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The proximity of models of the dynamics of 
Voltaire and Goodwin 

 
The mathematical models of population 

dynamics of Voltaire are considered. At first the 
classic model of interaction "predator-prey" is 
presented. Next, consider the model with a delay. 
The research of qualitative behavior of trajectories 
was made. 

Key words: mathematical model, dynamic 
system, differential equations, delay, stability.

 

E-mail: ngarkusha@gmail.com 
.- , . . . 

 
 
 

 
,  

 
 [1].  

 
 

txtx , 00 xx .                  (1)                                      

 (1)  01x , 
 

textx 0 ,  
  

.  0  
 ( ),  0  

 ( ). ,  
 
 

.  

 
 [1].  

 

 01x , 

2x .  

2x ,  01x .   
 t ,  

 
tx2 . 

  
-

 [2]. ,  
,  
 

tNdssNstFtN
t

12111 ,  

tNdssNstFtN
t

21222 . 

 
 

tNtNtN 12111 , 

tNtNtN 21222      (3)              

. 
 0i , 2,1i , 02 , 01  

 
. , 

 01N , 02N .   [2],   
: 00

1N , 00
2N  

211N , 112N .  
,  – . 

,  
,  

,  
.  

 

131



 
   

 

2013,2 Bulletin of Taras Shevchenko 
National University of Kyiv 

Series Physics & Mathematics 
 

»  « ».  
»  « » . 

,  
»  « ».  

  
 

      

tNtNtNtN 1211111 , 

  tNtNtNtN 1221222 . 

 
,  

 [3, .53]. 
: 

.  
 wL  

,  
 wLY .  Y  

. . 
 K , gtaaLY exp0 - 

,  
 g , YKk -  

,  

ntNN exp0  

,  
 n  (  

 n ).  
 

awYwL . ,  
 aw1 .  

  

kawwLYS /1 , 

  

YawSdtdK 1 . 

 k  
dtdYKdtdKY   

 

gdtdLLdtdYY 11    

 

      awkdTdKK 111 . 

,  

gkawdtdLL /11 . 

 awy  -  
, NLx  - . 

 
 

txng
k

tytx 1 ,      

a
dtda

w
dtdwty . 

  

bxrdtdww 1  

,     
  

gbxrdtdyy 1 . 

 
,  

     tx
k
tyng

k
tx 1 ,       

tytbxrgty .              (4) 

,   
 « ». 

 

ng
k
1

1 , 
k
1

1 , rg2 , b2 , 

,  
01 ngk , .  

,  
 

 « ».  

 

 

  
 (  

),  
 

.  

tx
k

tyng
k

tx 1 , 

tytbxrgty .           (5) 

,   
: 00x , 00y  

132



 
   

 

2013,2 Bulletin of Taras Shevchenko 
National University of Kyiv 

Series Physics & Mathematics 
 

brgx , ngky 1 .  
  

01 ngk .                      (6)                       

 
.  

tbrgtx , tngkty 1  (7)                           

 (5)  «  
» . 

 

tt
b

rg
k

t 1 , 

ttngkbt 1 . 

 
 

t
kb

rgt , 

tngkbt 1 . 

 

0
1

det
ngkbe

kb
rge . 

 

011 22 engkrg
k

. 

 

211 ngkrg
k

, 

,  
 

0222 e .                        (8)                               

 

0eiei  

 

0ei ,   0ei . 

1.   

0ei .                         (9)                               

 iyx . 
 

0iyxeiiyx . 

 

0sincos yiyeiiyx x . 

 
 

0sin yex x , 0cos yey x .  (10)                                

 
. 

1.  (9) .  

2.  kk1 , 
,...2,1k ,  (9)  

ki0 . ,  
 02,1 iy , 00x .  (10) 

  

0sin 0y , 0cos 00 yy . 

 ky0 , 
,...2,1k .  

01 kk . 

   kk1  (9)  
ky0 . 

3. ,  
,  

000 iyx , 00x .   
 (10) ,  

tgx
y
x   xctgxy . 

,  
yeyx 2222 . 

 

xctgxy ,  yeyx 2222 .        (11)            

 
 « » , 

.   
 y ,  

.  
 00 , yx  (11),  

 00x , .  

 

133



 
   

 

2013,2 Bulletin of Taras Shevchenko 
National University of Kyiv 

Series Physics & Mathematics 
 

, ,  
.  

                            

tx
k

tytxRng
k

tx 1
1 ,              

tytyRtbxrgty 2 .                                          

                                                                      (12) 

 1R , 2R  
.  

 

011
1 xy

k
xRng

k
,  

02 yyRbxrg . 

:  

0,01O , 
2

2 ,0
R

rgO , 0,1

1
3 kR

ngO , 

444 , yxO  

 

k
bRR

rg
k

ng
k

R
x

21

2

4

11

,  

k
bRR

ng
k

brgR
y

21

1

4

1

.                    (13) 

 444 , yxO .  
 

tybtxbtxatx 121111  

tybtxbtyaty 222122 , 

 

44111
11 y
k

xRng
k

a , 

42422 yRbxrga  

4111 xRb , 412
1 x
k

b , 421 yb , 4222 yRb ,                              

(14) 

,  
 

 [4]. 

 
 

0det
222221

121111

bab
bba

, 

 

   22112211
2 bbaa      

                0211222221111 bbbaba  

 
 

,  

                  022112211 bbaa ,        

  0211222221111 bbbaba .                   (15) 

,  
(15)  ,   (14),   

 444 , yxO  
. 

 ,  
 

. 

 

 
 

1. Smith J. Models in ecology. - M., Mir, 1976. - 
184 p. 
2. Volterra V. The mathematical theory of the 
struggle for existence. - M., Nauka, 1976. - 286 p. 
3. Zang V.V. Synergetic Economics. Time and 
changes in the nonlinear economictheory. M., 
Mir, 1999. - 335 p.   
4. Elsgoltz L. E. and Norkin S.B. Introduction to 
the Theory of Differential Equations with Deviat-
ing Argument. Nauka 1970. - 240 p. 

 

                     19.03.2013 

134


	Algebra_tutyl.pdf

