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Introduction

In this paper we propose some inequalities
of the distribution for supremum of correlogram
form of the stochastic processes. These estimates
are applying for constructing the criterion of
hypothesis testing on covariance functions of these
processes.

Particular cases of problems considered in
this paper were investigated by Kozachenko and
Moklyachuk [2], Sergiienko [4].

1 Definitions and properties of some
elements from the Orlicz space

Assume that X = (X (¢),t € [0,7],T >0)isa
separable real-valued stationary Gaussian process
defined on a probability space (€,F,P), with
mean zero and a continuous correlation function

B(h) =EX(t)X(t+h), heR.
The so-called correlogram
/ X(t)X(t+ h)dt, h >0,

will be used as an estimate of B(h).

Let consider process Zp(h) = Br(h) —
B(h),h > 0. It is easy to see that Zp(h) is square
Gaussian stochastic process [4, p.17], indeed,

Br(h) = Lim.ag, 0 300, X (ti+ h) X (t )At.
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Let the process X have a square integrable
spectral density f = (f(\), A € R), that is,

/OO FA(\)d < .

By the definition of spectral density, the function f
is Lebesgue integrable and by Bochner-Khintchine
theorem, we have

B(h) = / " exp {iMh} F(A)dA

for all h € R.

Lemma 1. For oll T > 0 and all hy,he > 0, we
have the following inequality:

E|Zr(h1) — Zp(ha)|* <

87T [/ £20 A(h1 . — hs)
Fsle | [ poyse 20

where )
1l = ( / f?(A)dA>2

Proof. This inequality is corollary from the
lemma 4.1 [1, p.179] if we put Y7 (h) = VT Z7(h).
O

A=+

h2)d)\:| 1/2
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Lemma 2. The next inequality holds true while

O<a<l

Proof of lemma 2. you can see for example in
[5, p.167].

sing‘ < In(1 + |u|)
v In(1 + |v])

Theorem 1. Let the next condition holds true for

O0<a<l
< W)ﬂ( YA\ < 0.

[eS)
/ ln2a
—0o0

Then the next equation holds true

1 Ca
sup  (E|Zr(h1) — Zr(ha)?)? € —g e,
|h1—ha|<h Inz (1+7)
where .
T
Cor = T(BZ+B 1 £1l2),
32

& A
2 _ / In2e (1 n |2|> F2(0)dA.
Proof. Using lemma 1 and lemma 2 we can
obtain

8w B2 1
T 2 1 +
In (1 + 7|h17h2|)
1

In® (1 + m)
Our statement holds true after condition |h; —
hg‘ <e-—1.0

Let (T,d) be a compact metric space and let
A be a Borel o—algebra on (T,d). Let u(:) be a
finite measure on (T, A). Let X = {X(¢),t € T}
be a separable stochastic process such that the
sample path of X are measurable with respect to A
and X € Ly (), where U(z) is a C—function. Let
d(u,v) = || X(u) — X(v)||y and S be a set from A
such that (pu x p){(u,v) € SxS,d(u,v) # 0} > 0.

E|Zr(h1)— Zr(h2)]* <

87 Bal| f1l2
T

Theorem 2. Let X = {X(t),T} be a separable
stochastic process from the Orlicz space Ly () that
is generated by C—function U(x) = exp{z} — 1
Let p(v) be a not decreasing function. Then for all
T > p = sup, yes p(d(u,v)) the following inequali-

ty holds true
In ( > } X

1
1+w

P{n >z} < 2exp{ \/:;ﬁ
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x\/l—i-\/?xln(l—i—A(ls)), (1)
where
- H (X () = X (0)y(d(u,v) | **®
d(“?”) U,uxu,
and
as) = [ [P o),

Proof. It is easy to obtain from [4, p.16] for

q > 1 that
AS) )
P> < ()
pl(w ) o fal(X(w) = X(0)5|_di
/s/s 5 p{ d(u, 0)z }A<s>

where i = p(u) x p(v).
From [1, p.171] we will obtain that

Bexp {q’(X(Z)u,_vi(v))m} <or, (m) |
where
_ 1 s
o(s) = T— s exp {—2} .
That is why
A(S) \"
i< (1))

V2qp

T

djt

X/s/sW%( AS) -
< )-

A(S) >q 2 exp _@
1+AS)) [

T
x

)

A(S) \? V2gp
s>> 2Lo <x

1+ A(

:( }.(2)

2

A(S)

