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1. Introduction  

In the theory of stochastic processes and random 
fields of second order the important role plays 
different discrete representations of such objects in 
the form of finite and infinite sums of functional 
members with random coefficients.  

The most known such representations of 
Karhunen-Loéve type for scalar processes on 
segments of real line ([1]) and spectral expansions of 
scalar homogeneous random fields on compact 
homogeneous spaces ([2]).  

The aim of this paper is investigation of discrete 
representations of random functions in more general 
assumptions about their domains and values. As sets 
of arguments of considered random functions we use 
different compact topological spaces, measurable 
spaces with positive finite measures and arbitrary 
sets. We also consider generalized random functions 
with values in arbitrary normed space X. The case 
when X is Hilbert space was studied in [3].  

Now we give some facts and notations which 
are necessary in further.  

Denote by 2( )L Ω  Hilbert space of all complex 

second order random variables defined on some 
probability space ( P)FΩ, ,  endowed by strong 

topology. Let X  be a complex normed space and 
X ∗  be its topological dual space endowed by strong 
topology.  

The generalized random element Ξ  on Ω  in 

X  is continuous linear operator 2( )X L∗Ξ : → Ω . 

Every such element is generated by some usual 
random element ξ  on Ω  with values in some 

extension of space X  (see[4]). The space of such 
random elements in X  with denoted by 

2( ( ))L X L∗, Ω .  

Let ( )L X X∗ ∗∗,  be a space of all antilinear (or 

conjugate linear) continuous operators from X ∗  
into X ∗∗  (second dual space for X ). Define the 

expectation E X ∗∗Ξ ∈  for 2( ( ))L X L∗Ξ ∈ , Ω  by 

the equality (E )( ) E( )x x x X∗ ∗ ∗ ∗Ξ = Ξ , ∈  and 

covariance operator [ ] ( )L X X∗ ∗∗Ξ,Ψ ∈ ,  of 

elements 2( ( ))L X L∗Ξ,Ψ ∈ , Ω  by the equality  

[ ]E( )( ) ( )( )x y y x x y X∗ ∗ ∗ ∗ ∗ ∗ ∗Ξ Ψ = Ξ,Ψ , , ∈  

The generalized random function of second 
order tΞ  on set T  is a mapping of T  into 

2( ( ))L X L∗, Ω . Denote by tm  its mean function 

Et tm t T= Ξ , ∈  and by ( ) t sR t s t s T 
  

, = Ξ ,Ξ , , ∈  

its covariance function. If function tΞ  is continuous 

on topological space T  in strong topology of 
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2( ( ))L X L∗, Ω  the ( )R t s,  is continuous on T T×  

in weak topology of ( )L X X∗ ∗∗,  and vise versa.  
Note that the class of covariance functions of the 

set of all second order random functions in X  
coinsides with the set of all positive definite 

( )L X X∗ ∗∗,  — valued operator kernel ( )R t s,  on 

T  (i.e. for all 1i in N x X t T i n∗ ∗∈ , ∈ , ∈ , = ,...,   

1 1

( ( ) )( ) 0)
n n

i j j i
i j

R t t x x∗ ∗

= =

, ≥ .∑∑  

2. Representations of Karhunen-Loéve type 

Let T  be a compact topological space, B  be a 
σ -algebra of Borel sets in T  and µ  be a σ -

additive finite measure on B  such that ( ) 0Vµ >  

for every open set V B∈ . Denote by ( )k t s,  
continuous complex-valued positive definite kernel 
on T  and by ( )j{ t j J}ϕ , ∈  complete orthonormal 

system of eigenfunctions corresponding to system of 
eigenvalues j{ j J}λ , ∈ , 0jλ >  of integral operator 

K ,  

2( ) ( ) ( ) ( ) ( )
T

K t k t s s ds L T Bϕ ϕ µ ϕ µ= , , ∈ , , ,∫
 (1) 

( ) ( )j j jK t t j Jϕ λ ϕ= , ∈ ,  

0
( ) ( ) ( )

1j i jiT

j i
t t dt

j i
ϕ ϕ µ δ

, ≠ ,
= =  , = .

∫  

Consider the generalized random function 

t t TΞ , ∈  in X  with covariance function of the 

form  

( ) ( )R t s k t s A t s T, = , , , ∈ ,  

where A  is positive operator from 

( ) ( )( ) 0L X X Ax x∗ ∗∗ ∗ ∗, , >  for all 0x∗ ≠ .  
Theorem 1. Under forgoing assumptions the 

random function tΞ  is continuous in uniform 

topology of 2( ( ))L X L∗, Ω  and admits 

representation  

( )t j j j
j J

t t Tλ ϕ
∈

Ξ = Φ , ∈ ,∑  (2) 

where jΦ  are random elements from 

2( ( ))L X L∗, Ω  such that j i ji A j i Jδ 
 
 
Φ ,Φ = , , ∈ . 

