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Донаго та Джонстоун розглядали iдеальне шумопоглинання для сигналiв iз гауссовими шу-
мами, а Себастiан Феррандо та Рандал Пайк отримали результати для сигналiв з строго
субгауссовими перешкодами. Основною метою даної статтi є – розширити класи векторiв пе-
решкод. Тут в якостi шумiв розглянутi випадковi величини з простору Subϕ(Ω). Отриманi
оцiнки для сигналiв iз шумами хвости розподiлiв яких є "важчими"або "легшими"за гауссовi.

Ключовi слова: шумопоглинання, простiр ϕ-субгауссових випадкових величин, розподiл Вей-
була.

Donoho and Johnstone introduced an algorithm and supporting inequality that allows the selection
of an orthonormal basis for optimal denoising. They considered ideal de-noising for signals in Gaussi-
an noise and Sebastian E. Ferrando with Randall Pyke obtained the results for signals in strictly sub-
Gaussian noise. The present paper concentrates in extending and improving this result, the main contri-
bution is to incorporate a wider class of noise vectors. We consider signals with ϕ-sub-Gaussian noise.
In particular, we show that the random variables which have centered Weibull distribution belongs to
Subϕ(Ω). Estimates for the signals in which the tails of the distribution of noise is "lighter"or "heavi-
er"than Gaussian are established.
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Introduction

The subject of this paper is oracle based de-
noising. Let s be a signal embedded in noise, we
are interested in estimators ŝ, for the signal s, ob-
tained by thresholding coefficients in an ortonor-
mal basis B of Rn. We consider the problem of
optimal basis selection when there is available a
library L of such bases from which to choose from.
We will look for estimators which satisfy the fol-
lowing oracle-type inequality with high probabil-
ity

‖ ŝ− s ‖2
26 c min

B∈L
R(s,B). (1)

R(s,B) is the oracle risk for the basis B, this last
quantity is the average quadratic error incurred by
an oracle estimator. This last estimator makes use
of knowledge of s and is of excellent quality but
unavailable in practice. After proper re-scaling,
it can be argued that an inequality of the above
type is asymptotically optimal as the oracle risk
decays in a best possible manner. Therefore, this

type of inequality gives an apriori measure for the
quality of the algorithm associated to estimators
satisfying (1).

Ideal de-noising for signals with Gaussian
noise is considered in [3]. The results for strictly
sub-Gaussian noise are obtained in the paper [4].

Ideal de-noising for signals with ϕ-sub-
Gaussian noise is considered in this paper. The
notion of the Subϕ(Ω) space is introduced in the
paper [6]. The definition and properties of ran-
dom variables are studied in [5] (see also the book
[1]).

The main point of the present article is to
extend the results obtained in [3] and [4] to a
wider class of noise vectors. Our results have
been thus obtained that the algorithmic content
of the original results have been preserved, in par-
ticular the thresholding parameters used are the
ones used in [4]. We generalize Gaussian and sub-
Gaussian hypothesis and we require that the noise
vector satisfies a ϕ-sub-Gaussian hypothesis. Esti-
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mates of the risk of signal detection that occurred
in the case of Gaussian noise and sub-Gaussian
noise holds for ϕ-sub-Gaussian random variables
are studied. That is why the results, which are
obtained in this paper, can be used for wider
class of noise. In particular the random variables
which have centered Weibull distribution belongs
to Subϕ(Ω).

1 Basic definitions and some preliminary
results from the theory of Subϕ(Ω)

The definition and properties of random vari-
ables are studied in [5] (see also the book [1]). We
now provide a number of results that we will use
extensively in this paper.

