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Buguaecmovcs nowaposa ma mononoeiuna The layering and topological equivalence of

eksiganenmuicmos M-hynxyiti na ososumipnomy | m-functions on the two-dimensional disc are
oucky, wo  eksieanenmna  mononoziyniti | Studied,which is equivalent to the topological

kaacugpixayii  eexmoproco  noas  kocoeo | classification of gradient vector field oblique
epadienma sgrad f. sgrad f.
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KpumuyHuMuy mouxkamu, wo 3adaroms nowapogy | points that asks layered equivalence are
eKBIBANCHMHICMb, MA HANUCAHO A2OPUMM O constracted and an algorithm to construct two
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I ntrodution was possible to build a layered and arbitrary
LetM is a closed two-dimensional manifoifl- topological classification of Morse function§or
smooth function onM. Consider the Hamiltonianmanifolds with boundary analogue of Morse
dynamical system, given by the equatiofunctiors is m-functions. It is a functigim which
& _ sgradf(x), x € M. Then its trajectory lying all critical points are nondegenerate and suchttteat
ae restriction of the function on the border is a Mors

on the components of the line-level functigh , ; _ _
nction. Topological properties of m-functions

These components are called layers, ™. .
Homeomorphism surface reflecting layers on Iayeﬁalf’d'ed. in the__vvor_ks of S. Maksymenko for
called layers equivalence. Thus, the Iayer(lzg‘()o'Og'.Cal cla_35|f|cat|on of m-functions used grap
classification function sets the topological'lth an involution.

classification of Hamiltonian dynamical systeris T_h_e a_im s to comp!ete layering and _topolo_gical

. ) " classification of m-functions on the two-dimensibna
general function can be quﬂe_: complex strl_Jc_tur s5c, which is equivalent to the topological
However, the set of all functions can be ‘?"V.'d assification of gradient vector fieldf oblique
into open everywhere dense subset conS|st|ngS&fS

simple Morse function¥onrod A. and G. Rib for adf. The objective of thevork is to construct
research functions have filled graph obtained froRlbs graphs ofm-functions with n critical points

the surface after charaina each laver to the poi at asks layered equivalence and write an algarith
> S . ging yer | € PO construct two topologically non-isomorph graphs
This graph is a complete topological invariant Q

. ! . at asks topological equivalence.
simple Morse functions. For arbitrary Morse polog q

functions except this column should additional 1 Basic nations
information P We consider alin-function, in which there are

In the work O.V. Bolsinov and A. T. Fomenk no internal critical points, but there are onlticsl

. o Opoints on a border.
proposed layered neighborhoodf critical level to a is a regular value of the functiom, is a

call atom and Rib's graph, in which vertices qiitical value of the function.

correspond to atoms and edges correspond  Arpitrarily small movements of thes-function
components of atomdo call molecule Then it can achieve that at each critical levelthe set of
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points x, for which f(x) =¢, lying exactly one That is, for each of the two atoms have two

critical point. In other words, the critical poirtisat cases:

were on the same level, can be made to lying on 1) the gradient field directed inward,;

nearby level. 2) the gradient field directed outward.
Definition: m- function which has exactly one

critical point in each level is called simple. = E T E %
Let f is m-function on the two-dimensional  — | ‘

disk. Consider an arbitrary segment lefiet(a) and

its connectivity components that are called layAss. 2 Preliminary results

a result, the disk is partitioned in associatioyeta Theorem (about atom B)For any point which

and get a bundle of features. Got a space [ByEOr s not a local extremum ofm-function exists a

m- function space is a graph. homomorphisng,which reflecting the neighborhood
Definition: Graphl is called Rib's graph afi- of this point (region G) on the standard area

function f on the two-dimensional disk. Vertex of p = {x,y |x2+(y—1)2=1, x€[-22], v €

Rib’s graph is called finite if it is the end ofatly [—1,1]}.

