
Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2013, 2
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

УДК 519.21

Ю.С. Мiшура1, д.ф.-м.н., професор
Г.Р. Рiжняк2, студентка

Поведiнка об’єктивної цiни опцiона на
облiгацiю з вiдсотковою ставкою, що
керується дробовим геометричним
процесом Орнштейна–Уленбека

У роботi дослiджується поведiнка об’єктив-
ної цiни Європейського опцiона купiвлi на облi-
гацiю з вiдсотковою ставкою, що керується
модифiкованим дробовим геометричним про-
цесом Орнштейна–Уленбека, як функцiї iнде-
кса Хюрста.
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The paper examines behavior of the European
call option price of the bond with interest rate
driven by modified geometric fractional Ornstein–
Uhlenbeck process as a function of Hurst index.
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1 Introduction

Fractional calculus is extensively used in di-
fferent modelling, including financial modelling.
The paper [1] studies Doob’s transformation of
fractional Brownian motion, which is identical
in law with the Ornstein–Uhlenbeck diffusion.
The book [2] represents stochastic calculus for
fractional Brownian motion. It contains financi-
al models and statistical problems that involve
fractional Brownian motion. The paper [3] studies
financial markets with stochastic volatilities dri-
ven by fractional Brownian motion with Hurst
index H > 1

2 . Current paper examines behavior
of the European call option price of the bond with
interest rate driven by modified geometric fracti-
onal Ornstein–Uhlenbeck process as a function of
Hurst index.

2 Price of the Bond with Interest
Rate Driven by Geometric Ornstein–
Uhlenbeck Process with Wiener Process

The Ornstein–Uhlenbeck process X = {Xt, t > 0}
is a Gaussian and Markov process that satisfies

the following stochastic differential equation:

dXt = −aXtdt + γdWt, X
∣∣∣
t=0

= X0,

where a > 0 and γ > 0 are constants and W =
{Wt, t > 0} is the Wiener process. The solution of
this stochastic differential equation has the followi-

ng form Xt = X0e
−at + γe−at

t∫
0

easdWs.

We suppose in what follows that X0 = 1.
The geometric Ornstein–Uhlenbeck process sati-
sfies the following stochastic differential equation:

dXt = Xt

{
− ae−atdt− aγe−atdt

t∫

0

easdWs+

+ γdWt +
1
2
γdt

}
, (1)

and the solution of equation (3) has the following
form

Xt = x0 exp
{

e−at + γe−at

t∫

0

easdWs

}
=

= x0 exp
{

e−at−aγ

t∫

0

e−as

s∫

0

eaudWuds+γWt

}
.

(2)
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Consider the following model of financial
market. Suppose we have the European call opti-
on with an expiration date T . The bond interest
rate is driven by the modified geometric Ornstein–
Uhlenbeck process with the Wiener process.
It satisfies the following stochastic differential
equation

dX
(1)
t = X

(1)
t

{
− µe−µtdt− µγe−µt×

×
t∫

0

easdWsdt + γe−µt+atdWt + γe−2(µ−a)tdt
}

.

(3)

The solution of equation (3) has the following form

X
(1)
t = x0 exp

{
e−µt + γe−µt

t∫

0

easdWs

}
=

= x0 exp
{

e−µt − γµ

t∫

0

e−µs

s∫

0

eaudWuds+

+ γ

t∫

0

e−µs+asdWs

}
.

To find the price of this option we have to
calculate the expectation value E[X(1)

T − K]+,
where K > 0 is the strike price. Using indi-
cator I{X(1)

t > K}, we remove brackets in the
expectation value

E[X(1)
T −K]+ = E[X(1)

T −K]I{X(1)
T > K} =

= EX
(1)
T I{X(1)

T > K} −KI{X(1)
T > K}. (4)

We find both items of this equality. Ornstein–
Uhlenbeck process is a Gaussian process, so

EX
(1)
T I{X(1)

T > K} =

∞∫

K

exp(x)dx,

where p(x) is a density function of normal distri-
bution with parameters m and σ2:

p(x) =
1

σ
√

2π
exp

{
− (x−m)2

2σ2

}
,

here m is the expectation and σ2 is the variance
of modified Ornstein–Uhlenbeck process

m = E[X(1)
T ] = e−µT ,

σ2 = V ar[X(1)
T ] =

γ2e−2µT

2a
(e2aT − 1). (5)

We continue to calculate the first item in (4)

EX
(1)
T I{X(1)

T > K} =

∞∫

K

exp(x)dx =

=
1

σ
√

2π

∞∫

K

exp
{
−

(x− σ2 −m√
2σ

)2
+m+

σ2

2

}
dx =

=
exp

{
m + σ2

2

}
√

2π

(
1− Φ

(K − σ2 −m

σ

))
.

Consider the second item of (4). Evidently,
EI{X(1)

T > K} = P{X(1)
T > K} and

KEI{X(1)
T > K} = K

∞∫

K

p(x)dx =
K

σ
√

2π
×

×
∞∫

K

exp
{
−(x−m)2

2σ2

}
dx =

K√
2π

(
1−Φ

(K −m

σ

))
.

