Bicnux Kuiscbkoco nayionanbHo2o yHieepcumemy
imeni Tapaca Lllesuenxa
Cepis Qizuxo-mamemamuyni HayKu

VJIK 519.9

Tomaap M.C.% m.dp.-M.H., podp.,
Kyuyk-Senko C.B.%, imkenep

Bincyrnicte apfiTtpaxky B IMHAMIYHHX

€eKOHOMIYHHUX cCHCTEMAX

B mooeni exonomiku 06MiHy 3HAUOEHO YMOBU
cmpoeoi  dodamHocmi  po38’SA3Ki6  pIGHSHb
eKOHOMIYHOI pisHosacu. Bcmarnoeneno uepieHocmi
3HU3Y O/ 6CIX PIBHOBANCHUX UYIHOBUX BEKMOPIS.
Chopmynrvosano  meopemy  npo  iCHY8AHHA
eKOHOMIUHOI Ounamixu. I[Ipedcmasneno HeoOXiOHI
ma 0oCmamui YMO8U Gi0CYMHOCTT aApOIMPANCHUX
ModCIUBOCIEl 0151 eKOHOMIYHUX A2enmi
KirouoBi ciioBa: €KOHOMIYHI JMHAMIYHI CHUCTEMH,
apOiTpak, eEKOHOMiYHa piBHOBAra.

[actutyr TeopernuyHoi ¢izmku iM. Mukomu
Boronro6osa HAH VYkpainu, 03143, m. Kuis, By1.
Mertposoriuna, 14b, e-mail: mhonchar@i.ua

? KuiBcbKHil HAIIOHANBHMII YHIBEpPCHTET iMeHi
Tapaca IlleBuenka,03680, M. Kuis, np-1. ['nymikoa
47, e-mail: kuchuk.iatsenko@gmail.com

2013,1

Bulletin of Taras Shevchenko
National University of Kyiv
Series Physics & Mathematics

Gonchar N.S., doctor in physics and math., prof.
Kuchuk-latsenko S.V., engineer

Arbitrage absence in economy dynamical
systems

In the paper the necessary and sufficient
conditions of strict positiveness of equilibrium price
vectors are found for exchange economy model. For
all solutions of the set of equations of equilibrium
the inequalities from below are established. The
theorem of existence of economy dynamics is stated.
The sufficient conditions of absence of space and
time arbitrage opportunities for economic agents
are presented.
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Introduction

In reality it is very important to find conditions of
absence of space and time arbitrage opportunities in
terms of macroeconomic parameters such as price of
money and limitations on growth of prices of goods.
The existing models give conditions of arbitrage
absence in terms of martingale measures (see [1-3]).
But in reality one does not know which mathematical
model describes evolution of risk assets. Therefore,
construction of models of general form and finding
conditions under which arbitrage opportunities are
absent is very actual. This paper is devoted to the
construction of non-arbitrage economic dynamics in
the case when strategies of consumer's behavior do
not depend on price vector. This model is very
important  because the problem of finding
equilibrium price vector in every period of economy
operation is reduced to the solution of linear set of
equations (see [5]).
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The problem of arbitrage absence it is the
problem of effective markets. Therefore, the main
aim of the paper is to find general conditions on
supply vector of goods under which spatial and time
arbitrage opportunities are absent, knowing the
demand vectors of consumer in every period of
economy operation.

Auxiliary results

In every period of operation a consumer is
described by some demand vector that is given on
some probability space. From another side every
consumer has some goods that he wants to exchange
on another set of goods defined by his demand
vector. We suppose that the first component of this
vector is the supply of money.

Constructing the economy system we assume that
the demand on goods of previous period of economy
operation defines the supply of goods in the next
period of economy operation. The problem being

75


mailto:mhonchar@i.ua
mailto:kuchuk.iatsenko@gmail.com
mailto:kuchuk.iatsenko@gmail.com

Bicnux Kuiscbkoco nayionanbHo2o yHieepcumemy
imeni Tapaca Lllesuenxa
Cepis Qizuxo-mamemamuyni HayKu

solved in this paper is to construct such economy
dynamics in which spatial and time arbitrage
opportunities are not possible. So in this stage of
investigation we are not interested in determining the
way in which consumers transform their demand
vectors of the previous period into supply vectors of
the next period. This investigation is the subject of
the following papers.

In this section we consider an exchange model of
economy with proportional consumption. The main
problem is to clarify conditions under which the
equilibrium price vector is strictly positive.