one edge of the graph. All other vertex is called

internal. Proof. Consider the region
Let f ism-function on two-dimensional disk p = {x,y |22+ (y —1)2=1, x €[-22], vE

such thatf: ¢ — R. Let g is the othein-function on [—1,1]}

the other  two-dimensional diski such that | is shown at the picture 4.

g: H— R. Consider the question of equivalence «

two m-functions. Consider the paili,f) and T D

G
(HJ ,Eﬂ ;—1 o TE J—L‘H—r‘
Definition: The functions f,g on the Z)X ﬁ }—\ o ma

' Dy

2 F
corresponding two-dimensional layer discs will b A 7/“// — -
called equivalent if there exists a diffeomorphisi A
A:G — H, which switches connected components

level lines of f in connected components of leve Picture 4. Regione D and region G.

lines functiong. : . ; : :
o T i 19, e g ek e o s
- L __ 1 [ 1 - — =1 .
topologically ~ equivalent  if  there  are ' | [N S?, xz =1 (f() N oM.
homeomorphismsh: ¢ — H,k: R—+ R, for which
there is equalityf =« h = h'= g. _
If @ is a regular value, then the correspondirfgordinatey’ gety”’ = -
line level is a segment. These segments are For each x' and ¥° we know, that
rearranged when passing through a particular eivel{x, y|(x")* + (y' — 1)? = 1} are the points from the

function. _ border, therefora’ = +,/1 = (y" = 1)°.
Atom 4: neighborhood of local extremum of Let divide the regio-nE into 4 regions

function. Gy, G4, G5, Gy, cOrresponding to quadrants of the

planegXxy.
Picture 1. Atom A and its Rib’s graph

Picture 3. Atoms A A,, By, B,

)

Construct a homomorphism that will translate
the pointM(x, y) into the pointM'(x",y') € D. For

¥—flxo, ¥o)

First, let consider | the quadrant, scilicet region
Gy. Therefore herex’ = /1 —(y" —1)% reflected
on D;. Hence we obtaig ; = /1 — (' — 1) Then

_ emum o = ;::H (2 —x1)+x,
the 1 Next, consider the second quadrant, that is the
Et 'E( N S region that reflected onD, (standard region).
. = ( ConsiderM(x, v) € G, located at the leve}, where
E ) xy = FHF))INSY, x, = FI(F(x)) N M is the

Picture 2. Atom B and its Rib’s graph end of a level, which belong tas,. Then
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y'= ey e 2 5 That got the corresponding atomsty, 4, 43,4, The resulting

p(xsxa) graph will be called a moleculw'.
The concept of simple molecules actually no
erent from Rib's graph for simpta — function,
but for complexm — function, molecule will carry a
) ' more information than Rib's graph. Consider adinit
For fourth quadrant gety’= ~—» connected graph with vertices of degrees 1,2 and 3.
= 2% o (—2— %) + x,. Theorem is proofed. In €ach vertex of multiplicity 1 place the atefpA,
_I:"H““ﬂ bout atom A). F int of (depending on the minimum or maximum). At each
eorem (about atom A). For any point o vertex of multiplicity 3 we putB,, B-.

local extremum ofm — function exists 21 Laversequivalence of e — functions
homomorphismys, reflecting the neighborhood of : yers et : u :
Theorem (implementation for layering

this point by the standard area equivalence) For each moleculeW exists a

c =|E.x',}'|f.r‘ :“ 5} E 1I)d =1 }-hE (0,113 " that function that defines this molecule up to a layer-
rool. Let bulid a homomorphism that o i alence.

translates regiog into the regiorc. Proof. Consider the moleculé@y’, which is
embedded irk?. Consider the neighborhood of the

formulas of transition.
For the third quadrant have the following formutds diff
transition:y’ = L0 Yol o Plxaml L 5y

5 T ool s

¥y—flxo }'n]

ﬁﬂ molecule and the function of the height
2 G £ N f{x,1)=}
T ol 4 —— So, to get a function that sets this molecule, we

use the following. We divide the molecule under
the following simple molecules (picture 6).