LetdenoteK:m,a:\/Ji—%, qg = sa, R =
K?®. Then, this inequality changes to
P{n >z} <2R° ! exp{—i}:f(s)
V1—s 2 '
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The function f(s) has minimum at s = 1— ﬁ-

Then,

P{n >} < 2RV T2wr} /T~ 2In Rx

cop {1 Yo { b

=2RV1 — 21nRexp{—;} X

1
XeXp{_ }eXp{2(1—2lnR)
—2RVI—2InR = 2K V% x

x\/1 -2l KV% =
} /12\/%)an:
m(HA(lS))}X

(14 g )

Corollary 1. LetY = {Y(t),t € T} be the square
Gaussian process and let p(-) be a not decreasing
function. Then for all x > 0 and 0 < p < 1 the
following inequality holds true

> x} <

P {sup
tesS

InR
1—-2InR

}:

X

_2exp{_ﬂﬁ
G

I+ —
p

g

Y(t) - /S Y(u)d“((su))

7

T 1
< 2expd — Aln<1+> X
{ \/§|ap|P A(S)
V2r ( 1 )
X4/ 1+ ———In(1+—= ], 3
\/ Plas A(S) ®)
where
1 it q 1
ap = 2sup/ 5 dt.
p(l—p vi(t -1 1
tes D( ) Jo t()V( )<u§(t)>
Here
_Jy(ny-1)+1, y>1;
V(y){o, 0<y<1
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and
[ )
A(S) = /S /S PR ) x o),

01(t) = (201(sup (1, ),

ve(u) = p (B (t, otV (z(_l)(u)/2>) N S) .

Theorem 3. Let S = [0,5],5 > 0. The neat
inequality holds true for correlogram Br(T) of
correlation function B(T)

1 S

B
s/ (u)du+

P{ sup |B(r) - Br(r) -
0<r<S
155
+/ By (u)du| > x} <
S Jo
T 1
<2expy——F7~=——In <1—|—) X
{ Valalp "\ A }

2x
x\/l + ﬁ’ap| In <1+
where x > 1,

S S w. v
as= [ [ ”(d(p:”dw(u) < u(v))

_ 2
p(1 —p)

1)

ap = X

20, T

Z( @ B )p
></ m20+s)/) In |1+
° (

1
2

Cor \a

XN

Proof. Here we have oy(h) =

Ut(il)(h) = C#
(=55) "1
This theorem is a consequence of the theorem
2 for Zp(r) = Bp(r) — B(r), where S = [0, S].
Here Zp(7) is square Gaussian stochastic process

1/2

and || Z7(7)|| < \/% (EZT(T)2> , where C, =
r=2|In(1 —7r)| —r~1. O

Let H be a hypothesis which for 0 < 7 <
T lie down that correlation function of Gaussi-
an stochastic process is equals to B(7). We take
Br(7) as an estimate of B(7). Let consider next
test.
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Criterion 1. Let find z for fized v, 0 < v <1
that

f(xv) = 77

where

f(z) = 2exp { A(ls)

x\/1+ A(15)>

Hypothesis that the covariance function of the
process Y (t) is B(1) for 0 < 7 < T is accepted if

L <1 +
ﬂ|%’ﬁ

\/ia: In <1 +
pl

la

IS

S
sup |B(t)— Bp(t) — 1 B(u)du+
0<r<S S Jo
1[5
+/ Br(u)du| < x,
S Jo

and is rejected otherwise.

Example 1. Let put z(z) = z,p =1 and o = 1.
Then A(S) = S? and

y 2 o
ap = ———
" op(1—p)
iCI,Tl P 1
X /1n2(1+s) ln 1 + 72 du ==
0 (201@) 1
u
_ 2 2Cy 1p In(1+ §) N
pP(1=p) [m2(1+%) |1+ 5)—p?
) ]
4C Inz(1+ &)+
- 1,TP 420 rIn n1( S) p
Inz(1+ %) In2(1+ %) —p|]

Criterion 2. Let’s find such x., for fived o, 0 <
v < 1 that

f(xv) = 77

where

flz) = zexp{_\/;wln <1+512>} «
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Hypothesis that the covariance function of the
process Y (t) is B(7) for 0 < 7 < T is accepted if

R s
B(r) - Br(r) —% /O B(u)du+

sup
0<r<S
155
+/ Br(u)du| < x,
S Jo
and is rejected otherwise.
Conclusions

In this paper we have obtained estimates
for distribution of square Gaussian stochastic
processes. We have constructed the criterion how
to test the hypothesis concerning the form of
covariance function of Gaussian stochastic process.
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