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PROPAGATION OF TEMPERATURE WAVES IN MEDIUM  

WITH INTERNAL THERMAL RELAXATION 

In this article the wave solutions of heat transfer equations, for classical model and for two alternative non-stationary models 
(hyperbolic and model with a time delay) have been studied. Modeling of temperature impulse propagation was performed according to 
dispersion relations obtained from heat transfer equations. It was shown that propagation of temperature impulse in non-stationary 
models could significantly differ from temperature diffusion in classical model. This can be used for signal transmission and that 
temperature waves could be used for delay line construction. 

Keywords: wave heat transfer, non-stationer models of heat transfer, temperature impulse propagation, undumped temperature 
waves, dispersion of temperature waves. 
 

Introduction. For the long time the heat transfer 
problems were regarded using only a classical Fourier's 
hypothesis that heat flux is proportional to a module of 
temperature gradient and have opposite direction. In the 
50th of the last century first attempt to regard non-
stationary heat transfer processes were made by 
Cattaneo and Vernotte, what leads to a hyperbolic 
equation for temperature field [2, 12]. Since then the 
hyperbolic and non-linear parabolic heat transfer models 
were intensively studied and a big amount of new heat 
transfer regimes were established, such as traveling 
waves, blow-up regimes and some others [7–11]. 
Hypothesis of finite velocity of thermal signal propagation 
became especially popular in last two decades. Also the 
non-stationary solutions, such as the temperature waves, 
started to attract attention of researchers, especially for 
application in the scanning thermo wave microscopy 
(STWM), which is one of the method to investigate the 
under layers of surface for the purpose to determine heat 
conductivity [1, 5, 6]. In present work we regard thermal 
wave solutions not only for a classical heat transfer 
model but also for non-stationary models: hyperbolic and 
with time delay. Obtained relations of dispersion were 
used for modeling of temperature impulse propagation, 
regarding the possibility to use temperature field for 
signals transmission. 

Wave solutions of heat transfer equations. General 
form of classical heat transfer equation is 

�
� � ��

�
( , ) ( , )T x tc T x t
t  (1) 

where � is density, c is heat capacity and � is heat 
conductivity. Suppose that: 

� �	 
� 0
i t kxT T e  (2) 

From (1) and (2) and regarding that k is a complex 

value � �1 2k k ik  dispersion relation could be obtained: 

� �� 	 � 
� 
 
 �2 2
1 2 1 22i c k k i k k

 (3) 
It gives the system of equations: 

� �� � 
 �

�

� 	� � ��

2 2
1 2

1 2

0

2 0

k k

c k k  
(4) 

In a second half of twenty century the hyperbolic heat 
transfer equation became more common, especially in the 
problems of laser impulse interaction with matter. Since the 
duration of laser impulses could be very short, it yields to 
non-stationary problems of heat transfer [6].  Hyperbolic 
heat transfer equation is as follows: 

� �
� � �� � ��

� �

2

2
( , ) ( , ) ( , )T x t T x tc c T x t
t t  

(8) 
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Fig.1. Attenuation of temperature waves in  

1 – classical model, 2 – hyperbolic model, 3 – model with delay. 
The dashed line corresponds to areas of frequencies in which 	� �cos 0  and thermal waves are not generated 

 
Here �  is a relaxation time, parameter that describes 

the relaxation of local macroscopic subsystems to 
equilibrium thermal distribution. By the same way as it was 
done for the classical model, the dispersion relations for 
the hyperbolic model could be found as follows: 

� �
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c k k

k k c
 (9) 

For such model the temperature waves becomes as: 
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Where  

�� � 	 � � � 	�2 2 1  (11) 
From (10) it can be seen that for the hyperbolic model 

were obtained two different possible situations for the same 
conditions. It has also be notices that in both cases 
attenuation do not increase to infinity with frequency.  