Picture 5. Region C and Region D. v /\ T ]/

penne mis nomomorpnism separately 1or e
coordinatesy and x. For example let considerate

point N(x,y) € G, which translate into the point  These four cases are considering getting a small

N(x',y')EC. ) neighborhood of the vertex of the molecule that is
Let considerate distancp.ﬁxl,xzj andp[xll::;]. incident to three edges. In particular, the lagi tva

The picture shows that the first distance is greagmall neighborhood of a vertex that is incidenbbe

plxaxs) edge.
than the second. Then plxsx) =1 lLet Then have the following four parts (picture 3)

x,=+1—(y—1)¢ — points fromac, then we corresponding m— function m- function

obtain the formula of the transitiow into x": Constraints per atom). o

o plxyxs) Indeed, a molecule tells us that of which pieces
" olxox) we need to stick together border cf-function,

r ¥ (moYe) | hara Flxo,vo)- value of the which components of its border should be taken.

Yy =7 :
function at the critical point. Theorem is proofed. Thetl)jrgf?:“lt?orr)]r.occ\(lag. say that graphs are layers

Theorem. Any simple atom coincides with th?somorphic if for each vertex from the fact that

atomAlvAnglyBg. - R . S L r
Proof. There are two cases: either the point /4% < f(x;) implies that  f(x}) < f[rﬂ,-]lthe

local extremum or not. So then we get 4 cas&dges haye the same monotony. A similar definition
Consider the case when the point is a lodQr layers isomorphic molecules. _
extremum, then the vector directed either inward or De€finition: We say that graphs are topologically
outward. Then the previous theorem showed that tiigmorphic — if for  every vertex
object is homeomorphic standard field and thdcéxu.":‘)_ =f‘~_x:-,‘t"e) =Y: A similar definition for
coincide respectively with the corresponding atorfPologically isomorphic molecules.
A1 A, B; B, Theorem is proofed. Theorem (Layered equivalence  of
Let 7 is a simplem — function on two- ™ —functions) Let W(g, f) and W(H,g) — simple
dimensional disks. Consider its Rib’s grapin. Its Molecules of two simpla: —functions on the two-
vertices correspond to the critical layessfunction. dimensional disk<s i H. If the molecules are layers
Let's replace neighborhood of these vertexes with

Picture 6. Simple molecules.

-(1—==x,)+x,. For coordinates y :

23



Bicnux Kuiscokozo nayionanwvrozo ynigepcumemy 2013, 4 Bulletin of Taras Shevchenko
imeni Tapaca Illesuenka National University of Kyiv
Cepisi (izuxo-mamemamuyni HayKu Series Physics & Mathematics

isomorphic, the functions f and g are layers

equivalent. Al Al
Proof. Consider two molecules F and G (Picture "
7) are isomorphic, exists homomorphism that transit ‘ K
a vertexea into vertex a', b into vertexh'. o i
\ / [
t 7 \: F2 ;" I‘l Gz
: “-\ A — " \ Picture 10. Some parts wifunction.
5 - i i tiea e v rave mune i oo wnCEP
: i o homomorphisny: K; — K,. Let construct it.
3 < < Placek, in the coordinate plane. And transits it
; on the standard square
Picture 7. Molecules F and G. E = {(x,»)\x € [0,1],y € [0,1]}(pic.11)
Consider the functionfandg. For each i
vertex we have a molecule corresponding (picture £
to the extremum point of the functiog— a,, 1:%) :
a.l - alr-. '0 G ; Dr
+ - g n ) ‘ )
:, Y - ﬂ = I‘\\\J[/) Picture 1. Region E and ;
s niJ7/ & T We have reflectiony, such asx’ = jﬂt‘:}‘ ,
' w./ NS . =
: \ 4 _ ¥—f(xo¥a) A
T Be- y'="———"", where f(x,y,) is a value of
2 A7\ L | function in this case at the poi(,0), because in
VRN o )
‘ ~ that way we placedk;. So have y,:K; = E.
Picture 8. Corresponding-function for F and G Similarly, ~we obtain y,:K,—=E. Hence
molecules. Y=y1* ]rfz_I: Ky — K. Prove thatp and y coincide

