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Introduction 

Applications of algebraic models for information 

transformation settle down that elaboration of 

combinatorial schemes intended to compute the 

number of objects determined over rings is actual 

problem. Due to the approach generally accepted in 

Modern Combinatorics [1] it is naturally to present 

these combinatorial schemes via mappings of some 

abstract set in factor-rings of considered ring. 

In [2,3] it was investigated some relation between 

sets of mappings of an abstract set S  in complete 

residue systems determined by pair-wise coprime 

elements maa ,,1   )( Nm  of a Dedekind ring 

),,(  KK  and sets of mappings of the set S  in 

complete residue system determined by the element 




m

i
ia

1

. Proposed scheme was determined as follows. 

Selecting any single element in each coset of the 

quotient set )(/ aK  )( Ka  (where )(a  is principal 

ideal of the ring K  generated by the element a ), we 

get complete residue system )(MOD a .  

By  ab  mod  ),( Kba   it is denoted the 

element )(MOD ac , such that b  и c  are elements 

of the same coset of the quotient set )(/ aK . 

Let 

)}(MOD:|{)( iia aSffSF    ),,1( mi   

and 

})MOD(:|{)(
1





m

i
iaSffSF . 

For any fixed subsets )()(ˆ SFSF
iaia   ),,1( mi   

we set 

)}(ˆ|)({)(
~

mod SFfSFfSF
iaiaia  , 

where mapping 
iafm od  ))(( SFf   is determined by 

identity 

 iia asfsf  mod)()(mod   )( Ss . 

The following theorem holds. 

Theorem [2,3]. For any set S  and pair-wise 

coprime elements maa ,,1   )( Nm  of a Dedekind 

ring K  there holds the identity 

|)(
~

|  |)(ˆ|
11

m

i
iaia

m

i

SFSF


 .                    (1) 
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If all sets )(ˆ SF
ia  ),,1( mi   are finite then 

identity (1) can be rewritten in the form 

|)(
~

|  |)(ˆ|
11


m

i
ia

m

i
ia SFSF



 .                 (2) 

It was established in [2,3] that identity (2) can be 

applied to combinatorial analysis of mathematical 

structures determined in terms of commutative-

associative rings with unity or in terms of number-

theoretic structures, used in applied problems of 

information transformation. 

In the given paper it is investigated some general 

combinatorial scheme elaborated for associative-

commutative ring (not necessary with unity), such 

that above described scheme is its special case. All 

algebraic notions that are not determined are the 

same as in [4-6]. 

The rest of the paper is organized in the following 

way. In chapter 1 necessary basic notions are 

determined and investigated. Main result is presented 

in chapter 2. The last chapter consists of some 

conclusion remarks. 

1. Preliminary results 

Let ),,(  KK  be any associative-commutative 

ring and KI  be the set of all ideals of the ring K . 

The ideal 21 II   is the least common multiple of 

ideals 1I  and 2I . It is well known that inclusion 

2121 IIII                            (1) 

holds for all KI21, II . 

Proposition 1. In any associative-commutative 

ring K  inclusion 

3121321 )( IIIIIII                     (2) 

holds for all KI321 ,, III . 

Proof. Let K  be any associative-commutative 

ring and KI321 ,, III . 

Inclusion 232 III   implies that inclusion 

21321 )( IIIII   holds, and inclusion 332 III   

implies that inclusion 31321 )( IIIII   also holds. 

Inclusions 21321 )( IIIII   and 31321 )( IIIII   

imply that inclusion (2) holds. 

Q.E.D. 

Proposition 2. In any associative-commutative 

ring K  for any integer Nm  )3( m  inclusion 


m

i
i

m

i
i II

11 

                           (3) 

holds for all KImII ,,1  . 

Proof. Let K  be any associative-commutative 

ring, Nm  )3( m  and KImII ,,1  . 

We prove inclusion (3) by induction. 

Let 3m . Inclusions (1) and (2) imply that 

 3121321321 )( IIIIIIIIII  

3213121 )()( IIIIIII  . 

Suppose that inclusion (3) holds for all 

integers nm ,,3 . Then 


m

i
i

m

i
i II

11 

   ),,3( nm           (4) 

Let 1nm . Inclusions (1) and (4) imply 

that 

 









 1
1

1
1

1

11

)()( n

n

i
in

n

i
i

n

i
i

m

i
i IIIIII   


m

i
i

n

i
in

n

i
i IIII

1

1

1
1

1

)(









 . 

