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1 Introduction

In the paper we continue the investigation of
approximation of a fractional Brownian motion by
stochastic processes from different classes.
Fractional Brownian motion with Hurst index
H € (5, 1) is a random process with long-term

dependence. It is well known that a fractional
Brownian motion is neither semimartingale nor

a Markov process unless H = —. And also it is

neither martingale nor a process of bounded vari-
ation. Semimartingale processes are good models
for many problems, from statistics to finance.
Therefore, stochastic analysis of semimartingale
processes is deeply developed.

However, well studied semimartingale theory
demonstrates insufficiency to describe the
processes that occur in telecommunication
connections, the processes of assets prices with
long-term dependence and many others. In this
connection, wide range of potential applications of
fractional Brownian motion creates an interesting
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object of study. Fractional Brownian motion is a
generalization of ordinary Brownian motion, and is
used to simulate natural phenomena, technical and
economic phenomena such as changes in weather
and climate fluctuations, fluctuations in financi-
al markets, hydromechanical and meteorological
processes.

That is why a natural questions arises: is
it possible to approximate a fractional Browni-
an motion in a certain metric by a Markov
process, martingale, semimartingale or a process
of bounded variation? As for a process of bounded
variation and semimartingale, then answer is posi-
tive and corresponding results are presented in [1],
[2] and [12]. The papers [3, 4, 5, 6, 9, 11] study
approximation of a fractional Brownian motion wi-
th Gaussian martingales. General questions conc
fractional Brownian motion are presented in [§].

In the present paper we continue to consi-
der the approximation of a fractional Brownian
motion by Gaussian martingales. In particular, we
consider the approximation of a fractional Browni-
an motion with Mandelbrot—van Ness kernel for all
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H € (0,1), approximation of a fractional Browni-

an motion with Molchan kernel for H € (O, %)

and approximation of a fractional Brownian moti-
on by Gaussian martingales in the integral norm
for all H € (0,1).

2 Representation of fractional Brownian
motion

(a) Representation of fBm via the Wiener process
on a finite interval. The (one-sided) fractional
Brownian motion (fBm) with Hurst index H €
(0, 1) is a Gaussian process {Bf1, t > 0} with
zero mean EBf = 0 and covariation EBff BE =
(2 4 2 — |t — 5|?H), such that B = 0. It is
shown in [10] that the fBm {Bf, t € [0, T]} can
be represented as (I'(z), x > 0 is Gamma function)

BH = /K(t,s)dWs, (1)
0

where {W;, t € [0, T|} is a Wiener process,

K(t,s) = cn <tH71/281/27H(t _ g2
t
—(H - 1/2)81/2H/UH3/2(U _ 8)H71/2du>’
(2)

and

B 2H -T(2 — H) 1/2
o= (r(H+§)-2P(2—2H)> G

Let H € (%, 1>. In this case the kernel K (¢, s)

can be simplified to K(t,s) = cH<H — %) X

¢
SU2H [y H=1/2(yy — g\H=3/2gy,,
S
(b) Mandelbrot—van Ness representation of

fBm. The (two-sided) fractional Brownian motion
(fBm) with Hurst index H € (0, 1) is a Gaussian
process {Bf!, t € R} with zero mean EB/! = 0
and covariation EBfT BH = L(|¢|*1 + |s[*1 — |t —
s|?H), such that B = 0. It is shown in [7] that
the fBm {B}?, ¢ € [0, T|} can be represented as

t
BH = /KH(t,s)dWS, (4)
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where {W;, t € [0, T} is a Wiener process,

Kp(t,s) = ¢ (t —uw)% — (—ug)),

Witha:H—%and

1/2
(QH sinTH - F(2H))
I'(H+3)

& =

()

Remark 1. Constants cy and cg) from (3) and
(5) are equal.

Proof. We need to prove the following equality.

2H -T'(3 — H)
I'(H+3)-T(2-2H)

_ 2HsinwH -T(2H)
- TXH+ L

By identical transformation of both side we get

I'(3—H) _ sinwtH -T'(2H)
r2—2H)  T(H+1L) 7
or
(3 -H)'(3—H) sintH-T(2H)
(1-2H)T(1—-2H)  T(H+13) ~
m _ 2sin7H -7
sin (3 — H)r~ sin2rH
which is reduced to the evident identity
1 1

costH  coswH'
O

3 Approximation of a fractional Brownian
motion by Gaussian martingales in the
integral norm for H € (0,1)

At first we approximate fBm with the help of
Gaussian martingales in the quadratic integral
norm.

