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An approach for solving of knapsack
problem with fuzzy priorities

In this paper knapsack problem with fuzzy
priorities of objects to be placed in a knapsack was
discussed and solved. The values are give as the
fuzzy numbers with linear membership function. The
method of solution based on the use of the dual
optimization problem was request. The real
example of fuzzy knapsack problem solving was
given.
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OO0 ogHOM moaxoje K pelIeHUI0 33Ja4 NPO
PIOK3aK ¢ HeYeTKUMH NIPUOPUTETAMH

B cmamve paccmompena u pewena 3a0aua npo
PIOK3AK ¢ HeuemKo 3a0aHHbIMU HpUoOpumemamu
00veKmos, pasmewiaemvix 6 proxzake. Benuuunul
3a0armecs 6 ude HeuemKux 4uceil C JUHEUHOU
@ynxyuetl npunaonesxcnocmu. Ilpeonooicen memoo
pewlenus Ha OCHO8e UCNONIb308AHUSL OBOUCTNEEHHOU
3a0auu ONMUMU3AYUY, NPUBCOCH NPUMED peulenus
PeanbHoU 3a0a4u.
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1. INTRODUCTION

The knapsack problem, also known as the capital
budgeting or cargo loading problem, is a famous
integer programming formulation [1]. The knapsack
context refers to a hiker selecting the most valuable
items to carry, subject to a weight or capacity limit.
Partial items are not allowed, thus choices are
depicted by zero-one \variables. The capital
budgeting context involves selection of the most
valuable investments from a set of available, but
indivisible, investments subject to limited capital
availability. The cargo loading context involves
maximization of cargo value subject to hold capacity
and indivisibility restrictions.

A traditional knapsack problem is attempts to
maximize utility while adhering to a major weight or
cost constraint. In more mathematical terms, there
are n items, with each item j having a cost (weight),
and a value,. The goal is to maximize the sum of the
values while staying within the cost constraint.
There are many variations on knapsack problems.
Binary constraints may be placed on each item
prohibiting dividing up items. Also, multiple other
constraints can be added beyond one major cost
constraint. The knapsack problem has seen a
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number of variations over the years. In its basic
form, the problem is to maximize the value of items
placed in a knapsack without going over a weight
limit. This is the 0/1 Knapsack Problem, defined
more formally as [2]

1)

T=1vix; = Max
subject to

Yrawixg W, x; € {01}, i=1mn, (2
where v; is the value of item’s priority, w; is item's
weight and W is the maximum weight allowed in
the knapsack, j = 1,n.

The knapsack problem is a simple example of a
type of integer programming problem which
frequently in the field of mathematics known as
operations research, and among intensively studies
knapsack problem hard combinatorial optimization
problem, the application of these problems span a
wide canvas from industrial applications and
financial management to electronic commerce and
personal health care. The common flavor in most of
these problems is resource allocation. The allocation
of specific amount of a single resource among
competitive alternatives is often modeled as
knapsack problem or its variants with, in addition,
the unknown or fuzzy coefficients of objective
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function. Usually we may to know only some
approximation of these coefficients. In this case the
values of coefficients may be considered as the
fuzzy numbers, for example in triangle form. We
obtain the knapsack problem with fuzzy coefficients

¥ ,j = 1,n, of objective function as next:

Yi=19x; > Max (3)
subject to .
Tawix, W' i=1m, (4)

x; €{0,1}, j = 1,n,
where ¥, j = 1,n, -the fuzzy numbers which

describe the unknown priority values of items j,
j =1,n. The item's weights and the maximum
weight of the knapsack are define by vectors
w; = (W), cowMTand W = (W1, .., w™)T
respectively, j = 1,n.

The task above is linear optimizing problem with
fuzzy objective function and integer variables. The
method of linear programming problem solving with
fuzzy right-hand side (resources) was considered in
[3]. We apply this method to our task (3), (4).