Q.E.D. 

Corollary 1. In any associative-commutative ring 

K  for any integer Nm  )3( m  inclusion 


m

i
i

m

i
i II

11 

   )2,(  mm N             (5) 

holds for all KImII ,,1  . 

Proof. If 2m  then (5) is turned to (1). If 3m  

then (5) is turned to (3). 

Q.E.D. 

Quotient set IK /  )( KII  treated as a partition 

of the set K  would be denoted by ),( IK , i.e. 

)),(( IKyx   if and only if )(mod Iyx  . 

Remark 1. Thus we get }|{),( KaaIIK   

)( KII . It is worth to note that ),(),( 21 IKIK    

if and only if 21 II  . 

We set 

}|),({ KK IP  IIK . 

The set KP  can be characterized in the following 

way. 

Lemma 1. In any associative-commutative ring 

K  for all Nm  inequality 





m

i
i

m

i
i IKIK

11

),(),(                  (6) 

holds for all KImII ,,1  . 

Proof. Let K  be any associative-commutative 

ring, Nm  and KImII ,,1  . 

If 1m  then inequality (6) is turned to inequality 

),(),( 11 IKIK    and it holds for all KI1I  

Let 2m . For any Kyx ,  we get 

)(mod )),((
11





m

i
i

m

i
i IyxIKyx  .    (7) 

Since 
m

i
i

m

i
i II

11 

  then 
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


 )(mod )(mod 
11


m

i
i

m

i
i IyxIyx  




))(,,1( 
1

i

m

i
i IyxmiIyx   

 ))(mod )(,,1( iIyxmi   

 ))),(( )(,,1( iIKyxmi   





m

i

IKyx
1

)),((  .                  (8) 

Formulae (7) and (8) imply that inequality (6) 

holds. 

Q.E.D. 

Corollary 2. In any associative-commutative ring 

K  for all Nm  identity 





m

i
i

m

i
i IKIK

11

),(),(                  (9) 

holds for all KImII ,,1  , such that 
m

i
i

m

i
i II

11 

 . 

Proof. Let K  be any associative-commutative 

ring, Nm , KImII ,,1  , and 
m

i
i

m

i
i II

11 

 . 

If 1m  then identity (9) is turned to identity 

),(),( 11 IKIK    and it holds for all KI1I . 

Let 2m . Identity 
m

i
i

m

i
i II

11 

  implies that 

).(mod )(mod 
11


m

i
i

m

i
i IyxIyx



        (10) 

Substituting in (8) formula (10) instead of 

formula 

)(mod )(mod 
11


m

i
i

m

i
i IyxIyx



  , 

we get that 

)).,(( )(mod 
11





m

i
i

m

i
i IKyxIyx       (11) 

Formulae (7) and (11) imply that identity (9) 

holds. 

Q.E.D. 

Theorem 1. In any associative-commutative ring 

K  for any integer Nm  )2( m  identity 

},,1( ),(|{),(
11

miIKBBIK ii

m

i
i

m

i
i  



     (12) 

holds for all KImII ,,1  , such that KII r

r

i
i  



 1
1

 

)1,,1(  mr   and 
h

i
i

h

i
i II

11 

  ),,2( mh  . 

Proof. Let K  be any associative-commutative 

ring, Nm  )2( m , KImII ,,1  , KII r

r

i
i  



 1
1

 

)1,,1(  mr   and 
h

i
i

h

i
i II

11 

  ),,2( mh  . 

Identity (12) is equivalent to proposition that 

)2,( 
1




mmB
m

i
i N               (13) 

for all ),( ii IKB   ),,1( mi  . 

We prove this proposition by induction. 

Let 2m . Since 2121 IIII  , we get (see 

Corollary 2) that ),(),(),( 2121 IKIKIIK   . 

Let ),( ii IKB   )2,1( i , i.e. iii aIB   for 

some fixed elements Kai  . Identity KII  21  

implies that there exist elements ii I  )2,1( i , 

such that 1221   aa . Thus 2211   aa . 

Since ii I  )2,1( i  we get iii Ba  . 

Formulae iii Ba   )2,1( i  and 

21   ba  imply that  21 BB . 

Suppose that considered proposition holds for all 

integers nm ,,2 . 