Below we consider the set of equations

| b. _
ZCHMZ o k=1n, (1)
i=1 <C| ’ p>
the solutions of which describe equilibrium in such
economy  systems,  where C=Cy |Ei1,i:11
B =y [t are nonnegative matrices,
C={Cils and b={k, i =11, are

nonnegative vectors constructed by these matrices
correspondingly, w ={w, }i_, is a strictly positive
vector.

The next Theorem is the special form of the
Theorem 5.1.4 from [5].

Theorem 1. Let w={y, }_, be a strictly
positive vector belonging to the interior of the cone
generated by the set of vectors C, ={C,}i,i=1]l,

n,l

being the column of the matrix C =[C, [.%,;_,,and
also let the inequalities
| - n J—
>Ce>0, k=Ln, >.C;>0, i=1]l, )
s=1 k=1

hold.
Suppose that there exist a vector y={y}_,

y, >0,i=11, such that
|
V/:zciyi

i=1
and a matrix 7, =|| 7, ||L’21,i=1 satisfying conditions:

n _
> i =Lk=1l
i=1

If the matrix elements of

7|7 ||L’21,i=1 constructed by the rule

the  matrix
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1
_ YT
i =—

Vi

k=11,

i=1n,

are such that the matrix zC is nonnegative and
indecomposable, the matrix zCrz is nonnegative and
does not contain zero column, then for the matrix
B=|b, I}, having the representation B=CB,,
where

B :||bilk ||::1,k:1' b&s = ysszicisv k,s=1l,
i-1

the set of equations (1) has a strictly positive
solution. If the rank of the set of the vectors
b —y,C,i=L1l, equals n-1, then a strictly
positive solution is unique up to constant factor.

The next Theorem gives the necessary and
sufficient conditions of strict positiveness of
solutions of the set of equations (1).

Theorem 2. Let the inequalities (2) hold. The set
of equations (1) has a strictly positive solution if and
only if there exists a strictly positive vector

y={y.}_, vy, >0,i=11, and a matrix

n —_—
51 :”T&i ||L’21,i:1, ZT; =1, k=11,
i=1
such that:
1) for a strictly positive vector y the following

representation holds:

|
‘//chi)’i;

i=1

2) a matrix

1

I Yi ki

=7, ”kzl,i:l' Ty =Kk
Vi

i=1n,

satisfy conditions: the matrix zC is non-negative
and indecomposable, the matrix zCz is non-
negative and does not contain zero column;

3) the conditions

(o, p° =0, p°, i=1],

hold, where
B=lIby [k B=CBy, B =Ibj iz
B = y,> 7Car kos=L1, b ={By}..

i-1
Ei :{Bki}E:lv
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p° is a strictly positive vector constructed in the

Theorem 1 for the matrix B instead of matrix B.
Necessity: Let there exist a strictly positive solution

p0 to the set of equations (1). Denote

<bi! 0> ]
ey

and introduce the matrix

Y =

s PV iy i-in

||Tk| ”k_lr—l' Tk = w, p0>’

n J—

It is evident that Zrﬁi =1 k=11
=1

A matrix 7= 7, [I% . with matrix elements

T WP LT ieiT

ki — - 0y ! — 4 -

vi  w.p)

is such that the matrix

|
¥ {C.. P

C=
g . p%

is nonnegative and indecomposable, a matrix

I,n

Yk pi0
W, p%

Cr=

k=1i=1

is nonnegative and does not contain zero rows.

It is not difficult to show that the vector y is a
strictly positive proper vector of the matrix zC with

a proper value 1, that is,

Cy =y. 3)

Let us construct the matrix

B =llby [ B=CB, B =llb ks
where

. ysykipf’c _

b&szyszllrki :W k,s=11,

bk,_Zij Look=1n, i=1L.

There hold equalities
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[
zb e l//k , = 1, n.
i=1
The conjugate problem

2502%0,5 s=11,

k=1 i=1

to the problem (3) has strictly positive solution

{50 sl' Zp

In correspondence with the conditions of the
Theorem 5.1.4 [5], let us construct the wvector

P’ ={p’}.,. We have

y po 0
Zékrkl ZZP. k' =0
k=1 i=1 v,p >
i=1n.
Since
o . Wi, PrCoi o o
bi = Cibi=—-"1— k=Ln, i=1]l,
‘ ; - (w. %)
we have

<6w p°)= ZBkr pr? =Y Z pr?rcmi
m=1

The necessity is proved.
Sufficiency: If sufficient conditions of the Theorem
(2) are valid, then we are in the conditions of the
Theorem (1). From the Theorem (1) and the
conditions of the Theorem (2) we obtain that the set
of equations

| b,
Z <|p> k,

kzli H
i=1 <C|lp>
has a strictly positive solution p° satisfying
conditions
(B, p* =, %, =1l

This proves the Theorem.