The sery (2) is uniformly convergent on T  in 

uniform topology of 2( ( ))L X L∗, Ω . The covariance 

function of tΞ  admits the representation  

( ) ( ) ( )j j i
j J

R t s t s Aλ ϕ ϕ
∈

, = ,∑  (3) 

where the sery (3) is uniformly convergent on T T×  

in uniform topology of ( )L X X∗ ∗∗, .   
For the proof note that the representation (2) 

follows from theorem 2.1 in [3]. Now we apply to 
the representation (2) the theorem about 
representations of generalized random functions in 
vector topological spaces (theorem 2, [5]). Then we 
have the representation (2). The indicated 
convergence of the sery (2) in consequence of type 
of convergence of sery (3).  

Example 1. In the case, when  

( ) 0 [ ] 0t sR t s e A t sα α− | − |, = , > , , ∈ − , , > ,ℓ ℓ ℓ  

tΞ  is generalized Orstein-Uhlenbeck process in X  

and  

(1) (2)

0

( cos sin )t j j j j j j
j

B a t C b t
∞

=

Ξ = Φ + Φ ,∑  

where jB  and jC  are some normalization constants, 

ja  and 1 2 3jb j, = , , ...  are roots of equations 

( )j ja a α=ℓ , ( )j jb b α=ℓ  and elements 
( )

2( ( ))i
j L X L∗Φ ∈ , Ω  are such that 

( ) ( )p q
j i pq ji Aδ δ 

 
 
Φ ,Φ = .  

In more general situation tΞ  is generalized 

weakly stationary process in X  with continuous 
time and covariance function of the form  

              ( ) ( )R t s k t s A, = − , 

where k  is real continuous positive definite 
function. Then in accordance with theorem 1 process 

tΞ , [ ]t π π∈ − ,  admits random Fourier expansion 

with random orthogonal coefficients 0 1 2r
k rΦ ,Φ , = ,  

of the form  
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     1 20
0

1

( cos sin )
2t n n n

n

a
a nt nt

∞

=

Ξ = Φ + Φ + Φ∑  

because operator K  with kernel ( )k t s−  has 

eigenvalues n naλ π= , where  

1
( )cos 0 1 2na k t ntdt n

π

ππ −

= , = , , , ...∫  

and two eigenfunctions cosnt  and sinnt  
correspond for the case 1n ≥  to every nλ  and 

eigenfunction 0( ) 1tϕ ≡  corresponds to 0λ .  

In particular, when 2( ) cosk t t=  the 

operator K  has nonzero eigenvalues 0λ π= , 

2 2
πλ =  with corresponding eigenfunctions 

0( ) 1tϕ ≡ , (1)
2 ( ) cos 2t tϕ = , (2)

2 ( ) sin 2t tϕ =  and 

process tΞ  is finite sum with three members. 

Example 2. Let 1[0 ]n n
t i it M =Ξ , ∈ = × , ,

ℓ
ℓ  

1( ) 1n n= ,..., , ≥ℓ ℓ ℓ  be a random function in X with 

covariance  

1
1

( ) ( ) ( )
n

i i n
i

R t s min t s A t t t
=

 , = , , = ,..., , 
 
∏

1( )ns s s= ,..., .  

This function is generalized Chentsov-
Wiener field on 1nM n, >

ℓ
 with orthogonal n -

dimensional increments and in case 1n = , when 

tΞ  is Gaussian, is generalized Brownian motion 

in space X . tΞ  has the representation  

12 2
n

n

t nπ

 
  
 

...
Ξ = ×

ℓ ℓ

1

sin(2 1) 2

(2 1)n

n
r r r

j
rj Z r

j t

j

π

+ =∈

 + /× Φ , + 
∑ ∏ ℓ

2( ( ))n
j j i ijt M L X L Aδ∗  

 
 

∈ ,Φ ∈ , Ω , Φ ,Φ = .
ℓ

 

 
Example 3. Let n

t t MΞ , ∈
ℓ

 be random function 

in X  with covariance  

1

1

( ) [ min( ) ]
n

r r r r r r
r

R t s t s t s A−

=

 , = , − . 
 
∏ ℓ ℓ  

Then tΞ  admits the representation  

2
1

1

2 1
sin

n

n

n
n r r

t jn
rj N r r

j t

j д

π
π =∈

...  
Ξ = Φ , 

 
∑ ∏ℓ ℓ

ℓ
 

2( ( ))n
l j j i ijt M L X L Aδ∗  

 
 

∈ ,Φ ∈ , Ω , Φ ,Φ = ,
N 1 2{ }= , ,... .  