2. GENERAL INFORMATION

The General fuzzy single-objective Linear
Programming Problem when constrain goals are
triangular fuzzy number (TFN) may be written as
follows:

Yi=16xj > Max (5)
subject to
Yj-1aij% = by, 1I<i<my,
Yj-1ai%; < b, m+1<i<my,,
Yioiayx = b, my+l<i<m,
xji=20,1<j<n

The problem (5) becomes with the extreme
tolerance as :

Z}‘zl cjxj » Max (6)
subject to
Z;’l:l Clinj = bi - blo,
2}1:1 aijxj < bi + b{),
Yi=1ajxj = by — by,
Z;’l:1 Clinj < bi - b{,
xi=20,1<j<n

1<i <my,
my+1<i <my,
my+1<i <ms,
my+l<i<m,

Fuzzy values b, , i = 1, m, are considering as [4]
- Left Triangular Fuzzy Number (LTFN):
b,=(b; — b?,b;, b)) or b= b;—b? +Ab?, 1<i <
my, with tolerance b{(< b;) for ¥, a;x; = b, ,
1<i<mg;
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- Right Triangular Fuzzy Number (RTFEN):
b,=(b;, by, b; + b?) or b= b; + b? — Ab?, my+1<
i < m,, with tolerance b? (> 0) for X7, a;;x; < b,
m+1<i<my;

- Triangular Fuzzy Number (TFN):

b, = (b; — b}, by, b; + bT) or  b,=b; — b} + b},
b,=b; + bl — Ab], m,+1<i <m, with tolerances
bl(< b)), b[(>0)for Ya;xi=b,, my+l<i<
m.

Let L and U be the lower and upper bound for
objective function:

n n
*1 *0
j=1 j=1
where x]fo, X, j=1,n - optimal solutions of task
optimization (5) with Triangular Fuzzy values b, ,

1<i<mfor =0 and A =1 respectively.

When the aspiration levels have been obtained,
we form a fuzzy model which is as follows:
find x;, 1< j < n, so as to satisfy

Z >, (7)
§=(L,U,U), §=L+AU-L),
or Z <3, (8)

5=(L,L,U),§=U—-AU-L),

Yioja;x; = b —b) + b}, 1<i<m,
Yioya;x; <bg + b — AbY, my+1<i < my,
Z?:l QijX; > bi — bll + Abil,
Yioia;jx; < by + b] — Ab], m,+1<i<m,
x;=20,1<j<n

The membership functions for fuzzy constraints
(7), (8) are defined as:

( n

0, if ZC]'JC]' < L,
j=1
21]?=1 C]'Xj - L =
Ue(x) =< — Jif L < Zijj < U,
U-L =t
n
1, if ZC]'X]' = U,
\ j=1
or
n
1, if Z ij]' < L,
j=1
U-Y"_, cix; =
‘uG(x):< Uj_lLJ ],lfLS ZCJ'X']'<U,
=1
n
O, if ZC]'X]' = U,
j=1
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for the i-th constrain F; ,1 < i < my,
( n
0, if Zai]-x]- < bi - blo,
=1

Z?=1 aijx]- - bi + blo
b '

e, () = n
if bi - blo < z ai]-x]- < bi'
j=1

M=
2
=
.
1\

j=1

for the i-th constrain F;, m; + 1 < i < m,,

n
1, if Zaijxj < bi'
=1
bi + blo - Z;’l:1 Clinj
b} '
i, () = n
if bi < Zaijxj <bi+bi0,
j=1
n
0, if Eai}-xj > bl+blo,
_J=1
for the i-th constrain F; ,m, + 1 <i <m,

n
( 0, lfz:aux} <bi—bll,
j=1

n l
j=1 al'ij - bi + bi
l
bi

)

n
if b; — b! < z ayx; < by,
j=1
b; + b{ — Yi-; a;jx;
b7 ’

n

pi; () = 4

if bi < Zaijxj <bl+b{,
j=1

n
0, if Zaijxj > bl+b{
j=1
Using the max-min operator (as [4]) crisp

linear programming problems for (6) is formulated
as follows:

A - Max
subject to (for example)

(9)

Z}l=1 CjX;j +/1(U - L) <U,
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Yioicx;—Ab) 2 by — b ,1<i<my,

foicxp +Ab) < b +b), my +1<i<m, (10)
¥, cixj — Abt > b; — b},
Z}‘:lcjxj +Ab] <b;+ Db}, my;+1<i<m,
0<1<1,x20,1<j<n.