In last two decades gained popularity single- and dual-
phase-lag heat conduction models [3,4]. Here we consider 
only single-phase-lag equation, also called as equation 
with time delay.  It has the next from: 

� � �
� � ��

�
( , ) ( , )T x tc T x t
t

  (12) 

Analysis of dispersion relations for this model:  
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sin 0

c k k
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  (13) 

lead to the next temperature waves: 
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This model with delay predicts not only the possibility of 
attenuation decreasing with frequency at 	� �cos 0 , but 
also predicts the existence of undamped thermal waves at 

2 / 2, 0,1,2...n n	� � �� � � . The excitation of thermal 

waves is impossible at 	� �cos 0 , because of unlimited 
increasing amplitude of such waves when � �x . The 
frequency dependence of attenuation absolute value is 
shown on fig. 1 a) and b) for relaxation time equal to 
microseconds and milliseconds respectively.   

Modeling of temperature impulse evolution. The 
modeling of single temperature impulse evolution was 
performed for normalized temperature. The initial impulse 
is given with a formula: 

� 
 � � � �� � � � 
 
� � � �
 � � � �
min

0
max min

( 0, )( 0, )
2 2

T x t T P PT x t h t h t
T T

  (15) 

Where P – duration of impulse, � �h t - Heaviside function. 
In what follows F[ . ] means Fourier transform operator. 
Fourier transform of initial impulse is: 

	� �	 � � � � �� � �
0 0( ) [ ( 0, )]

22
P PT F T x t Sinc  (16) 

Evolution of thermal impulse will be given with: 
� �	 
 	
� 	 � ( )1

0 0( , ) [ ( ) ]i t k xT x t F T e    (17) 
On fig. 2 results of modeling are shown. For the 

calculations the next parameters were used: 

� � � � 3 2/ 3.10 /G c cm s ,  � � �10 s . On fig. 2 a),b) is 

shown evolution of temperature impulse according to a 
classical equation, it is obviously that according to this 
model propagation of thermal impulse is impossible 
because of dispersion initial impulse loose it's form, and 
in a distant spot it is impossible to detect beginning and 
end of thermal impulse. Opposite situations take a place 
in Fig. 2 c), d). In hyperbolic heat transfer model traveling 
impulse solution is possible, but also deformation of 
impulse form takes a place due to the dispersion. 
Nevertheless, it is possible to detect beginning and end of 
impulse. It makes possible to use temperature field to 
transfer information, but it should be mentioned that 
propagation of information in thermal field is very slow 
comparing to electromagnetic field and acoustics waves. 
It means that temperature field could be used for 
information transfer only when there is a need to create 
delay between two signals. But still as it is shown on fig. 2 
c), d) amplitude of temperature impulse decrease very 
fast with distance from initial source. Situation on fig. 2 e), 
f) differ a lot from previous. Also traveling wave solution 
take a place but contour of wave differs from the one of 
initial impulse. On Fig. 3 the thermal waves appears as a 
response of medium on single impulse heating. All those 
results could be important in problems of microchips 
cooling, because many modern microchips works at 

frequencies comparable with 
�
1 . 
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Fig. 2. Numerical evaluation of thermal impulse propagation 
a),b) – classic model; c),d) – hyperbolic model; e),f) – delay model with denied zones in specter 

 
Conclusions. It was shown that for the non-stationary 

models of heat transfer with hypothesis of the relaxation 
time propagation of traveling temperature the impulse is 
possible. What theoretically creates the possibility to use 
temperature field for the purpose of slow signal transfer 
and constructing of the delay lines. 

Performed modeling reveals a possibility to use the 
temperature field as a filter, what follows from modeling 
shown on figure 3. It should be mentioned that the model 
with time delay also is a filter, because there are zones in 
the specter where amplitude of waves should increase. 

