (3) should be considered as
random quantities having certain probability distribution
P(o;) (we assume that probability distribution is the same

for each oscillator). Without loss of generality, we assume
that the average frequency o, of oscillators is zero

J.av
(otherwise, one can perform transformation
9, (t)> @, (t)=9,(t)-o,,t, that does not change form of
Egs. (3)). For simplicity, we consider only the case, where the

frequency distribution P, ((oj) is the Gaussian distribution:

2
1 1( o
P.(o)= exp|——| —1 |. 4
G( /) V2nAw p[ Z(ijl “)
Here Aw is a characteristic width of the frequency

distribution (we assume it is the same for all oscillators).
The coupling amplitudes A;, and phases B,, depend

on the coupling mechanism between oscillators and on
their properties (nonlinearity). Here we analyze the
simplest case of practical interest — the case of global
coupling. This is the typical case of coupling by the
common current bias current, when coupling between all
oscillators is the same:

A, =A=const, B, =p=const. (5)

In the following we will study global coupling of oscillators
using model (3) with coupling (5), when the eigen frequencies
of oscillators are characterized by the distribution (4). The
main task is to analyze dependence of the locking process on
the amplitude A and phase B of the coupling.

The convenient parameter for the phase-locking
characterization is a complex order parameter [13]

r:Rei‘”:%(ei“"Jrei“’?). (6)

The amplitude R of the order parameter characterizes
number of phase-locked oscillators, while the rate of
change of the phase w=dy/dt gives the frequency of

phase-locked oscillations.
Numerical model. Our numerical model is based on
the numerical solution of Egs. (3) for some particular

values of A, =A,,=A, B, =B, =P, ©, ®, and known

initial conditions ¢, (0), ©,(0). During the numerical

analysis we assume for simplicity that the average
frequency of the STNOs is zero and chose the
characteristic width of the frequency distribution Aw as
Aw=0.1 (the case of small frequency deviations, i.e. the
case of small uncertainties in technological process of
STNO fabrication). We also assume that the initial phases

of STNOs ¢,(0), ¢,(0) are random values with
rectangular distribution:

7 (o0(0)- |

Since the frequencies ®, and ®, are random values
described by frequency distribution law (4) and initial
phases ¢,(0), ¢,(0) are random values described by

1/2n, 0<¢,,(0)<2n
0, otherwise

(7)

distribution law (7), it is clear that the dynamics of general
phases o,(t), ¢,(t) wil depend on ,, w, and ¢,(0),

¢,(0) and, therefore, may also be random (at least

partially). To eliminate this influence of randomness on the
system dynamics and to obtain statistically correct results
we performed multi-pass numerical analysis of the Egs. (3).
The used algorithm may be described as follows:

1) We chose some particular values of the amplitude of
coupling A and the phase of coupling f3.

2) We generate the random vector of initial phases
$(0) ={9;(0),9,(0)} using the distribution law (7) and the
random vector of oscillator eigen frequencies ® = {w,, ®,}

using the distribution law (4) for the case of Aw=0.1.
3) We numerically solve the equations (3) for the case
of some particular values of equation's parameters A, §,

@, ¢(0) defined above. We calculate the modulus of the
complex order parameter as a function of time R(t) using

numerically calculated phase vector §(t) ={o, (t), 9, (t)} .

4) We repeat the stages 2 and 3 N times, where N is
the number of passes. After that we do the averaging of the

obtained data of R(t) for all realizations and obtain an
averaged dependence

R(t 13 R (t 8
(RON=mZR ). ®)
where R,(t) is a dependence of the modulus of the

complex order parameter on time obtained at k -th pass.
We believe that for a large enough value of N the
influence of randomness on the system dynamics is
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minimal. The minimal number of passesN, which

correspond to that case might be found numerically.
Results and discussion. Using the algorithm stages

1-3 described in the previous section we calculated the time

dependencies of general phases ¢(t) and ¢, (t) of two

weakly-coupled STNOs. The typical obtained results (after
renormalization — division by 2n) are presented in Fig. 1.

The corresponding dependence of R(t) is shown in Fig. 2.

q)/27t

0.5

o\ t

0 20 40 60 80 100
Fig. 1. The typical time dependencies
of normalized general phases ¢;(t)/2n (solid line)

and ¢, (t)/2n (dashed line) of two weakly-coupled STNOs

for the case of model parameters: A=1,8 =0,
w={-0.0016, 0.1500}, ¢(0)={1.3, 4.5}
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Fig. 2. The typical time dependencies of the modulus of
complex order parameter R (t) for a system of two weakly-

coupled STNOs for the case of model parameters:
A=1,B8 =0, w={0.0016, 0.1500}, ¢(0)={ 1.3, 4.5}.

n N
N ©

(see Fig.3). We show that the dependence <R(t)>N is

statistically stable if N > 100 for the case A =1, 3 =0. The
obtained results depend on A, B, but it seems that N is

almost the same for any values of A, B, if A is big
enough and B is far from n/2 or 3n/2 .

We also analyzed the dependence of (R(t))
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g. 3. The dependencies of the averaged modulus of complex order parameter <R(t)>N on time

for different number of passes N.A=1,=0

The following analysis was carried out with number of
passes N = 200. First, we fix the phase of coupling  (8=0)
and analyzed the dependence of <R(t)> for different

N

amplitude of coupling A (Fig. 4). One can see, decrease of
A leads to a great perturbation of the system dynamics,
thus, it seems the efficiency of synchronization decreases
in that case. Second, we fix the amplitude of coupling A
(A =1) and analyze the dependence of (R(t)) —on phase

of coupling B (Fig. 5).

