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THE EVOLUTION OF POLARIZATION STATE IN LONGITUDINALLY INHOMOGENEOUS
MEDIUM WITH LINEAR BIREFRINGENCE

The Features of formation of anisotropy in longitudinally inhomogeneous media with linear birefringence were considered and studied.
Equivalent model of representation of this class of media as a series of identical action of phase plates rotated relative to each other by the
same angle was used. The method of differential Mueller matrices to describe the polarization properties of the medium was used.
Evolution of the Stokes vector on the basis of differential Mueller matrix and vector transport equation was derived. Evolution of azimuth
and angle of ellipticity in the direction of light propagation in this class of media was obtained and studied. Period of changes of polarization
ellipse parameters were determined. Comparison of the features of evolution of polarization state with relevant features in the
homogeneous media with elliptical birefringence was made. Effective value of optical activity for any state of polarization of light
propagating in the medium was found. Features of rotation of the polarization plane of privileged waves were considered.
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Introduction. Development of liquid crystal technology
has led to the fact that one of the actually problems of
modern polarimetry is to study the polarization properties of
longitudinally ~ inhomogeneous medium with linear
birefringence. In particular, such media include twisted
nematic and cholesteric, which used in the creation of
liquid crystal displays [6, 11]. In the works [7-9] were
considered problems related to the features of eigenwaves
which propagating in such media and ortohonalization
properties of such media. Another important problem
related to study of anisotropic properties of longitudinally
inhomogeneous medium with linear birefringence are
features of the evolution of polarization state of light [4, 6].
The study of with problem associated with the fact that this
class of media against a background of linear birefringence
and due to the special structure arises effective circular
birefringence (optical activity) [5].

In view of the problems, the aim of this paper is to
investigate the features of formation anisotropy in
longitudinally inhomogeneous media with linear birefringence
and its effect on the evolution of polarization state at the light
propagating in the direction of the helical axis.

The matrix model of the medium. Nondepolarizing
longitudinal  inhomogeneous  medium  with linear
birefringence can be equivalent representation as a
sequence of molecular planes which consist of elongated
molecules, oriented parallel to each other [3]. Each of such
molecular planes can be present as a thin phase plate with
linear birefringence [4]. Fast (slow) axis of the plate is
parallel (perpendicular) to the direction along which direct
the plane of the molecules what is considered, and lies
entirely in this plane. Considering the totally polarized light
propagating along the axis perpendicular to the molecular
plane (helical axis), we assume that the direction of this
axis coincides with the direction of the axis z of some
Cartesian rectangular coordinate system. Axes x and y

coincide with the main (fast and slow) axes of birefringence
of input molecular plane (Fig. 1).

In such media, the motion in the direction perpendicular
to the molecular planes the direction of anisotropy axis of
each molecular layer returns (twisted) compared to the

previous by some angle o, [3, 4]:

o, = 2 (1)
p
where p — a step of helical structure of medium (the
smallest distance between the planes with the same
orientation of molecules). Then the molecular orientation of
the plane in distance z from the input can be defined as:

o =0,z (2)

Anisotropic properties of one molecular layer of such
medium are described by the differential Mueller matrix [1]:

0 0 0 0
m— 0 0 0 -3, sin(2a.yz) 3)
0 0 0 8, cos(2a.,z)

0 §,sin(20,z) -8,cos(2a,z) 0

This matrix is similar to the corresponding differential
Mueller matrix for a homogeneous medium with linear
birefringence [1]. The only difference between the matrices
is (2), i. e. the angle « is a function of the coordinates z.
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Fig. 1. Molecular plane of longitudinally inhomogeneous
medium at a distance z from the input plane. f and
s —directions of fast and slow axes of birefringence,
which for incoming planes coincide with axes x
and y coordinate systems

The evolution of Stokes parameters. Now we will
study the evolution of the polarization state of waves
propagating in a given class of media. As the example will
choose a linearly polarized light, as it is the simplest and
yet the most common case of using in polarimetry as a tool
to study the anisotropy of the medium [12]. The Stokes
vector of light in the case of linear polarization with azimuth
of orientation of the electric field 6, is following [4]:

S, =(1 cos20,, sin20,, 0) (4)

Inp

The main equations describing the evolution of the
Stokes vector (and hence the corresponding state of
polarization) is the transport equation of light through
anisotropic medium [1]:
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ﬁ=mS (5)

dz
where S is a Stokes vector which describes the
polarization state of the light, m is a differential Mueller
matrix describing the anisotropic properties of medium (3).
Vector differential equation (5) can be represented as a
system of four scalar differential equations for the individual
Stokes parameters S,,S,,S;,S, . Solving this system of four

differential equations with initial conditions (4), the result
can be represented as the ratio:

Si254(2) =1(m;,S,,,(0),2):0,j = 1.4 (6)
where S, ,,,(z) — Stokes parameters of light at the output

layer anisotropic medium with thicknessz, S,,,,(0) -

Stokes parameters of light at the input layer of anisotropic
medium (initial conditions (4)), m,— elements of the

differential Mueller matrix.