Let 1nm . Since 
m

i
i

m

i
i II

11 

  we get (see 

Corollary 2) that 

),()),((),(),( 1
1

1

11








  n

n

i
i

n

i
i

m

i
i IKIKIKIK  . 

Let ),(
1





n

i
iIKB   and ),( 11   nn IKB  , i.e. 

1
1

aIB
m

i
i 



 and 211 aIB nn    for some fixed 

elements Kai   )2,1( i . Identity KII n

n

i
i  



 1
1

 

implies that there exist elements 



n

i
iI

1
1  and 

12  nI , such that 1221   aa . Thus 

2211   aa . Since 



n

i
iI

1
1  and 12  nI  we 

get that Ba  11   and 122  nBa  . 

Formulae Ba  11  , 122  nBa   and 

2211   aa  imply that  1nBB . 

Q.E.D. 

2. Main result. 

Let S  be any non-empty set, K  be an 

associative-commutative ring and KImII ,,1   

)2,(  mm N  be such ideals that 
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KII r

r

i
i  



 1
1

 )1,,1(  mr   

and 


h

i
i

h

i
i II

11 

  ),,2( mh  . 

We set 

)},(:|{)( iiI
IKSffSF   ),,1( mi   

and 

}),(:|{)(
1





m

i
iIKSffSF  . 

Remark 2. Identity 
m

i
i

m

i
i II

11 

  implies (see 

Corollary 2) that 



m

i
i

m

i
i IKIK

11

),(),(  . Thus we 

get 

}),(:|{)(
1





m

i
iIKSffSF  . 

For any subsets )()(ˆ SFSF
iIiI

  ),,1( mi   

we set 

)}(ˆ|)({)(
~

SFfSFfSF
iIiIiI

  ),,1( mi  , 

where mapping 
iI

f  ))(( SFf   is determined as 

follows: if Bsf )(  )( Ss  (where 



m

i
iIKB

1

),( ) 

then Bsf
iI

)( , where B  is such single block of 

the partition ),(
iI

IK  that BB  . 

Theorem 2. In any associative-commutative ring 

K  for any non-empty set S  and any integer Nm  

)2( m  identity 

|)(
~

|  |)(ˆ|
11

m

i
iIiI

m

i

SFSF


                   (14) 

holds for all KImII ,,1  , such that KII r

r

i
i  



 1
1

 

)1,,1(  mr   and 
h

i
i

h

i
i II

11 

  ),,2( mh  . 

Proof. Let K  be any associative-commutative 

ring, Nm  )2( m , KImII ,,1  , KII r

r

i
i  



 1
1

 

)1,,1(  mr   and 
h

i
i

h

i
i II

11 

  ),,2( mh  . 

To prove identity (14) it is sufficient to construct 

injections 


m

i
iImII SFSFSF

1
1

)(
~

)(ˆ)(ˆ:


        (15) 

and 

)(ˆ)(ˆ)(
~

:
1

1

SFSFSF
mII

m

i
iI




 .       (16) 

Injection   can be constructed as follows. 

For any )(ˆ)(ˆ),,(
11 SFSFff

mIIm  f  we 

set f)(f , where mapping f  is determined by 

identity 


m

i
i sfsf

1

)()(


   )( Ss .             (17) 

Theorem 1 implies that )(SFf  . 

Firstly we prove that mapping (17) is some 

mapping of the form (15). 

Indeed, identity (17) implies that )()( sfsf iiI
  

),,1( mi   for all Ss , i.e. )(ˆ SFff
iIiiI

  for 

all mi ,,1 . Since )(ˆ SFf
iIiI

  for all mi ,,1  

we get that )(
~

SFf
iI

  for all mi ,,1 , i.e. 


m

i
iI

SFf
1

)(
~



 . 

Now we prove that mapping (17) is injection, i.e. 

if )(ˆ)(ˆ),,(
1

)()(
1 SFSFff

mII
r

m
r

r  f  )2,1( r  

and 21 ff   then )()( 21 ff   . 

Since 21 ff   then there exists mj N  such that 

)2()1(
jj ff  . This implies that there exists an element 

Ss  such that )()( )2()1( sfsf jj  , i.e. )()1( sf j  and 

)()2( sf j  are different blocks of partition ),( jIK . 