For each such point(a, and a') take a on the border. Studying these formulas

neighborhood, then get atoms homeomorphic to thgmomorphisms, we see that they are given so that
standard atomB,. By theorem about atom B suctin® Stored lengths of proportionality.

homomorphism exists. Let So get a reflection that is layered equivalency.
@y: F, = By, 0:Gy = By. That is, applyingg, y»,¥ in turns according to the
! 'Iﬂthenqpl= @12 0ILE - G type (kind) of the critical point and stick the edget

Similarly, construct a homomorphism to & = @*¥*y - diffeomorphism that is layered

neighborhood of each critical point functiofind equivalency.

) ) Theorem is proofed.
g. The corresponding figures are shown at the 2.2 Topological equivalence of m — function

plctur? % Theorem (implementation for topological
s PN equivalence)For each moleculéy exists a function
) 5 n \ / that defines this molecule up to topological
- P’\ } v/ s equivalence.
s \\- / =W Proof: Consider the moleculew, which is
¢ /I),\l\ } embedded inR*. So to get the function to this
i /O 7 7\ molecule sets, we use the following picture 6.
p / i These four cases we get when considerate a
Picture 9. The neiborhood of critical point. small neighborhood of the vertex of the molecule

Wy Fy =+ Ay, Us: G, = A, Hence we obtain thethat is incident to three edges. In particular, |Hst
reflection W = nw:l F, = G,,that translates atwo - a small neighborhood of a vertex that is
neighborhood of the critical point of the functipm incident to one edge. Then have the following four
the corresponding neighborhood of the critical poiRarts corresponding m-function (m- function

of the functiong. constraints per atom, picture 3).
Consider further parts of molecules that are Indeed, a molecule tells us that of which pieces
shown in the pictures 10. we need to stick border afi-function, which the
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components of its boundary should be taken. For 3 Algorithm of finding number of topological
gettingm —function we need: nonequivalent m —functions.
1) Each vertex placed at their level; The purpose of writing a program is to count the
2) In each of the points we see, which part of tinember of topologically nonequivales#-functions,
molecule, corresponding to the neighborhood of thgich Rib’s graph containing n vertexes.

point; Part 1. Total there are n directions for edges of
3) Draw at this point the restriction e — the Rib’s graph ofn -functions. There is an example
functions per atom; on the picture 13.
4) Knowing how to point, which were connecte 1th direction

1th dirgction  2ndpdirection

on the molecule, for a function that would mez
monotony appropriate.

5) In paragraph 3, we still have only som
fragments of atoms, so now by paragraph
(knowing the monotony), then padts [0,1], where
I — segment of length equal to the number of leve _
between critical points whose atoms we put togeth 4 vertices
For example, the first point is located on thetfiry. . N
level 1, pand the sgcond on the 5th, thg’ﬁcwre 13. Possible directions

2ngdirection T
3rd direction

4th direction

. 4thdirection

3rd ditection

6 vertices n vertices

_ That is, for each vertex we have different
I=[1+¢£5-2] - 7
Function is built. directions and- their opposite directions. For each
Theorem is proofed. edge fix its maximum length that can equal numbers
Theorem (topological equivalence ofm — from 1ton.

function). Let WI(G, f) and W(H,g) — simple Getting = x (n — 1) different edges.
molecules of two simplg:-functions on the two- i

dimensional disksizand H. If the molecules are : " 7

topologically isomorphic, the functions f and g ar i -

topologically equivalent.