Theorem 3.1. Consider the value

1 t
it [ ([ G0 -atoraa @

This infimum is achieved on the function

flK(t, s)dt

—_ (7)

ao(s) = 1—s

Function ag € L2[0, 1].
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Proof.
1t
inf / /
CLELQ 0 1]
0 0

1 t
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= inf E(BF — dW,) dt.
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[ K(t,s)d
ao(s) = 1—s 7
1
[ K(t,s)dt
whenever *——— € L»[0, 1].

Check now that ap € L0, 1]. Let Cy, := acy.
a) For H > ; we have that 0 < a = H — 3 <

et

R ol

1t
Cos™@ [(Ju*(u— s)* 1du)dt

—8)* du <

Co _
_ Yag-a

- 51— 8)" € Lo, 1]
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b) For H < § we have that —3 <o = H—1 <
0 and

1

)za(lcjs)s/(t%a(t—s)a—

ap(s

t

—asa/ual(u — s)adu)dt.

S

Taking into account that t* < s, we obtain

1
/to‘t—so‘dt—l—

|ao(s) 1 —5)

(u — s)%dudt <

Ca(l _ S)a—l—l

S a(l+a)

_ C'a(l _ S)a—i-l
 a(l+a)
1/s

—I—C'as_asm/xa_l(x —1)%x,
1
1)%dx converges.

oo
and integral [ 2% !(z —
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4 Approximation of a fractional Browni-
an motion with Mandelbrot—van Ness
kernel for H € (0,1)

Now we establish the upper bound for cg.

Lemma 1. For 0 < H < 1 the following inequali-
ty holds
¢t < 2H.

(8)

Proof. Note that InT'(x) is convex function for
z € (0,400). Therefore, for any z > 0, y > 0
Jensen inequality holds:

1 1
lnF<$;y> <5 Inl(@) + 5 IL(y).

Transforming identically, we get

2mr(§?>
e <e

() <T(@) - T).

InT(x) | eln T'(y) ’

2
For x =2 —2H, y = 1 we obtain
9/3
r <§—H> <T@2—-2H)-T(1).  (9)
For:cz%—H,yzH%—%weobtain

r2(1) < F<§ —H) -F(H+ %) (10)

2

Multiplying left- and right-hand sides of
inequalities (9) and (10) we obtain that

F2<;—H> <F(2—2H)-F(%—H> T(H+5).

whence

r(g—H) <F(2—2H)-F(H+%>.

2
Since X
& = 2H -T'(5 — H)
I(H+1%)-I'(2-2H)’
we get the claimed inequality. Note that equality
in (8) is achieved when H = 3.
O
Consider E(B{{ — M;)?, 0 < t < 1, where

Bl is fractional Brownian motion admitting the
representation (4) with Hurst index 0 < H < 1,
M; is square-integrable martingale of the form
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t
M; = [a(s)dW,. Suppose that the condition
0

1
[ a*(s)ds < oo holds, i.e. a € Lo[0, 1]. Let’s find
0

min max E(B}Y — M;)? in some partial cases.
a€L2[0,1] 0<t<1

Consider the simplest case. Let the function
a(s) = a be a constant.

Theorem 4.1. The following equality holds

¢
min max E(B{{ - /a(s)dW
a 0<t<1

0

c2
= 1—ﬁ (11)

and the value of awmiy that supplies the minimal

value of (11), equals amin = 2.

Proof. Consider

t
E(BH — [ a(s)dw, g E(BI)2+
(5~ foon)
t t
2
E( [ a(s)dW,) —2EBE [ a(s)dW, =
(Joon' st |

t
:t2H+/a2 dS—Q/KH(taS)a(S)dS'
0

Assuming that a(s) = a we get

Bfl a(s = t2H—|—

o\“ C’\H‘

+a*t —cy2a [ ((t—u)$ — (—u))du
Evidently,
t
ta+1
((t— “))du =
0
whence .
E(BtH—/a(s)dWs =
0
2F 9 ta+1
+a acHOH_ 1 ft)
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Differentiating function f with respect to t,
we get

(2a 4+ 1)t2* — 2acyt™ 4+ a* = 0

t?a _

Changing the variable =: gy, we obtain a

quadratic equation

(2a + 1)y — 2acyy + a* = 0. (12)

The discriminant of the quadratic equation
(12) equals
D =4a%c% — 4a*(2a + 1) =
= (20)*(cy — 20+ 1))

According to Lemma 1, this discriminant is

negative.
Therefore,
= 1 =
fax f(t) = F(1)
2acy
=1+a*— : 13
+a o (13)

The right-hand side of (13) achieves its mini-
mal value with
cH
a+1

Amin =

t 2
Therefore, min max E(Bf[ - fa(s)dWs) =
a 0<i<l 0
c2 2c2 c?
P e Tl o
Consider more general case that corresponds
to power functions with a constant exponent [,

i.e., now a(t) = at’, a > 0.