Corollary 1. If p°® is a strictly positive solution
to the set of equations (1), then for the vectors b, the
representations
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hold, where

>d, =0, (p°.d)=0,

i=1
O —
Ei:l//yi<ci10p > |:1,|
(W, p?)
Corollary 2. For given strictly positive vectors

w,y,p° and matrix C satisfying conditions (2) and
the wvector w  having the representation

| J—

w=>CvV; C ={c} i=11, the set of equations
i=1

(1) has strictly positive solution p° if and only if

there exist vectors d., i =11, such that

_ |
bI:bl+di' <poldi>:01 |: ,I, Zdizoy
i=1
where
O JE—
b =Y YCuPD)
(w,p")

Theorem 3. Suppose that the conditions of the
Theorem 1 are valid. If additionally matrix elements
of the matrix zCrz are strictly positive, the vector

p® ={p’}}, being the solution to the set of
equations (1) satisfies the condition

n
zpiO‘/’i =A A>0,
i1

then the following inequalities for components of
vector p° are valid

Amikn[TCT]Sk o
Py z— Jj=1n, @
mSaX Z[TCT]Sj l//j
j=L
Proof: Due to the Theorem 5.1.4 [5] the

components of the vector  p°={p’}, of the
solution to the problem (1) is given by the formula
| R
Pl =2 8n, i=Ln, (5)
k=1

where the vector 5% ={5’},_, is strictly positive left
Frobenius vector of the problem
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n

I
Z5|?ZTkiCis :550-

(6)
k=1 i=1
From (5) and (6) we have equalities
| N
p)=>6%[«Crl;, j=Ln, (7)
s=1

n | n
A= Pl =28 [rCrlgy; <
j=1

s=1 j=1
n |
max Y [Crl v, D 6,
S = s=1
From here we obtain inequality

|
6=

- :
s=1 max Y [rCr] vy,
s 3

A

The equalities (7) give the inequalities

Amin[zCr],
S,

|
p} =8 min[zCr] >
s=1 5.

n

mslx Z[TCT]Sj (//j
j=1

The Theorem is proved.
Statement of the problem

Let us assume that economy system functions
during N periods, N <oo. In the t-th period of
economy operation demand vectors

C'(w)={C.(®)}.,, i=1l, are given on a
probability space {Q,F,P}. We also assume that
consumption in the t-th period is characterized by
some random vector y'(w)={y (®)}_, every
component of which is strictly positive, that is
y! (@) >0,i=1Ll.

This vector we call the vector of degrees of
satisfaction of consumers' needs (see [4-5]). So, the

supply vector in the t-th period is given by the
formula

|
v (o) = ZCf (@)Y; ().

Below we formulate a theorem giving sufficient
conditions of the existence of economy dynamics
and that is a consequence of previous results.

Theorem 4. Let the set of vectors C!(w), i=11,
being the columns of the matrix
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C'(w) = C () |I'yiy satisfy the inequalities

| N
D> C(@)>0, k=1n, t=1LN,

(8)

n
> Cu(w)>0, i=1l, t=1N,
k=1
and let the vectors y'(w)={y'(w)}_, be strictly
positive for every we Q.
If for every matrix z; =1z, (w) such that

n J—
> nl(w)=1 k=11, t=1,

and such that the matrix 7' = 7' (@) —ka.( )Hk i’

elements of which are constructed by the rule

w T w
Tkl( )_ ka( ) ( )
2 Cai(@)y; (w)
i=1
is such that the matrix z'C' is nonnegative and

indecomposable, the matrix 7'C'z' is nonnegative
and does not contain zero columns, then for the

matrix B'(w) = b} (@) [}, having representation
B'=C! Bl,where
Bl b1l s

b = Vs (w)zrk. (@)Ci, (@),

i=1

the set of equalities

I Ctl t t t
IZ_l:<p |<C(C(0))>< i>:l//k(w)y
k=1n, t=1N,

have strictly positive solution with probability 1 with
respect to price vectors p' ={p;,..., p;}.