Definition 1. ([2]) Let ϕ = {ϕ(x), x ∈ R} be a
continuous even convex function. ϕ is called an
Orlicz N -function if ϕ(0) = 0, ϕ(x) > 0 as x 6= 0
and the following conditions hold

lim
x−→0

ϕ(x)
x

= 0, (2)

lim
x−→∞

ϕ(x)
x

= ∞. (3)

Lemma 1. ([6], [2]) For any N -function ϕ the
following statements hold:

a) ϕ(| x | + | y |) > ϕ(x) + ϕ as x ∈ R, 0 6
α 6 1;

b) ϕ(x) =
|x|∫
0

p(t)dt, where the density p =

{p(t), t > 0} is right continuous non-decreasing
p(0) = 0 and p(t) →∞ as t →∞.

Definition 2. ([2], [5]) Let ϕ = {ϕ(x), x ∈ R} be
an N -function. The function ϕ∗ defined by

ϕ∗ = sup
y∈R

(xy − ϕ(y)) ,

is called the Young-Fenchel transform of ϕ

Remark 1. ([5]) The Young-Fenchel transform of
an N -function is an N -function as well.

Example 1. ([5]) If

ϕ(x) =
xp

p
, 1 < p 6 2, (4)

then
ϕ∗(x) =

xq

q
,

where q is such that 1
p + 1

q = 1.

Example 2. Let

ϕ(x) =

{
x2

p , | x |6 1,
xp

p , | x |> 1
when p > 2, (5)

Find ϕ∗(x). From Lemma 1 it follows that for all

x > 0 ϕ(x) =
x∫
0

p(u)du, where

p(u) =
{ 2u

p , 0 6 u 6 1,
up−1, u > 1.

Then

p(−1)(u) =





p
2u, 0 6 x < 2/p,
1, 2/p 6 x 6 1.

u1/(p−1), u > 1.

From Lemma 1 and remark 1 follows that ϕ∗(x) =
x∫
0

p(−1)(u)du.

Therefore

ϕ∗(x) =





p
4x2, 0 < x 6 2

p ,
x− 1/p, 2

p 6 x 6 1,
p−1

p xp/(p−1), x > 1.

Lemma 2. Let ϕ1(x) and ϕ2(x) be two N -
function, where ϕ1(x) < ϕ2(x). Then ϕ∗2(x) 6
ϕ∗1(x).

Proof. From the Young-Fenchel inequality it fol-
lows

ϕ∗1(x) = sup
y>0

(xy − ϕ1(y)) >

> sup
y>0

(xy − ϕ2(y)) = ϕ∗2(x).

Thus ϕ∗2(x) 6 ϕ∗1(x).

Condition Q([5]): An N -function ϕ satisfies
Q if

lim inf
x−→0

ϕ(x)
x2

= c > 0.

Let {Ω,B,P} be a standard probability
space.

Definition 3. ([5]) Let ϕ be an N -function satis-
fying condition Q. The random variable ξ belongs
to the space Subϕ(Ω) if Eξ = 0, Eexp{λξ} exists
for all λ ∈ R and there exists a constant a > 0 such
that the following inequality holds for all λ ∈ R

Eexp{λξ} 6 exp{ϕ(λa)}.
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Consider now the following functional, de-
fined on the space Subϕ(Ω):

τϕ(ξ) = inf(a > 0 : E exp{λξ} 6
6 exp{ϕ(λa)}, λ ∈ R).

Theorem 1. ([5]) The space Subϕ(Ω) is a Ba-
nach space with respect to the norm τϕ(·).
Lemma 3. ([5]) Let ξ ∈ Subϕ(Ω), τϕ(ξ) > 0, ε >
0. The following inequality holds

P{| ξ |> ε} 6 2 exp
{
−ϕ∗

(
ε

τϕ(ξ)

)}
.

Theorem 2. ([5]) The random variable ξ ∈
Subϕ(Ω) if and only if Eξ = 0 and there exist
two constants C > 0 and D > 0 such that

P{| ξ |> x} 6 C exp
{
−ϕ∗

( x

D

)}
(6)

for any x > 0. If ( 6) holds then τϕ(ξ) 6 (1 +
C)DSϕe

49
48 , where Sϕ = max

i=1,3
γ−1

i , γ1 the root of

the equation γ = λ0

√
c0(1− γ); γ2 the root of the

equation γ3 − 2(1 − γ) = 0; γ3 the root of the
equation γ = ϕ(−1)(2)

√
c0(1− γ), where λ0 > 0

be any number and c0 = inf
0<|λ|6λ0

ϕ(λ)
λ2 .