When 1 tn = , Ξ  is "stochastic bridge" on 

[0 ],ℓ  and Brownian bridge if tΞ  is Gaussian, 

when 2 tn = Ξ  is "stochastic sheet" on 2[0 ],ℓ  

and Brownian sheet in X  if tΞ  is Gaussian.  

3. Discrete representations of basic type 

The discrete representation of basis type for 
generalized random function t t TΞ , ∈  (T  is 

nonempty set) in space X  is expansion of the form  

( )t j j
j J

t t Tα
∈

Ξ = Φ , ∈ ,∑  

where j{ j J}Φ , ∈  is system of elements from 

2( ( ))L X L∗, Ω  and ( )j{ t j J}α , ∈  is corresponding 

set of numerical functions, and expansion is unique 
(i.e. for given jΦ  functions ( )j tα  are defined by 

unique way or for given ( )j tα  elements jΦ  are 

defined by unique way).  
Example 4. Let q q QΞ , ∈  be a continuous (in 

strong topology of 2( ( ))L X L∗, Ω ) homogeneous 

random function in X  on compact homogeneous 
space Q  with compact transformation group G , i.e. 

E q constΞ =  and for all g G p q Q∈ , , ∈  

( ) ( ), ,R gp gq R p q= . Then qΞ  admits expansion 

with respect to system of spherical functions 
( ) ( ) 1 1 1 2ij{ q i d j r }λ

λ λψ λ, = ,..., , = ,..., , = , ,... on Q :  

( ) ( )

1 1

( )
d r

q ij ji
i j

q q Q
λ λ

λ λ

λ
ψ

= =

Ξ = Φ , ∈ ,∑∑∑  (4) 
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( ) 1
2( ) ( ) ( )( )ij ij qijQ Q
dq q dqqλ λλ ψψ

−

Φ = Ξ ∈| |∫ ∫
2( ( ))L X L∗, Ω ,  

where dq is G -invariant measure on Q  and last 
integral is interpreted in strong sense. 
Representation (4) has many realization for 
different types of compact homogeneous spaces 
and compact groups (see [3], [6]).  

In particular, when Q  is sphere 2S  in 3R  with 

center in 0  with spherical coordinates of the points 
( )θ ϕ,  and G  in rotation group (3)SO  the 

homogeneous random field θ ϕ,Ξ  on 2S  has the 

expansion  

0

( ) ,m
m

m

Yθ ϕ θ ϕ
∞

,
= =−

Ξ = , Φ∑ ∑
ℓ

ℓ

ℓ

ℓ ℓ

 

where ( ) 0 1m{Y m }θ ϕ, , = − ,..., ; = , ,...ℓ
ℓ ℓ ℓ  is the 

system of spherical harmonics on 2S  and  

2( ( ))m L X LΦ ∈ , Ω ,ℓ  

[ ] ( )k
m j mj k m mF F L X Xδ δ ∗ ∗Φ ,Φ = , ∈ , ∗ ,ℓ

ℓ
 

( ( ))( ) 0mF x x x X∗ ∗ ∗ ∗≥ , ∈ .  

 In the case of homogeneous field tΞ  on 

sphere 1nS −  in nR  with center in 0 with respect to 

rotation group ( )SO n  tΞ  has representation in the 

form of sery with members which are products of 
hyperspherical harmonics  

1 3 2 1 2( )
n nm m m nY θ θ ϕ

− −, ,..., ,± −, ..., ,
ℓ

 

2 3 10 1 2 0 n nm m m− −= , , ,..., ≤ ≤ ≤ ... ≤ ≤ℓ ℓ  

and random elements  

1 3 2 2( ( ))
n nm m m L X L

− −, ,..., ,±Φ ∈ , Ω
ℓ

 

with covariance operators which are depends only on 
ℓ  ( there 1 2( )nθ θ ϕ−, ..., ,  are spherical coordinates of 

point from 1nS − ).  

Now suppose that set T  is endowed by σ -
algebra of subsets A  with finite measure µ  on A . 

Let t t TΞ , ∈  be a random function in X  with 

covariance ( ) ( )R t s k t s A t s T, = , , , ∈ , where 
positive definite kernel  

2( ) ( )k t s L T T A Aµ µ, ∈ × , × , × .  (5) 

If ( )j{ t j J}ϕ , ∈  and 0j j{ j J}λ λ, ∈ , >  are 

orthonormal system of eigenfunctions and system of 
corresponding eigenvalues for integral operator K  
of the form (1) in 2( )L T A µ, , , then  

( ) ( ) ( )j j j
j J

k t s t sλ ϕ ϕ
∈

, = ,∑  (6) 

where sery is convergent in 2( )L T T A Aµ µ× , × , × .  