Proof: Consider two topologically isomorphic ; ! n.
. . 1 | |
molecules and the corresponding—functions. s 53523?2;5
g
8 r ] . kN
: :
S T N7 1
N A NS
i =g Y ; n -1 length
3 ¥ | - . .
. ; : TI : Picture 14. Possible edges
1 | -' s for
® w X b <Y X

j=1,...,§ (choose from ready edges), add new edge.
An exsample is shown on the picture 15.

S =

Picture 15. An example.

on of the
direction

Exsist homomorphisms  @: F, = G-, \ #
Y: F; = Gy, y: F3 = (3, which when pasting provide /
topologically equivalenin-functions by the theorem

implementation for topological equivalence. Picture 16. An example.
Theorem is proofed.
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And for that edge that we have added select
where it will be situated. So choose one of the 4 Result: number of m —functions

verteces (levels) that still free(Picture 17). The number of layers non-equivalent: -
functions with the appropriate number of critical
. points.
/ “*.\ -\:> 4 critical points — 2 layers non-equivalent -
== / functions;
Picture 17. Possible positions for the edge. 6 critical points — 17 layers non-equivalet -
functions;
Then go from j to j +1 and write these columns g critical points — 134 layers non-equivalent
in the array. -functions.
Part 3. All these graphs have — 1 edges. Next,  The number of topologically nonequivalent

define them —function, which corresponds to thgunctions with the appropriate number of critical
resulting graph. We pass on all graphs defining tpgints.

substitution of «+» and « - ». 4 critical points — 4 topologically nonequivalent
m-functions
6 critical points — 72 topologically
nonequivalenin-functions
8 critical points — 2960 topologically

nonequivalentn-functions.

Picture 18. First step for building-function.
Cnncoxk BUKOPUCTAHUX JIzKepeJT

he 1. A.B.Foncunos, A.T.@omenko.
- ’-I/IHTerppreMbIe TaMWJIHTOHOBEIE CHUCTEMEL.

point (vertex of gr_aph). . . I'eomeTpust, Tomonorus, knaccudpukamus. Tom | —
Then check if the number of vertices, which Wyepcx:  Mapmaremsexkmii oM «Yamyprexuii

avoided is new. If so, add its number in permutatio vy pepncurer», 1999 crp. 68-70.

The vertex is new if program passed it by one o 4.0 puwmax. DxeusanenTtHocTs M-
of the following two ways (an example is on th@yyyiuit na TpexMepHBIX MHOrOOGPA3HAX © YrIaMH
picture 19), when the top has changed to 1)81onopini HAHYNeB, 2000. —¢. 22-26
opposite direction (downward). 3. H.B. Jhxosa-Uyixo, 0O.0O. I[lpuwnsx.

[TomapoBa ekBiBaJeHTHICTh M-DYHKLIN 3araJbHOTO
//)\ Nt MOJIOXKEHHT Ha 3-MHOroBuAax 3 Mexero// JKypHan
Y obumca. Ta npuki. marem. — 2011.- Ne3(106) —
c.114-123.

Picture 19. An example 4. 0.0 Jlpuwnsax, K.OIlpuwnsx, H.B.Jlykosa-
| thedviiko. M-dyHKIii Ha HEOpi€HTOBAHMX MOBEPXHAX//
1e twBypHaln oOuucn. Ta mpuki. matem. — 2012.-

Ne2(108) —.176-185.

5. Sharko V.V.On topological equivalence

Morse functions on surfaces// Proc.International
\T/r( gz\( Conf. “Low-dimensional Topology and
Combinatorial Group Theory”. — Chelyabinsk

Picture 20. An example (Russia), 1996. — P. 19-23.

d set of 6. Prishlyak A.O.Topological classification of
arragmooth functions with isolated critical points on 3

), anfanifolds // Theses of the reports to the 4-th
the international conference on geometry and topology,

appropriate cell fits if realized this permutation Cherkasy, 2001
the corresponding set of «tx - ».

Then based two-dimensional table with those Hanmifimuia 1o pezxorerii 14.04.2013
implemented. Print a table on the screen.
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