5 Approximation of a fractional Browni-
an motion with Molchan kernel for H €

(0,3)

The following lemma can be proved by direct
calculations.

Lemma 2. Let f € C3[-2,1], then

1
P2 +3f(—1)=3F(0)+F(1) = / (0l dn

0,5(t +2)2, —2<t< 1,
where g(t) = —t2—t+05, —-1<t<0,

0,5(1 —t)2, 0<t<1.
Note that 0 < g(t) < 0,75 fort € [-2,1].
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Using this result, we establish the following
bounds for cg.

Lemma 3. We have the inequalities

2
1
c%{ <7ra> >2H for0< H < =,
sin(ar)

2
O 2 1
2
_— 2H - <H<1 (14
cH (sin(om)) < for 5 <H< (14)

Proof. Remind that

B 2HT (1,5 — H) |
A=NTH+05T2—2H) -7 %

Transform the left-hand side of the inequality (14).
From the classical formula

T
MNo)'l —a) =
()P - a) sin(ma)
we immediately get that
T
I 't —o) = .
1+l —a) sin(ma)

Therefore

9 o\ _2HT(1-a)’T(1+ a)
°H (sin(om)) N ' -2a) '

So we need to prove the inequalities

I'(1-a)’T(1+a)
I'(l—2a)

I'(1—a)’T(1+a)
I'(1-2a)

1
>1 f0r0<H<§,

and

1
<1 f0r§<H<1.

Consider function f(¢) = InT'(1 + ta) with
constant « satisfying |a| < 0,5. Function f(t)
is infinitely differentiable on the interval [—2,2],
and f(0) = 0. Denote %(tt) = (InT'(1 + ta)) =
% =: (1 + ta). Note that " (1 + ta) < 0.
Therefore the value

3InT(1 — a) + mT'(1 + o) — InI(1 —
20) = —f(=2) + 3f(-1) = 3£(0) + f(1) =
[ " gt)dt = o [1,9"(1 + ta)g(t)dt has
the same sign as —a?, whence the proof follows.

O

Now we establish an auxiliary result.
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Lemma 4. Let § > 0,H € (0,1) and K be
Molchan kernel.

Then .
/ SPK(t,s)ds =
0
_ cg(B+1)Bla+1,0—a+ 1)toﬂrﬁJr1
a+p/+1 '

osedenna. It is well-known that if « > —1,3 >
—1,¢ > 0 then

t
/uo‘(t —u)Pdu = Bla+1, §+ 1)t*PFL (15)
0
t
We have that [s°K(t,s)ds = cy(li — I2),
where "
¢
I = /to‘sﬂ_a(t — 5)%ds = (formula (15))
0
= B(f —a+1,a+ 1)tetF+L,
t t
I, = /asﬁ_o‘</u°‘_l(u - s)o‘du>ds =
0 5
t u
= a/ual(/sﬁo‘(u - s)o‘ds>du =
0 0
t
a/ uPBa+1,8 - a+1)du =
0
_ aB(a+1,ﬁ—a+1)ta+ﬂ+1
a+p+1 ’
whence the proof follows. O

Consider E(Bff — M;)?, 0 < t < 1, where
BtH is fractional Brownian motion admitting the
representation (1) with the kernel K(t,s) =

¢
CH (tas_a(t —8)* —as™® [ur(u— S)O‘du) and

with Hurst index 0 < H < % Let M; be the

square-integrable martingale of the form M; =
t

f (s)dWs, and let the condition fa

hold, ie. a € L90,1]. Our goal is to find

min max E(Bf — M;)? in some partial cases.
a€L2[0,1] 0<t<1

Consider the simplest case.
a(s) = a > 0 be a constant.

)ds < 00

Let function
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Theorem 5.1. The following equality holds

H t 2
min max E(Bt —/a(s)dws) =
a>0 0<t<1

0

( cy ar
a+ 1sinam

)" o)

and the value of amin where the minimum in (16)

is achieved, equals amin = acfl o

Proof. In the case when a(s) =a > 0and a <0
we have that

—/ta(s)dW = E(B)*+
0
t ) t
E( [ a(s)dW,) —2EBE [ a(s)dW, =
(fotons)* st |

t

t
:t2H+/a2 ds—Q/K(tsasds
0

0

=21 1 % — Qa/K(t, s)ds.

From Lemma 4 we have that

B(l1+a,1—a) tott

t
K(t,s) = =
/ - o a+1 cH

0

Therefore,

aTm

sinar o+ 1

E(BtH - /ta(s)dW5>2 = 2o+l
0

T taJrl

—2ac + a®*t =: f(t,a).