It is very important to know under which
conditions spatial and time arbitrage opportunities
for economic agents are absent in the economy
system. We suppose that in the t-th period of the
economy operation the k-th component p, of
=t

p
the k -th goods, k=1,n. We assume that the first

component B, of this vector defines equilibrium

random equilibrium price vector defines value of
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price of money, and v, (p') is the supply of money
in the t-th period of economy operation. We also
assume that short sales of risk assets are only
permitted within the limits of every period of the
economy operation.

On a probability space {Q, F, P}, where evolution
of prices of goods is given in the Theorem 4, denote
the evolution of prices of subset of
Ny <n;, Ny <t<N,, goods by the rule

_Jnt =t
St_{pil,...,pino}, Ny <t<N,, ©
e <l k=Lny -1
We introduce evolution of risk-free asset by the law

t

B, =] (1+pl) t=Ng.N,

i=Ng

(10)

where p; is an equilibrium price of money in the t -
th period of economy operation.

Definition. We call the economy dynamics
defined in the Theorem 4 non-arbitrage if for any
subset of goods numbering by indexes i,...,i, and

I
any numbers 1< N, <N, <N the evolution of prices
of which is described by the law (9) and evolution of
risk-free asset is given by the law (10) the set of self-
financed arbitrage strategies without short selling
between periods of economy operation is empty.

Now we give a statement of the general form of
absence of arbitrage opportunities in dynamical
systems.

Theorem 5. Let on a probability space {Q, F, P}

with filtration F,,n=1,N, random evolution of risk-

free asset be defined by the law B ,n=1N,
satisfying the condition: there exists non-random
constant such that 1<B,<D,n=1N,

weQ,and let evolution of prices of n,>1 risk

D<w
. i\"o TN
assets be given by the law S, ={S,'1}, N =1 N.
i=
If {% Fn}, n=1 N, is a supermartingale, then

the set of self-financed arbitrage strategies without
short selling is empty.

Theorem 6. The economic dynamics defined in
the Theorem 4 is non-arbitrage one if with
probability 1 the following inequalities

Pt < m(“fm(ﬁ{u))’ k=’_np t=1LN,
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are valid, where p' ={p,}i, is an equilibrium price
vector in the t-th period of economy operation,
f'(x),t=1L N, is the set of nonnegative functions

satisfying conditions 0< f'(x)<x,t=1N.
Denote by

§ =13 (@) =miny; (@),
RS = R () = maxy (o),
A = A (0) =z L (@ (@).
There hold inequalities

A ()

K@)

i=1n.

P (w) <

Theorem 7. Let the set of vectors C/(w),
izl,_l, being the the
C'(w) = Cy (@) Ilp)yiy satisfy the inequalities (8)

and let the vectors y'(w)={y'(w)}_, be strictly

positive for every weQ. Moreover, let the
inequalities

columns of matrix

mi_n[rtCtrt]Sj (@) >0,
s
ma_x[rtCtrt]sj (@) < o0,
s
t =1,_N, e,

are valid with probability 1.
If for every matrix 7, =7; (@), t=1N, satisfying
conditions:

n JE—
S kt(@)=1 k=11, t=LN,
i=1

nl

and such that the matrix 7' =7'(w) | 7g(l (i,
elements of which are constructed by the rule
b w Tlft w
z_lii(a)): ka( )kl( ) ,
> Ci(@)yi (o)
i=1
is such that the matrix z'C' is nonnegative and

indecomposable, the matrix z'C'z' is nonnegative
and does not contain zero columns, then for the

matrix B'(w) = b} (@) [, having representation

B' =C'B;, where
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Bl by

b = Vs (w)irii (0)Cis (@),

economy dynamics, defined in the Theorem 4, is
non-arbitrage if with probability 1 the set of
inequalities

At Al mi.n[z'tCtrt]sj (o)

S,
I,.t+1 < n (it ¢ X (11)
o max Y[ Ce L (o) (o)

j=1

At+1 rTs]i_n[Tt+1Ct+th+l]sj (a))
1+6 :d

n )
msaXZ[z_chle_Hl]sj (C())l//§+l(a))

j=1

t=1N,

are valid for some 0< 6 <1.
Proof: provided by inequalities (11) the following
inequalities
pit<pi+op™), i=2n,
are valid with probability 1 due to the Theorem 3.
Using the Theorem 6 with f'(x)=0x,0<5 <1, we
obtain the proof of the Theorem.
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