Suppose that elements of the set J  is numerated 
in order of decreasing of jλ  with taking in account 

of corresponding multiplicity. Consider elements  

2( ) ( ) ( ( ))j j sT
s ds L X Lϕ µ ∗Φ = Ξ ∈ , Ω ,∫  

It is easy to see that  

( )j i ji j t j j jA t Aδ λ λ ϕ   
   
   
Φ ,Φ = , Ξ ,Φ = .  (7) 

Now consider the approximation of tΞ  by the sums 

1
( )

nn
t j jj

tϕ
=

Ξ = Φ∑ . For every x X∗ ∗∈  we have  

2
E n

t tx x∗ ∗ =| Ξ − Ξ |  

2

1

( )( ) ( )
n

jj
j

tk t t Ax xϕλ ∗ ∗ 
 
 

=

 
| |= , − . 

 
∑  

Then using (6) we obtain that  

2
E ( ) 0n

t tT
dtx x µ∗ ∗ →| Ξ − Ξ |∫ when n → ∞  (8) 

(for comparison, see [3]). Hence the following result 
is true.  

Theorem 2. Let t t TΞ , ∈  be a random function 

in X  for which the assumption (5) take place. Then 

tΞ  admits the representation  

( )t j j
j J

t t Tϕ
∈

Ξ = Φ , ∈ ,∑  

where 2( ( ))j L X L∗Φ ∈ , Ω  satisfy the relations (7) 

and sery is convergent in the sense of relation (8).   
Let T  be a nonempty set and ( )k t s,  be a 

complex-valued positive definite kernel on T .  
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Theorem 3. Let t t TΞ , ∈  be a random function 

in X  with covariance ( ) ( )R t s k t s A, = , . Then 

there exists such system of complex-valued ω -
independent (in Krein’s sense, see [7]) functions 

( )j{ t j J}α , ∈  onT , which defined up to unitary 

transformation, that  

( ) ( ) ( )j j
j J

R t s t s A t s Tα α
∈

, = , , ∈ ,∑  (9) 

2( ) ( ( ))t j j j
j J

t L X Lα ∗

∈

Ξ = Φ , Φ ∈ , Ω ,∑  (10) 

where non more than countable summands are 

nonzero and i j ij Aδ 
 
 
Φ ,Φ = . The sery (9) us 

convergent in uniform topology of ( *, **)L X X  

under every t s T, ∈  and sery (10) is convergent in 

uniform topology of 2( ( ))L X L∗, Ω  under every 

t T∈ .  
For the proof we first of all note that expansion 

(9) is consequence of Krein expansion for kernel 
( )k t s,  (see [7],[3]). Then expansion (10) may be 

obtained by application of theorem 2 from [5] to 
expansion (9). Indicated convergence of sery (10) 
follows from type of convergence of sery (9).  

Example 5. Let kernel ( )k t s,  admits the 
Karhunen factorization  

( ) ( ) ( ) ( )k t s f t f s dλ λ µ λ
Λ

, = , , , ,∫  (11) 

where 2( ) ( )f t L A µ,⋅ ∈ Λ, ,  (there µ  is positive 

measure on measurable space ( )AΛ, ). Denote by 

( )j{g j J}λ , ∈  an orthonormal base in 2( )L A µΛ, , . 

Then we have representations (9),(10) with the 
functions  

( ) ( ) ( ) ( )j jt f t g dα λ λ µ λ
Λ

= , .∫  (12) 

In particular, for random field 

[0 2 ]nn
t t M πΞ , ∈ = ,  in X  of example 2, using the 

representation ( )k t s,  with help of indicator function 

( )1 n

t
Mλ λ, ∈  of parallelepiped 1[0 ]n

r rt=× , ,  

1( ) n
nt t t M= ,..., ∈ of the form 

2 ( )
( ) (1 1 ) nt s L M

k t s, = , ,  we have that  

2

1

(1 )
(2 )

r r
n

n

ij tn
n

t j
rj Z r

e
t M

ij
π −

=∈

−Ξ = Φ , ∈ .∑∏  

Example 6. When in representation (11)  

1
12
2 1

2

3
2

1
2

2 ( ) 1
( ) ( )( )

( ) (2 2 )

h
hh h

f t t
h h

λ λ
λ

−
− Γ −, = −− Γ + Γ −  

31 1
2 2 2

1
( ) (0 1)( )

2

th h hh u du hu
λ

λ λ− − − − − , ∈ , ,− 
∫  

the mean E 0tΞ ≡  and  

( )min( )

0
( ) ( ) ( )

t s
R t s f t f s d Aλ λ λ

,
, = , , ,∫  

then process tΞ  is generalized fractional Brownian 

motion in X  with Hurst index h  if it is Gaussian. 
For process tΞ  the representation (10) is true with  

0
( ) ( ) ( ) [0 ]

t

j jt f t g d j J tα λ λ λ= , , ∈ , ∈ , ,∫ ℓ  

where ( )j{g }λ  is orthonormal base in 2[0 ]L ,ℓ .  
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