2 Main results

Lemma 4. Let I(t) =
∞∫
0

exp
{

tu− uq/2

q

}
du, q >

2. Then

I(t) 6 22/qCq exp
{

t
q

q−2 C1/2,q

}
,

where Cq =
∞∫
0

exp
{
− sq/2

q

}
ds and C1/2,q =

42/(q−2)(q − 2)/q.

Proof. From the Young-Fenchel inequality follows
that for any s > 0, v > 0 holds

sv 6 ϕ(s) + ϕ∗(v). (7)

Consider

tu− uq/2

q
= tu− uq/2

2q
− uq/2

2q
;

tu− uq/2

2q
=

1
4

(
tu− uq/2

q/2

)
.

Let ϕ(s) = sq/2

q/2 , then ϕ∗(s) = sr

r , where 1
r + 1

q/2 =
1. It follows that r = q

q−2 . Therefore ϕ∗(s) =
q−2

q sq/(q−2). Then from (7) obtain

tu− 1
2

uq/2

q/2
6 1

4
(4t)

q
q−2

q − 2
q

= t
q

q−2 C 1
2
,q.

Hence,

I(t) 6 exp
{

t
q

q−2 C 1
2
,q

} ∞∫
0

exp
{
−uq/2

2q

}
du =

= 22/qCq exp
{

t
q

q−2 C 1
2
,q

}
.

Remark 2. If q = 2 then Subϕ(Ω) = Sub(Ω), thus
this occasion does not regarded.

Lemma 5. Let ξ ∈ Subϕ(Ω) and ϕ(x) be deter-
mined in ( 4), that is ϕ∗(x) = xq

q where q is such
that 1

p + 1
q = 1. Then for any t the following in-

equality holds

Eexp
{

tξ2

τ2

}
6 1 + t2

q+2
q Cq exp

{
t

q
q−2 C 1

2
,q

}
. (8)

Proof. Let ϕ∗(x) be the Young-Fenchel transform
of function ϕ(x). Denote η = ξ2, then η > 0. Let
Fη(x) be distribution function of random variable
η. From Lemma 6 it follows that

1− Fη(x) = P{η > x} = P
{
ξ2 > x

}
=

= P {| ξ |> √
x} 6 2 exp

{
−ϕ∗

(√
x

τ

)}
.

(9)

Consider

E exp
{

tξ2

τ2

}
= E exp

{ tη
τ2

}
=

=
∞∫
0

exp{ tu
τ2 }dFη(u) =

= −
∞∫
0

exp
{

tu
τ2

}
d(1− Fη(u)).

Calculate this integral by parts, then

E exp
{

tξ2

τ2

}
= − exp

{
tu
τ2

}
(1− Fη(u)) |∞0 +

+ t
τ2

∞∫
0

(1− Fη(u)) exp
{

tu
τ2

}
du.

The first summand in upper bound converting in
origin if u →∞, since

(1− Fη(u)) exp
{

tu
τ2

}
6 2 exp

{
−uq/2

qτq

}
exp

{
tu
τ2

}

= exp
{

tu
τ2 − uq/2

qτq

}
→ 0,
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and in lover bound converting in one, therefore
that 1− Fη(0) = 1. Then from inequality (9) and
Lemma 3 it follows that

E exp
{

tξ2

τ2

}
6 1 + 2t

τ2

∞∫
0

exp
{

tu
τ2 )

}×

× exp
{
− u

q
2

qτq )
}

du = 1+

2t
τ2

∞∫
0

exp
{

tu
τ2 − u

q
2

qτq

}
du =

1 + 2t
∞∫
0

exp
{

tu− u
q
2

q

}
du 6

1 + t2(q+)/qCq exp
{
tq/(q−2)C1/2,q

}
.