The evolution of polarization state. Solutions are
presented in the form (6) describes the evolution of the
polarization state with coordinate z in the direction of
light propagation in a medium whose anisotropy is given
a particular view of the differential matrix m. At
propagation of the light in a medium is very informative
the evolution of parameters of the polarization ellipse as a
function of z, i.e. azimuth 6, and angle of ellipticity e,

which are defined as follows [4]:

S
0, :1arctg —ou®) |
2 out(2)

(7)
Sout(4) ]

1
e, = —arctg
2 [ Sout(2)2+'s‘out(3)2

Graphical interpretation of equation (7), describing the
evolution of the azimuth and angle of ellipticity of the input
polarization (4) are shown in Figure 2.

Analyzing Fig. 2 we can see that the azimuth is non-
linear and non-periodic function of the coordinate z.
Changing the azimuth at the minimum to the maximum
value corresponds to the mathematical features of
functions arctan. The angle of ellipticity changing with
coordinate z periodic and the period does not coincide with
the period of helical structure of cholesteric p and equal:

7= 8)

w/4a§ + 85
in the case considered in Fig. 2 Z = 4,62 (um). Moreover,
the relation (8) can be obtained from the condition
8 =arccos(M,,) =0 [8].
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Fig. 2. Evolution of azimuth 6, and angle ellipticity e,
of light with azimuth 6, = -0,8(rad) with z coordinates

in longitudinally inhomogeneous medium with linear
birefringence and parameters: §, = 1,22 (rad/um),

o, = 0,3(rad/ pm)

The periodic changing of angle of ellipticity with
coordinate’s z can be explained by the fact that this class
of media with changing z may exhibit properties of linear,
circular or elliptical phase anisotropy. However, as is well
known [2, 10] with the change of angle of ellipticity caused
only a linear phase anisotropy. That is, the changing of the
angle of ellipticity in this case is such as in the media with
linear phase anisotropy. It should also be noted that both
parameters changed similarly as in a homogeneous
medium with elliptical birefringence in the case
commensurate with parameters of linear and circular
birefringence [10]. So it should be noted that this class of
longitudinally inhomogeneous medium characterized by
effective circular birefringence which can be determined by
applying solutions of inverse problems to the
corresponding integral Mueller matrix [1] (3):

eff _

20.Sin[2z0]Sin| zJ/A
ArcCos| 1+ 2Cos|za]’ Cos 1zﬁ + e [2z0] [ J i20u/ZCot[za]+ACot[1 zﬁ}
2 A JA 2
p — (9)
40’Cot|[za]’ — 4a-/ACot [za] Cot [— z/A } +ACot [— z/A } +8%Csc|20]
2 2
2z8\A 3
9
where A=40”+5.
and privileged waves propagating in a given class of media as 0" = 20,2 (10)

a homogeneous optically active medium "not feeling" linear
birefringence, and the ratio (9) is simplified to the form:

where ¢ — effective circular birefringence.
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Conclusions. It is shown that the changing of the
polarization state of the wave propagating in longitudinally
inhomogeneous medium with linear birefringence is similar
to the corresponding law, for the case of a homogeneous
medium with elliptical birefringence. The latter can be
described as the emergence of an effective circular
birefringence (optical activity) for the state of polarization of
the incident wave. In the case of privileged waves
propagation this class of media is equivalent to a
homogeneous optically active medium with the appropriate
size of the circular birefringence.
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chakynbTeT paniodizvku, eNeKTPoHiKMN i KOMM’ FOTEPHUX CUCTEM