N

One can see, the efficiency of synchronization <R (t)>N
rapidly increases if B is close to 0 or = . It is obvious, that in

real in Fig. 4 and Fig. 5 there are plots with almost linear
dependence of averaged modulus of complex order

parameter <R(t)>N on time. The visibility of function

oscillation defined only by choosing the appropriate graph
scale. The efficiency of synchronization for different
amplitudes and phases of coupling is clearly shown in
Fig. 6(b). One can see, that it is most effective for big
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amplitudes of coupling when phase of coupling multiple of . The final state of the system (value of <R(t)> at the
This means that the model of global coupling may be . . N
applicable only in that case. moment { =100 ) is analyzed on Fig.6(a).
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Fig. 5. The dependencies of the averaged modulus of complex order parameter <R (t)>N on time

for different phases of coupling 3. N=200,A=1
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Fig. 6. Density plots of the averaged modulus of complex order parameter at the moment t=100 (a)
and difference between maximum and minimum values of averaged modulus of complex order parameter on time segment

[80,100] (b) for different phases of coupling  and amplitudes of coupling A

Conclusion. We have demonstrated that the dynamics
of two weakly-coupled STNOs is conveniently described by
a complex order parameter in the scope of global coupling
model. Using numerical analysis we show that the
synchronization of two STNOs is most effective when the
amplitude of coupling A is big and the phase of coupling
B is far lesser or larger than = /2.
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O. NMpokoneHko, kaHA. i3.-MaT. Hayk, Aol., B. Kapnsik, ctya., O. CynumeHko, cTyA.,

kadp. HaHOi3NKM Ta HaHOENEeKTPOHiKkK, padiodi3nyHni akynbTeT,
KHY imeHi Tapaca LLeB4yeHka, Kui

ONHAMIKA Y3ATAlIbHEHUX ®A3 Y CUCTEMI ABOX CINNABKO B3AEMOAIIOYUX MATHITHUX
HAHOOCLUUNATOPIB 3 BUNTAOKOBUMU BJIACHUMU YACTOTAMU: BUNALOK NMOBAJIbHOIO 3B'A3KY

lMpoananizoeaHo OuHaMmiKy y3azanbHeHux ¢ha3 e cucmemi 080X crabko 38's13aHUX Ma2HImMHUX HaHoocyusisimopie 3 eurnadKoeuUMU eslaCHUMU
Yacmomamu (po3nodineHumu 3a HopManbHUM 3aKkoHOM). [Toka3aHo, wjo y HabnuwxeHHi 2/106anbHO20 38 'A3Ky OUHaMiKy makoi cucmemu 3py4HO onucyeamu
3a 0OMoOMO20t0 KOMI/IEKCHO20 napamempa nopsidky. Memodamu 4ucriogozo aHanisy 0ocsidxeHO 4Yacoei 3MiHU MOOysisi KOMI/IEKCHO20 Mnapamempa
nopsidky. lMoka3aHo, w0 CUHXPOHI3ayiss 080X MacHIMHUX HaHoocyusimopie eidbysacmbcsi Halibinbw egheKMUeHO NMPU 8esIUKUX 3HAYEHHSIX amnlimyodu
koegbiyieHma 3e'a3ky A ma ¢hasi koegpiyieHma 3e's3ky B KpamHiti 1.

Knroqoei cnoea: MazHimHul HaHOOCYUISIMOP, CUHXPOHI3auyis, 3e8's13aHi KonueaHHs1, sunadkoea eslacHa Yacmoma.

A. NMpokoneHko, KaHA. pun3.-maT. Hayk, gou., 6. Kapnsik, ctya., O. CynumeHko, cTya.,
kad. HAaHOU3NKN N HaHOINEKTPOHUKM, paauodusnyeckun akynbTeT,
KHY nmenu Tapaca LLleB4eHko, KueB

AOAWHAMUKA OBOBLUEHHbIX ®A3 B CUICTEME OBYX CIIABO B3AMMOJEUCTBYIOLUMX MAFHUTHbIX
HAHOOCLUMNNATOPOB CO CITYYAUHBLIMU COECTBEHHBIMU YACTOTAMM: CITYHAU IMTOBAJIbHOU CBA3U

lpoaHanu3supoeaHa AuHamuka o606wWeHHbIX ¢ha3 8 cucmeme A8yx cs1abo cesi3aHHbIX HAHOOCUUJUISIMOPO8 CO Crly4aliHbiMu CO6CMEeHHbIMU
Yacmomamu (pacrnpedesieHHbIMU 0 HOPMaslbHOMY 3akoHy). [loka3aHo, Ymo e npubnuxeHuu anobanbHoli cesisu GuHaMuKy makol cucmemMbl yOO6HO
onucbleams C MOMOW|bIO KOMI/IEKCHO20 napamempa nopsioka. Memodamu 4ucreHHoO20 aHanu3a uccriedoeaHa 3aeUCUMOCMb U3MeHeHUli Modynsa
KOMI/IEKCHO20 napamempa rnopsidka om epemeHu. loka3aHO, YmMO CUHXPOHU3aUusi O8YX MacHUMHbLIX HaHOOCUUJISIAMOPO8 npoucxodum Haubornee
aghgpekmueHO npu 6onbLUX 3HAYEHUSIX aMnIumyoOb! ko3aghgbuyueHma cesizu A u ¢ghade KoagpgpuyueHma ceszu S kpamHoli r.

Knrouesble crioea: MaeHUMHBIU HAHOOCUU/IISIMOP, CUHXPOHU3ayus, Cesi3aHHbIe KosiebaHusi, crly4aliHasi cob6cmeeHHasi Yacmoma.