.

Lemma 6. Let ξ ∈ Subϕ(Ω) and ϕ(x) be deter-
mined in ( 5), namely for p > 2 (see Example 1.2)

ϕ∗(x) =





p
4x2, 0 < x 6 2/p,

x− 1/p, 2/p 6 x 6 1,
p−1

p x
p

p−1 , x > 1.

Then if t < 1 the following inequality holds

Eexp
{

ϕ∗
(

tξ

τ

)}
6 2

1− tq
. (10)

Proof. Let Fξ(x) be distribution function of ran-
dom variable ξ and ϕ∗(x) be the Young-Fenchel
transform of function ϕ(x). Since ϕ∗(x) is even
(it follows from remark 1 ) then

E exp
{

ϕ∗
(

t|ξ|
τ

)}
= E exp

{
ϕ∗

(
tξ
τ

)}
=

∞∫
0

exp
{
ϕ∗

(
tu
τ

)}
d (F (u)) .

Therefore

E exp
{

ϕ∗
(

tξ
τ

)}
=

= −
∞∫
0

exp
{
ϕ∗

(
tu
τ

)}
d (1− F (u)) =

= −
2τ/tp∫

0

exp
{
ϕ∗

(
tu
τ

)}
d (1− F (u))−

−
τ/t∫

2τ/tp

exp
{
ϕ∗

(
tu
τ

)}
d (1− F (u))−

−
∞∫

τ/t

exp
{
ϕ∗

(
tu
τ

)}
d (1− F (u)) =

= − (1− F (u)) exp
{
ϕ∗

(
tu
τ

)} |2τ/tp
0 +

+
2τ/tp∫

0

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)−
− (1− F (u)) exp

{
ϕ∗

(
tu
τ

)} |τ/t
2τ/tp +

+
τ/t∫

2τ/tp

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)−

− (1− F (u)) exp
{
ϕ∗

(
tu
τ

)} |∞τ/t +

+
∞∫

τ/t

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)
=

= − (1− F (2τ/tp)) exp {ϕ∗ (2/p)}+
1− (1− F (τ/t)) exp {ϕ∗ (1)}+

+(1− F (2τ/tp)) exp {ϕ∗ (2/p)}+
(1− F (τ/t)) exp {ϕ∗ (1)}+

+
2τ/tp∫

0

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)
+

+
τ
t∫

2τ/tp

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)
+

+
∞∫

τ/t

(1− F (u)) exp
{
ϕ∗

(
tu
τ

)}
dϕ∗

(
tu
τ

)
.

From Lemma 3 it follows that

E exp
{

ϕ∗
(

tξ
τ

)}
6 2 + 2

2τ
tp∫
0

exp
{
−pu2

4τ2

}
×

× exp
{

p(tu)2

4τ2

}
d

(
p(tu)2

4τ2

)
+

+2
τ/t∫

2τ/tp

exp
{
−(u

τ − 1
p)

}
exp

{
tu
τ − 1

p

}
d

(
tu
τ

)

+4
∞∫

τ/t

exp
{
−1

q

(
u
τ

)q
}

exp
{

1
q

(
tu
τ

)q
}

d
(

1
q

(
tu
τ

)q
)
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= 2t2

t2−1

2τ/tp∫
0

exp
{

pu2

4τ2 (t2 − 1)
}

d
(

pu2

4τ2 (t2 − 1)
)

+2 + 2t
t−1

τ
t∫

2τ
tp

exp
{

u
τ (t− 1)

}
d

(
u
τ (t− 1)

)
+

2tq

tq−1

∞∫
τ
t

exp
{

1
q

(
u
τ

)q (tq − 1)
}
×

×d
(

1
q

(
u
τ

)q (tq − 1)
)

=

= 2 + 2t2

t2−1
exp{pu2

4τ2 (t2 − 1)} |
2τ
tp

0 +
2t

t−1 exp{u
τ (t− 1)} |

τ
t
2τ
tp

+ 2tq

tq−1×
× exp

{
1
q

(
u
τ

)q (tq − 1)
}
|∞τ

t
=

= 2 + 2t2

t2−1

(
exp

{
t2−1

t2

}
− 1

)
+

2t
t−1

(
exp

{
t−1

t

}
exp

{
2(t−1)

pt

})
−

− 2tq

tq−1 exp
{

tq−1
qtq

}
.