As a result we obtain the price for the option

E[X(1)
T −K]+ =

exp
{
m + σ2

2

}
√

2π
×

×
(
1−Φ

(K − σ2 −m

σ

))
− K√

2π

(
1−Φ

(K −m

σ

))
,

where the variance σ2 is determined by (5).

3 Price of the Bond with Interest
Rate Driven by Geometric Fractional
Ornstein-Uhlenbeck Process

Now we consider a call option with the bond
interest rate driven by geometric fractional
Ornstein–Uhlenbeck process that satisfies the
following stochastic differential equation

dX
(2)
t = X

(2)
t

{
− µe−µtdt−

− µγe−µt

t∫

0

easdBH
s dt + γe−µt+atdBH

t

}
.

Luyda
Typewritten text
12



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки

2013, 2
Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

The solution of the stochastic differential equation
has the following form

X
(2)
t = x0 exp

{
e−µt + γe−µt

t∫

0

easdBH
s

}
=

= x0 exp
{
e−µt − γµ

t∫

0

e−µs

s∫

0

eaudBH
u ds+

+ γ

t∫

0

e−µs+asdBH
s

}
.

The expectation and the variance for the
corresponding Ornstein-Uhlenbeck process e−µt +

γe−µt
t∫
0

easdBH
s at the point T equal, respectively,

m = e−µT ,

σ2 = H(2H−1)γ2e−2µT

T∫

0

T∫

0

eas+au|s−u|2H−2duds.

(6)
The price for such option equals

E[X(2)
T −K]+ =

exp
{
m + σ2

2

}
√

2π
×

×
(
1−Φ

(K − σ2 −m

σ

))
− K√

2π

(
1−Φ

(K −m

σ

))
,

where the variance σ2 is determined by (6).

4 Behavior of the Variance of Geometric
Fractional Ornstein–Uhlenbeck Process
as a Function of Hurst Index

We already know that the variance of geometric
fractional Ornstein–Uhlenbeck process equals

σ2 = H(2H−1)γ2e−2µT

T∫

0

T∫

0

eas+au|s−u|2H−2duds.

After some transformation we obtain the following
form for the variance

σ2 = H(2H−1)γ2e−2µT 1
a

(
e2aT

T∫

0

e−azz2H−2dz−

−
T∫

0

eazz2H−2dz
)
.

As H → 1
2 , easily can be shown that z2H−1 → 1,

lim
H→ 1

2

(2H − 1)

T∫

0

e−azz2H−2dz = 1,

lim
H→ 1

2

(2H − 1)

T∫

0

eazz2H−2dz = 1.

Now we can observe that the asymptotic behavior
of the variance as H → 1

2 is following:

lim
H→ 1

2

σ2 =
γ2e−2µT

2a
(e2aT − 1).

As H → 1 we obtain:

lim
H→1

σ2 =
γ2e−2µT

a

(
e2aT

T∫

0

e−azdz−
T∫

0

eazdz
)

=

=
γ2e−2µT

a2
(1− eaT )2.

5 Monotonicity of the Variance of
Geometric Fractional Ornstein–
Uhlenbeck Process as a Function of
Hurst Index. Monotonicity of Price
of the Bond with Interest Rate Dri-
ven by Geometric Fractional Ornstein–
Uhlenbeck Process as a Function of
Hurst Index

If T = 1, then the variance σ2 is a decreasing
function of H ∈ [12 , 1].

The price of the bond with interest rate dri-
ven by geometric fractional Ornstein–Uhlenbeck
process is an increasing function of σ2.
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As a consequence, the price of the bond wi-
th interest rate driven by geometric fractional
Ornstein–Uhlenbeck process is a decreasing functi-
on of H.

We take the following values of parameters:
γ = 1; µ = 0, 1; a = 2; T = 1;K = 5;m = 14. A
computational software program Mathematica is
used.

6 Monotonicity of Price of the Bond wi-
th Interest Rate Driven by Geometric
Fractional Ornstein–Uhlenbeck Process
as a Function of µ

Since we consider the modified geometric fracti-
onal Ornstein–Uhlenbeck process it is interesting
to examine the monotonicity of price of the bond
as a function of µ. Parameter µ can be considered
as a discount interest rate.

We take the following values of parameters:
γ = 1; a = 0, 1;T = 1;K = 5;H = 3/2.

7 Conclusion

We examined objective call option price behavior
of the bond with interest rate driven by geometric
fractional Ornstein–Uhlenbeck process as a functi-
on of Hurst index. As an auxiliary result were
studied the behavior of variance of geometric
fractional Ornstein–Uhlenbeck process as a functi-
on of Hurst index and examined call option price
behavior of the bond with interest rate driven by
geometric fractional Ornstein–Uhlenbeck process
as a function of variance.
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