Thus 


m

i
i sf

1

)1( )(  and 


m

i
i sf

1

)2( )(  are different blocks 

of partition 


m

i
iIK

1

),( . Since 

))(()()())(( 2
1

)2(

1

)1(
1 ssfsfs

m

i
i

m

i
i ff   



 

we get that )()( 21 ff   . 

Injection   can be constructed as follows. 

For any 
m

i
iI

SFf
1

)(
~



  we set 

),,()(
1 mII fff  .                 (18) 

Identity (18) implies that for any mapping 


m

i
iI

SFf
1

)(
~



  identity 
m

i
iI

sfsf
1

)()(


  holds for any 

element Ss . 

Firstly we prove that mapping (18) is some 

mapping of the form (16). 

Since 
m

i
iI

SFf
1

)(
~



  we get that )(
~

SFf
iI

  for all 

mi ,,1 . This implies that )(ˆ SFf
iIiI

  for all 

mi ,,1 , i.e. 

)(ˆ)(ˆ),,()(
11

SFSFfff
mIImII   . 
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Now we prove that mapping (18) is injection, i.e. 

if 
m

i

Fff
1

)2()1( ,


  and )2()1( ff   then 

)(),,(),,()( )2()2()2(

1

)1()1(

1

)1( ffffff
mIImII    . 

Since )2()1( ff   ),(
1

)2()1( 
m

i

Fff


  then there 

exists an element Ss  such that )()( )2()1( sfsf  , 

i.e. )()1( sf  and )()2( sf  are elements of different 

blocks of partition 


m

i
iIK

1

),( . Thus we get 


m

i
I

m

i
I

sfsfsfsf
1

)2(

1

)2()1(

1

)1(

1
)()()()(



 . 

This means that there exists mj N  such that 

)()( )2()1( sfsf
jIjI  , i.e. )2()1(

jIjI ff  . Since )2()1(

jIjI ff   

then we get )()( )2()1( ff   . 

Q.E.D. 

If all sets )(ˆ SF
iI

 ),,1( mi   are finite then 

identity (14) can be rewritten in the form 

|)(
~

|  |)(ˆ|
11


m

i
iI

m

i
iI

SFSF


 .                 (19) 

From proof of Theorem 2 it follows immediately 

that the following corollary holds. 

Corollary 3. If all sets )(ˆ SF
iI

 ),,1( mi   are 

finite then the mappings   and   constructed in 

proof of Theorem 2 are bijections such that  1
 

and  1
. 

It is worth to note that just the identity (19) forms 

the base for elaboration of combinatorial schemes 

intended to compute the number of objects 

determined over associative-commutative rings. The 

following example confirms this factor. 

Example. 1. Let K  be any finite associative-

commutative ring with unity. Proper ideals 

KI21, II  are comaximal if KII  21 . Proper 

ideals KImII ,,1   are pair-wise comaximal if iI  

and jI  are comaximal for all mji ,,1,   )( ji  . It 

is known that if ideals KImII ,,1   are pair-wise 

comaximal then identity 
m

i
i

m

i
i II

11 

  holds. Thus 

identity (19) also holds. If 1 || S  then identity (19) 

establishes that factor-rings 



m

i
iI

1

/K  and 


m

i
iI

1

/K  have 

the same cardinality. Moreover, bijections   and   

constructed in proof of Theorem 2 establish 

isomorphism of these factor-rings. 

2. If K  is a Dedekind ring and maa ,,1   )( Nm  

are pair-wise coprime elements then principal ideals 

)(,),( 1 maa   are pair-wise comaximal. Thus all 

results established ad hoc in [2,3] can be treated as 

special case of identities (14) and (19). 

Conclusions 

In the given paper mappings of an abstract set in 

factor-rings of an associative-commutative ring were 

investigated. Found in the paper conditions to be met 

by a given set of ideals, made it possible to prove 

identities (14) and (19) which form the base for 

elaboration of combinatorial schemes intended to 

compute the number of objects determined over 

associative-commutative rings. In particular, all 

results established ad hoc in [2,3] can be treated as 

special case of these identities. 

Analysis of possible applications of identities 

(14) and (19) for computing the number of objects 

determined over associative-commutative rings of 

this or the other type (in particular, over rings of 

principal ideals) forms some trend for future 

research. Analysis of identities (14) and (19) under 

these or the others additional conditions form 

another trend for future research. 
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