KniBcbkui HauioHanbHUM yHiBepcuteT imeHi Tapaca LlleByeHka

EBOJTIOLIA CTAHY I1011$IPV!‘3AL|,IT B N0340B>XXHbO HEOAHOPIAHOMY CEPEJOBMLLI
3 NIHINWHUM ABOINMPOMEHE3AJIOMJIEHHAM

PogensiHymi ma npoaHarnizosaHi ocobnusocmi gpopmysaHHs aHizomponii 8 1o3008kHbO HEOOHOPIOHOMY cepedosuLli 3 iHItIHUM 080NpoMeHe3asnioMneHHsM. byna
3acmocosaHa eksiearieHmHa Moderb rpedcmaerneHHsi 0aHo20 Kriacy cepedosull, MocnidosHoO Oieto 0OHaKoBUX (ha308UX MIACMUHOK KOXHa 3 SIKUX MosepHyma Ha
o0Hakosuli Kym o eiOHoWeHHo 0o ronepedHbol. [ns npedcmasrneHHs nonspusayitiHux ernacmusocmeli cepedosuwya bys eukopucmaHuli OugepeHUitiHul
MampuyHuti Memod Mionnepa. Byrno ompumaHo esorouiio ekmopa Cmokca Ha ocHosi OugbepeHyitiHoi Mampuuyi Mionnepa ma 8eKmopHO20 PIBHAHHS MEPEHOCY.
OmpumaHO ma 8ug4eHO e8orloyio asuMyma ma Kyma eninmu4yHocmi 8 HarpsiMKy PO3rMoectodxeHHs1 ceimna 8 OaHOMY Knaci cepedosuly. BusHauyeHo repiod 3miHu
napamempie eninca ronapusaui. byrno rnposedeHO NopieHAHHA ocobnusocmell esomntouii cmaHy nonspusauii 3 eionosiOHUMU 0cobnueocmaMU 8 M03008XKHBO
00HOpiOHOMY cepedosuwyi 3 eninmuyHUM O80NMPOMeHEe3arIoMIeHHM. BusHayeHo eghekmueHe 3Ha4YeHHs1 onmuYHOI akmugHocmi 0nsi 008irbHO20 cmaHy ronspu3auii
ceimia, wo po3roscto0Xyemscsi 8 cepedosully. Bynu posansHymi ocobnugocmi ob6epmaHHs MIowuHU ronspu3auyii npesastoryu Xeusb.

Knroyoei cnoea: mampuys Mionnepa, 08onpomMeHe3anoMneHHs, asuMmym, Kym esifnmu4Hocmi, no30068XHb0 HeOOHOPIOHe cepedosulue, cmaH ronspu3saui.
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3BOJ1HOLUNA COCTOAHMSA NONIAPU3ALIUN B MPOAOJIbHO HEOAHOPO[HOW CPEAE
C IMHEMHbIM ABYNTYYENPEJTIOMJIEHUEM

PaccmompeHo u npoaHanu3uposaHo ocobeHHoOCMU (hOPMUPOBaHUS aHu3omponuu 8 npodosibHO HEOOHOPOOHOU cpede C NUHEelHbIM O8YyrTyqenpenoMiIeHueM.
Bbina npumeHeHa OksusaneHmHas Moderns npedcmasneHus: cped daHHO20 Kriacca rocriedosamerbHbIM delicmeuemM ¢ha308bIX MIACMUHOK Kaxoas, U3 KOmopbiX
roeepHyma omHocumesbHo rpeodbidywieli Ha 00UH U mom xe yzon. [ns npedcmaesneHus NonspU3ayUoHHbIX cgolicme cped bbi ucrornb308aH OughghepeHyuanbHbIli
MampuyHblll Memod Mionnepa. bbirno nonydeHo ssomoyuro eekmopa Cmokca Ha OcHose OughghepeHyuanbHol Mampuubl Miornnepa u 8eKMOPHO20 ypasHeHUs!
niepeHoca. [ToryyeHo U u3y4eHo 380ITOUUI0 a3uMyma U yena 3nnunmuyHoCMU 8 HanpassieHuU pacrnpocmpaHeHus ceema 8 0aHHOM Kiacce cped. OnpedeneH nepuod
usMeHeHUs MapamMempos annurca rosspusayuu. bbio ocywecmesnieHo cpasHeHusi 0cobeHHocmel 380/I0UULU COCMOSIHUS MOMSpU3ayuu ¢ CoOmMeemcmeeHHbIMU
ocobeHHocmsIMU 8 PodosIbHO 0OHOPOOHOU cpede ¢ annunmuyeckum ogynydenpenomneHuem. OnpedeneHo aghchekmusHoe 3HaYeHUst ormu4yeckoll akmusHocmu Orsi
POU3BOIILHO20 COCMOSIHUST MOMApU3aUUS ceema pacrnpocmpaHsitoueeocst 8 cpede. bbiu paccmompeHbl 0COBeHHOCMU 6palleHUsi MIockocmu rossipusauyuu
ripesanupytoLyux 807IH.

Knrodesble cnoea: mampuua Mionnepa, 0syrnyderpenomnieHue, asumym, y201 3raunmu4Hocmu, npodosibHO HEOOHOPOOHbIE cpedbl, COCMOSIHUS ronspu3ayuu.