Bsinar o +1
Differentiate function f in ¢ and equate the
derivative to zero:

of(t,a) _
o
=t**2a +1) — 2acH

t*+a>2=0. (17
ol T (17)

The discriminant of quadratic equation (17)
equals

aT

2
D:4a20%{< > —4a*(2a+1) =

sin ar

58



Bicnux Kuiscvko20 HauionaibH020 YHIGEPCUMEMY
iment Tapaca Illesuenxa
Cepia: $PizuKo-mamemamusmi HaYKy

am \2
20)*(ch (<)~ 2a+1)) >0
= (20)* (¢ sin ar (2a+1)
for a < 0 according to Lemma 3.
Therefore, the roots of equation (17) equal

1 T

o —
Sa 1

H .
[SiNeNe%/y

aTm

+ \/ ? 2 1
@ H(smom) — (2ot )=
iH(Ai VA2 Z2H) =12t > 0

where A = cg 7.

For H < % we have that A2 — 2H > 0 and

A++VA?-2H > 0.
Taking into account that a > 0, we obtain
for t € (0,t_) the function f(t,a) is increasi-
ng,
for t € (t_,t4) the function f(¢,a) is decreasi-
ng,

and for ¢ € (t+,400) the function f(t,a) is
increasing.

Hence, Jnax f(t,a)

)

Consider

=max(f(1,a), f(t—,a)).

1
f(l,a) =1—2acy ar 2

sinam a4+ 1
Find the derivative of f(1,a) with respect to

a:
%};a) = 0 when ag = ;5 5755, hence,
2
min f(1, a)—l—( cn .om ) :
a>0 a+ 1sinam
Consider
2aA
e (e R
(e ) VE
2H
20A «a
A2 =2H) +a?) =
“ari2a™ )+a
:aQt,(( A2 —2H)?—
= _(A- /A2 2H) 1)
H(a +1 )+
For a = ag = ;fl <7— we can check using

Mathematica that the following inequality holds:
f(t_,ao) < f(LCLO),

hence
2
min max f(t,a) =1— ( e 'om ) .
a>0 t€[0,1] a+ 1sinarw

O
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6 Comparison of approximation of fracti-
onal Brownian motion with Molchan
and Mandelbrot—van Ness kernels.

Let us first prove an auxiliary lemma.
Lemma 5. Let a > 0 and 3 > 0. Then

(B+1)Bla+1,8—a+1)
a+p+1

> B(a+1,8+1).

Llosedenns. Simple calculations

B+1)Bla+1,6-—a+1)
(a+B+1)Bla+1,8+1)

B+ a4+ 1B —a+ 1)+ a+2)
(a+B+DIE+2T(B+ DI (a+1)

rg—a+1I'(+a+1)
L'(B+1)2

> 1.

The last inequality follows from that InT'(z) is
convex function.

()

Theorem 6.1. Let a(s) = as® where § > 0,5 >
0,a > 0. Let Bf = [*__Kp(t,s)dW; and Bf =

fo (t,s) dW be the representations of fractional
Bmwman motion via Mandelbrot-van Ness kernel
Ky and Molchan kernel K. Then 012?<X1E(B{{ —

ja(s)dWs
0

)2 > Orr<1ta<x1E<BH Ja(s)dws)2.

Losedenns. Let t > 0.
Consider the Mandelbrot—van Ness kernel

E(B;H - O/a(s)d

2
h(t) = Ws> =2H

t
+a2 /
0

=" 4 o

t
sgﬁds—QacH/uﬂ (t —u)du =
0

t2,@+1
26+ 1

—2acyB(a+ 1, 4 1)to+A+L,

Consider Molchan kernel
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t
~ ~ 2
h(t) = E<BtH - /a(s)dWS) ="y
0
t t
+a2/32ﬂds - 2a/sﬁK(t, u)du = 5.
0 0
28+1
= (Lemma 4) = t2H—|—a22ﬂ+ 1~
_2CLCH(ﬁ + ].)B(a + 1,5 —a+ 1)ta+ﬁ+1'

a+[5+1
We immediately get from Lemma 5 that
h(t) > h(t). Therefore, the approximation of
the fBm with the power functions is better for
the representation with Molchan kernel than for
the representation with the Mandelbrot—van Ness
kernel.

O]

7 Conclusion

We find the best approximation of the fractional
Brownian motion by Gaussian martingales in the
integral norm for all H € (0,1). We calculate
the best approximation of a fractional Brownian
motion with Mandelbrot—van Ness and Molchan
kernels and constant integrands. It is proved that
the approximation with the Molchan kernel is
better than with the Mandelbrot—van Ness kernel
if the integrand is a power function.
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