Suppose that the tolerance of constraints on
resources are independent and can be formalized
in the form of inequalities with different
parameters A; € [0,1],1 <i <m,

Yi=16x tAU—-L)<U,
Z}‘:laijxj >b; — blp + )LibL-O, for 1<i<my,
Yioiaix < by + b — A;b) formy +1 < i <my,
Y.y aijx; = b; — bl + A;b], (11)
Z}‘:lai}-xj < b; + b] — A;b], for my+1<i < m,
04 <1,1<ismx;=>0,1<j<n.
In this case we must add m inequalities

A< A, 1<i<m. (12)

Finally the optimization problem with Triangular
Fuzzy Numbers and different A; (see [5]) may be
written in form (9), (11), (12).

3. DUAL APPROACH
By using dual linear programming problem [6]

for initial task in form (3),(4) we rewrite a new
optimization model with fuzzy right-hand side

n W'y - Min (13)
subject to
SR wiy, =9, j=1n, (14)
y;i =0,i=1m,
where 7, j=1,n, w; = (W-l, ...,ij)T, j=
=1n W=W? .., W™T are the values

which were define in initial task (3),(4).
For this model we apply method described in
part 2 and find the optimal solution.

4. THE RESULTS

Let we consider the fuzzy knapsack problem in

the following form [6]:
f(x) =170 x; + 1300x, - Max

subject to
5.04 x; + 96 x, < 2484
24.48 x, + 350 x, < 753.1
216 x; + 16 x, < 48.1
150 x; + 944 x, <2896.9,x; €{0,1},j = 1,2.

(15)

(16)

By using dual we obtain the following model
f(y) - Min, a7
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subject to
5.04 y; + 24.48 y, + 2.16 y; + 150 y, = 170,

96y, + 350y, + 16 y; + 944 y, = 1300,
y; 20, j=14,
where fuzzy values 170, 1300 are the triangle fuzzy
numbers which define as 170 = 170 + 104, with
b} = b7 =10, 1300 = 1300 + 1001, with b} =
=b} =100, 0< A; <1,i =12
The lower and upper bounds for objective
function are L=3366.24 and U=3858.56. According
to (11) the model become:
A = Max

(18)

(19)
subject to
248.4y; + 753.1y, + 48.4y; + 2896.9y, —
—(3858.56 — 3366.24)1 = 3366.24,
5.04y; + 2448y, + 216 y; + 150 y, <
<180 —-10 44,
504y, +2448y,+216y;+ 150y, >
> 160+ 104, ,
96y, +350y, + 16 y; + 944y, <
<1400 —-1004, ,
96y, +350y, + 16 y; + 944y, >
> 1200+ 1004, ,
A=A 0<1<1,i=12,y20,j=14
The optimal solution of this task is
v, =0,y,=1112,y, =0,y, =0929,1 =
=1, =1, =0.667 and f(y) = 3530.4 .
Check all constraints (20) for this solution. We
obtained five corresponding unequalities
3694,617 = 3366.24,
166,67 < 173.33,
166,67 = 166.67,
1266,7 < 1333.3,
1266,7 = 1266.7,
which are correct. By dual theorem f(y) > f(x)
and value 3530.4 is the maximal level of objective
function (15).
The task (17), (18) with crisp constraints
504y, + 2448y, + 216 y; + 150y, = 170,
96y, + 350y, + 16 y; + 944 y, > 1300,
was solved in [7] using the unfuzzy method. The
optimal solution was y; =1, y, =0.958,y; =
0,y, =0.999 and the objective function value
f(y) = 3864.98. This result is comparing with
solution which was obtained by approach based on
traditional fuzzy optimization model (9),(10) with
one parameter A. In this case optimal solution was
y, =2902, y, =0, y;=0,y, =1.128 and
value of objective function was f(y) = 3988.25. As

(20)
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can be seen from the solution leeway has been
provided with respect to all constraints and at
additional cost of 3.2 percent.

Using our method we obtained the upper
bound for optimal value of knapsack objective
function with fuzzy priorities by using dual
approach and modified the solving scheme for
fuzzy linear optimization problem which can
give better solution than the traditional fuzzy
solution.
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