Even the fact that temperature waves can't transfer energy 
can't explain the possibility for existing of such kind of 
waves. This kind of system will be not stable and any small 
fluctuation will lead to a macroscopic periodic processes. 
However, it is more natural to regard it as a limitation of 
model with delay. Thus in modeling amplitudes of waves in 
denied zones were forcefully made to be zero. In the Fig. 3 
was shown a transformation of initial thermal impulse into 
temperature waves due to the different value of attenuation 
coefficient at different frequencies.   
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Fig.3. Numerical evaluation of thermal impulse propagation 
a), b) delay model with denied zones in specter transformation of thermal impulse into thermal waves  

Also should be taken into consideration the fact that 
both, hyperbolic heat transfer equation and equation with 
time delay, are not precisely from kinetic equation, since in 
both cases some simplifications were made. However 
these models are more accurate for non-stationary 
problems than for classical equation. In order to obtain the 
last one a time derivative of distribution function is suppose 
to be equal to 0, while non-stationary models are obtained 
in assumption that time derivative is not zero but a small 
value and, approximately, could be regarded as a 
difference. Of course for the models when high harmonics 
have significant amplitudes the assumptions on what the 
non-stationary models with relaxation time hypothesis are 
based becomes not appropriate. 

Undamped slow thermal waves with velocity 
  � 	 	 � � � � � �2 , (2 / 2) / , 0,1,2...n n nv G n n  (18) 

can be used for signal transmission and at delay line 
construction. Such slow waves also can be used in thermo-
optic deflectors (analog of acoustic-optic deflectors) for 
angular control and modulation of weak laser radiation. 

Reference 
1. Araki N., Yang J., Tang D. and Makino A. Measurement of the Thermal 

Conductivity of Layered Film by Periodic Heating // High Temp.-High Press. 
– 1998. – Vol. 30. – pp. 321–326. 2. Cattaneo C. R. Sur une forme de 
l'équation de la chaleur éliminant le paradoxe d'une propagation instantanée 
// Comptes Rendus. – 1958. – Vol.  247. – pp. 431–433. 3. Lin Cheng, 
Mingtian Xu, Liqiu Wang From Boltzmann transport equation to single-
phase-lagging heat conduction // Int. J. Heat Mass Trans. – 2008. – Vol. 51. 
– pp. 6018–6023. 4. Mingtian Xu, Liqiu Wang Dual-phase-lagging heat 
conduction based on Boltzman transport equation // Int. J. Heat Mass Trans. 
– 2005. – Vol. 48. – pp. 5616–5624. 5. Ohmyoung Kwon, Li Shi, Arun 
Majumdar Scanning Thermal Wave Microscopy (STWM) // Transactions of 
the ASME. – 2003. – Vol. 125. – pp. 156–163. 6. Salazar A., Mendioroz A. 
Propagation of thermal waves across a wedge // Jour. of Appl. Phys. – 2012. – 
V.112. – pp. 063511 – 063511 7. Samarskii A.A., Galaktonov V.A., Kurdyumov 
S.P., Mihailov A.P. Blow-up regimes – �: SCIENCE, 1987. – 481p.  
8. Shashkov A.G., Bubnov V.A., Yanovskii S.Yu. Wave heat transfer – 
�.:Editorial URSS, 2004. – 296p 9. S.L. Sobolev Local non-equilibrium models 
of transfer processes // UFN. – october 1997. – Vol. 167. – P. 1095–1106.  
10. Telegin A.S., Shvydkiy V.S., Yaroshenko Yu.G. Heat and mass transfer 
– M:Akademkniga, 2002. – 455p. 11. Tzou D. Y. Shock wave formation 
around a moving heat source in a solid with finite speed of heat propagation 
// Int. J. Heat Mass Trans. – 1979. – Vol. 32(10). – pp. 1979–1987.  
12. Vernotte P. Les paradoxes de la theorie continue de l'équation de la 
chaleur // Comptes Rendus. – 1958. – Vol. 246. – pp 3154–3155.  

S u b m i t t e d  o n  1 7 . 01 . 13  

 
�. ���������, �-� �
�.-�	�. 
	��, �	�. �	���	���� �	 ��������
�� �	�
��
����,  
�	�
��
���
�Y� �	��������, ��! 
�. "	�	�	 #����
�	, ���� 
�. �	����
��, �	
�. �
�.-�	�. 
	��, ��
�� �
���
�Z �	 ��Z
���Y
�
�Z ����
�[�
� (CeFITec),  
�	������� 
	��� �	 ��Z
���Y
�, �
��	��
���� �

�������� �)��,  
�	���� \�" !��, 2829-516 �	�	�
�	, /����Y	�
] 
�. �	����
��, 	��. �	�. �	���	���� �	 ��������
�� �	�
��
����  
�	�
��
���
�Y� �	��������, ��! 
�. "	�	�	 #����
�	, ���� 
 

&)$/)�(93^%��0 "%1/%&�"!&�2_ _�2�8 � (%&%3)�2`�_ $ "%/�)�)9 &%���(�*�j9 
4 �
�
�� �
����	��
 ��
���� �
��’���
 ���	�	� ����
��
���	
��� ��� ����
$	
� �
����, � ���
� ��� ��
� ������	��
�	
� 

	������
	��	
� �
�����. !���������		� ���������
 �
������		� �
+
��		� ����������	
� ��������� � �������		�� �
�������	
� 
�������	
+�	� 
��
��	
� 	� 
�	
�� ����
$	
� �
���� ����
��
���	
���, ������
��$	
� �
���� ����
��
���	
��� �� �
���� � $��
� ����
��
. 
!
����	
, &
 ��
 ��
�� �����
����	
��� ��
���
��� ����������	
� ��������� �� $��
� ���������� �����
�
&� � 	������
	��	
� �
����� ��� 
����� �
+
��		� ����������	
� #�
	���, &
 �� ��
�� ��������
� ������
 ������	������ ��� �
#���� ����� � ����
$	�� �
���� � �
�� ���
 
�
�
�
���	
 ��
 ������$� �	#
������, �
����� � ��	��� ����
��
.  

'��$
�� ��
��: ��
���� ����
��
���	����, 	������
	��	� �
���� ����
��
���	
���, �
��
������		� ����������	
�
 ��������, 
	��������$� ����������	� ��
��, �
������� ����������	
� ��
��. 

�. �{������, �-� ���.-�	�. 
	��, �	�. �	���	���� � ������������� �	���������  
�	������������Y� �	�������	, ��! ��. "	�	�	 #����
�	, ���� 
�. �	����
��, �	
�. ���.-�	�. 
	��, ��
�� ���������Z � ��Z
���Y������Z ��������	
�� (CeFITec),  
�	������� 
	��� � ��Z
���Y��, ����	��
���� �
��������� �)��,  
�	���� \�" !��, 2829-516 �	�	���	, /����Y	��] 
�. �	����
��, 	��. �	����	 �	���	���� � ������������� �	���������  
�	������������Y� �	�������	, ��! ��. "	�	�	 #����
�	, ���� 
 

&�(/&)("&��%�2% "%1/%&�"!&�6_ �)�� � (&%3�_ ( "%/�)�)+ &%���(�*2%+ 
6 ������ �����
���	( �
�	
�(� ��+�	
� ����	�	
� ����
��
�
�	
��
 ��� �����
$���
� �
���
, � ����� ��� ���� ������	��
�	(� 

	�����

	��	(� �
�����. !���������	( ���������( �
���
�
��	
� �����
����	�	
� ����������	(� 
������
�, � �$��
� �
�����

		(� 
�

�	
+�	
� �
��$�		(� 
�	
�(����� 	� �����
$���
� �
���
 ����
��
�
�	
��
, �
����
�
$���
� �
���
 ����
��
�
�	
��
 
 �
���
 �
 
�����	�� �������
. !
����	
, $�
 ��
 ���
�

 �

����
�
��
 ��
����	
��
 ����������	(� 
������
� �
 �����	�� ��������

 ����( � 
	�����

	��	(� �
����� �
��
�	
 �����
����	�	
� ����������	(� #�
	�
�, $�
 �
 ��
��� ��������� ��&�����		
 
��
$����� 
� 
�
##��

 ����� � �����
$���
� �
���
 
 �
��� �(�� 
��
���
��	
 ��� ������$
 
	#
����

, � $���	
��
 � �
	
�� �������
.  

'��$��(� ��
��: �
�	
��� ����
��
�
�	
���, 	�����

	��	(� �
���
 ����
��
�
�	
��
, �����
����	�	
� ����������	
�
 

�������, 	��������&
� ����������	(� �
�	(, �
�����
� ����������	(� �
�	. 

 


