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STATISTICAL THEORY OF ELECTRO-DIFFUSION PROCESSES  

OF IONS INTERCALATION IN "ELECTROLYTE – ELECTRODE" SYSTEM 
 

A statistical theory of classical-quantum description of electro-diffusion processes of intercalation in "electrolyte-electrode" system is 
proposed. Using the nonequilibrium statistical operator method the generalized transport equations of Nernst-Planck type for ions and 
electrons in the "electrolyte-electrode" system are obtained. These equations take into account time memory effects and spatial 
heterogeneity. A one-dimensional simplified model of intercalation of ions into the electrode structure with taking the dielectric polarization 
into account is proposed. 

Keywords: electrolyte, electrode, intercalation, nonequilibrium statistical operator . 
 

1. Introduction. Theoretical studies of electro-diffusion 
transport processes of ions and electrons in the "electrode-
electrolyte" systems remain actual nowadays [6, 16, 19]. 
They are linked with a need to describe nonequilibrium 
processes of intercalation as well as to develop a theory 
suitable for practical application to predicting and 
controlling these processes. The difficulties in describing 
processes at electrode are first of all related with surface 
phenomena at electrolyte-electrode interface In this region, 
complicated processes of adsorption and diffusion take 
place which are connected with a problem of charge 
accumulation at battery electrodes. In the system 
"electrode (anode)-electrolyte-electrode (cathode)", the 
anode plays role of the source of both electrons, which 
move to cathode by the corresponding electric circle, and 
lithium ions in electrolyte. A cathode is typically a metallic 

system (nickel, for example) covered with active material 
containing carbon and in which lithium ions intercalate from 
the solution. Herewith, an important issue is the following 
one. The electrochemical processes in electrolyte solution 
can be described using methods of classical statistical 
mechanics, whereas in the region near the electrolyte-
electrode interface and inside the electrodes, description of 
diffusion and intercalation processes should be 
implemented by means of the modern methods of quantum 
statistical physics. In this field, the electrochemical 
impendance studies [4, 1, 8] of electro-diffusion transport 
processes in Li-ion batteries [18, 9, 10] were carried out 
and intercalation/deintercalation processes were 
investigated using nonequilibrium thermodynamics [19, 9, 
2, 17] The theoretical and experimental studies of chemical 
diffusion coefficient for lithium ions in intercalation 
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processes into various electrode materials are actively 
carried out [12, 20, 5, 7, 15]. A complicated dependence of 
chemical diffusion coefficient on a degree of 
electrochemical intercalation and on alteration of structure 
of cathode material is analyzed as well. In particular, in 
Ref. [12] based on a detailed analysis of experimental 
investigations for various materials an important conclusion 
was drawn: the structure of intercalated material has the 
main influence on the chemical diffusion coefficient. 
Consequently, it is important to take into account to some 
extent the altering of microstructure of cathode material, in 
particular, via its polarization properties.  

2. Generalized transport Nernst-Planck equations  

We proposed a statistical theory of classical-quantum 
description of electro-diffusion transport processes of ions 
and electrons in the "electrolyte-electrode" system [13] 
using the D. Zubarev nonequilibrium statistical operator 
(NSO) method [14, 21]. The presented theory takes the 
spatial heterogeneity and memory effects into account. 
The model and corresponding Hamiltonian are formulated 
and the nonequilibrium statistical operator for the 
"electrolyte-electrode" system as the functional of the 
corresponding parameters of the reduced description of 
the nonequilibrium processes (observable parameters) is 
obtained. In this approach, we receive the generalized 
transport equations such as Nernst-Planck equation for 
electrons and ions in the "electrolyte-electrode" system 
using the method of nonequilibrium statistical operator: 
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Here 
z  is ion of valence and e is the electron charge; 

� ��
�

( ; )lr t  and � ��
�

( ; )sr t  are scalar potentials of the 
electromagnetic field, which during the charging/discharging 
of batteries are the driving forces of transport processes of 
ions in the electrolyte and intercalated ions and electrons in 
the electrode.  

These equations take into account the time memory 
effects and spatial heterogeneity. An important contribution 
to the generalized Nernst-Planck type equations are 
provided by the transport kernels which, unlike the 
generalized diffusion coefficients, are the third-order 
correlation functions and enter into equations via terms of 
second order in the parameters which describe the 
dynamic correlations between the field and a density.  
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is the generalized diffusion coefficient  of ions as a function 
of coordinates and time. When �l f  and � ��l f , we have 
diffusion coefficient in electrolyte solution.  
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is the current density of ions of species � in the electrolyte 
solution. When �l s  and � ��l s , we have a cross-diffusion 
coefficient  for ions in the electrolyte solution and electrode. 
In this case,  
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operator of current density of ions in the electrode 

structure. When  �l s  and � ��l s , we have the 
generalized quantum diffusion coefficient for ions in the 
electrode subsystem: 
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defines a generalized of ion-electron diffusion, herewith, 
ion can be in the electrolyte subsystem or in the electrode 
one. � �� ( )t  is the quasiequilibrium statistical operator. In 
the generalized Nernst-Plank equations an important role 
belongs to transport kernels 
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Unlike the transport kernels related with the generalized 
coefficient, they are the correlation functions of the third 
order and enter into the equations via the second order in 
the parameters � ��
� �� �

� �
( ; ) ( ; )l lr t n r t , � �� �� �

� �
( ; ) ( ; )l e sr t n r t , 

� ��� �� �
� �

( ; ) ( ; )s e sr t n r t . We also obtained the system of 
equations for the flows of ions and electrons from which the 
conditions of the existence of stationary processes can be 
determined. Approximate calculation of diffusion 
coefficients by means of the method of moments in 
Gaussian approximation provides us the relationship 
between the unary and pair distribution functions of 
quasiequilibrium state. 
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3. One-dimensional model of intercalation of ions 
into the electrode structure with taking the dielectric 
polarization into account In the generalized Nernst-
Planck equations that describe the transport processes of 
ions and electrons in the "electrolyte-electrode" system 
with spatial heterogeneity and memory effects in time 
polarization processes are taken into account [13] by the 
averaged Maxwell's equations for the electromagnetic field. 
Based on this approach, we consider a simplified model of 
ion intercalation based on the Nernst-Planck equation, 
excluding electronic component and memory effects in 
time. That is, we consider a one-dimensional model with 
diagram shown in Figure 
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Fig. 1. Diagram of the "electrode-electrolyte" systems 
 
We describe transport processes of ions between the 

electrodes by the Nernst-Planck equations 
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where �
� ( ; )D z t  is the mobility of ions of class � , �( )V z  is 

the surface potential of two phases electrolyte-electrode, 
�( ; )z t  is the electric potential which satisfies the Poisson 
equation 
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under the conditions � ��
� �

(0; ) ( ; )j t j L t , � � �0(0) , � � �( ) LL . 
The time dependence of the potentials on electrodes we 
present in the form 
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where �st  is � static potential, and �
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voltage between the electrodes is equal to 
�� � 	 � � � � � �0( ) ( ) ( ) 2 ( ) . .st i t

LU t t t U e c c  

� � �( )U . Using Gauss's law for vector of the electric 
displacement ( ; )D z t  at � 0z  we find the density of the 
surface charge: 
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�0
am  �s the peak value. Next we narrow the model of 

two-component ionic solution � � 	� ,Z Z Z  with the 
interfacial area �z R , �z S  and with the corresponding 
values of the dielectric function and surface potential: 
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where 	 ��| |R S L , �nd  f  is the ions solubility in the 
corresponding phase. The mobility of ions is specified in 
each phase: 
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First we consider the case of constant voltage over time: 
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with the condition   �(0; ) ( ; )j t j L t . In the homogeneous 
case a Poisson equation has the form: 
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	 �� � �( ; ) ( ; )R t R t . As a result, the solution will looks like: 
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Then we find the solution of the inhomogeneous 
Poisson equation using the Green's functions method: 
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Thus, substituting present solution to the Nernst-Planck 

equation, we get a closed system of equations: 
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           (1) 

under the certain mobilities of ions �
� ( ; )D z t  and the surface 

potential �( )V z . The system of equations is nonlinear. An 
important step is to study the solutions of the system of 
equations close to equilibrium when � ��( ; ) ( )stn z t n z  is 
static distribution of ions in the "electrolyte-electrode" 
system. Solutions of the system of equations (1) for the 

approximate calculation � �
�

�
$� ( ; ) ( ; )D z t n z t

m
 through the 

moments [13] may be important that requires some 
mathematical research. 

4. Conclusions. Summarizing, we proposed a 
statistical theory of classical-quantum description of 
electrodiffusion transport processes of ions and electrons 
in the "electrolyte- electrode" system  using the NSO 
method. The presented theory takes the spatial 
heterogeneity and memory effects into account. In this 
approach, we receive the generalized transport equations 
such as Nernst-Planck equation for electrons and ions in 
the "electrolyte-electrode" system using the method of 
nonequilibrium statistical operator. These equations take 
into account the time memory effects and spatial 
heterogeneity. An important contributions to the 
generalized Nernst-Planck type equations are provided by 
the transport kernels �� 
'

jjnD , which, unlike the generalized 
diffusion coefficients, are the third-order correlation 
functions and enter into equations via terms of second 
order in the parameters 
� �

� �
( ; ) ( ; )l lr t n r t  � �

� �
( ; ) ( ; )l e sr t n r t , 

� �
� �

'( ; ) ( ; )s e sr t n r t  which describe the dynamic correlations 
between the field and a density. 

In this approach, we have considered a one-
dimensional simplified model of intercalation of ions into 
the electrode structure with taking the dielectric polarization 
into account. 

An important open issue consists in the appearance of 
bound states of Li ions with electrons and Li ions inside 
electrode. For description of such processes, the transport 
equations should be complemented with the equations for 
"ion-ion", "ion-electron" and "electron-electron" 
nonequilibrium pair distribution functions within the 
electrode structure. These problems we will consider in our 
future works. Besides, within the classical description of an 
electrolyte we did not consider explicitly polar molecules of 
solvent which, evidently, can significantly effect the 
polarization processes due to their orientational movement 
and can be transported into the porous structure of 
electrode (what leads to a decrease of porosity and 
cleavage). This needs a separate study as well. 
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