Since p > 2 and 0 6 t < 1 thus

exp
{

t− 1
t

}
6 exp

{
2(t− 1)

pt

}
;

exp
{

1− 1
t2

}
6 exp

{
1
q

(
1− 1

tq

)}
;

exp
{

1− 1
t2

}
< 1;

tq

tq − 1
6 t2

t2 − 1
.

From these inequalities it follows that

E exp
{

ϕ∗
(

tξ
τ

)}
6 2 + 2tq

tq−1

(
exp

{
1− 1

t2

}− 1
)

− 2tq

tq−1 exp
{

1
q

(
1− 1

tq

)}
6 2− 2tq

tq−1+

+ 2tq

tq−1

(
exp

{
1− 1

t2

}− exp
{

1
q

(
1− 1

tq

)})

6 2
(
1− tq

tq−1

)
= −2

tq−1 = 2
1−tq .

Let L be a library of orthonormal bases of Rn,
Mn the set of distinct vectors in L. Mn will de-
note the cardinality of Mn. If B is orthonormal
bases of Rn then by sk[B] denote the kth coordi-
nate of s in the basis B.

Put

δn(λ) = 4λ(1 + 2 log Mn)) (11)

and
Λn = Λn(λ) = τ2δn(λ), λ > 2

The data is given in the form

y = s + z (12)

where s is the deterministic signal and z is a noise
vector whose coordinates are assumed to be i.i.d.
ϕ-sub-gaussian random variables.

Introduce the empirical entropy for defined
best orthogonal basis as as in [3]

ελ(y,B) =
∑

i

min(y2
i [B], Λn)

Let B̂ be the best orthogonal basis according
to this entropy

B̂ = arg min
B∈L

ελ(y,B)

For determined thresholding z consider func-
tion what defined for all real c as follows

ηz(c) = cI{|c|>z},

where I{|c|>z} is the characteristic function of the
set (−∞;−z) ∪ (z;∞). Apply hard thresholding
to obtain the empirical best estimate for signal s
in the basis B̂

ŝ∗i [B̂] = η√Λn
(yi[B̂])

Consider the complexity functional as well as
it was done in [4]

K( ˜s, s) =‖ s̃− s ‖2
2 +Λn min

B∈L
∑

{i,s̃i[B] 6=0}
1 =

=‖ s̃− s ‖2
2 +ΛnNL(s̃)

where

NL(s̃) = min
B

#{ei ∈ B : s̃i[B] 6= 0}.

Let s0 denote a signal of minimum theoretical
complexity i.e.

K(s0, s) = min
s̃

K(s̃, s)

.
Let j0 ≡ max(NL(s0), 1).
Using the result obtained above it can be

shown that the estimate from [4]

‖ ˆs∗ − s ‖2
26

2λδn(λ)
λ− 2

R∗(s,L),

where

R∗(s,L) = min
B

∑

i

min
(
s2
i [B] , τ2

)
(13)

with a certain probability holds for ϕ-sub-gaussian
random variables.
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Theorem 3. Let ϕ(x) be defined as in ( 4) namely
ϕ∗(x) = xq

q , where q is such that equality 1
p + 1

q = 1
holds. If the data is presented as y = s + z, where
z ∈ Subϕ(Ω) (see ( 12)) then when t = 1

P
{
‖ ŝ∗ − s ‖2

2>
2λδn(λ)

λ−2 R∗(s,L)
}

6
6 exp{C−j0}

M
j0
n

(14)

where δn(λ) = 4λ(1 + 2 log Mn)),
R∗(s,L) = min

B
∑
i

min
(
s2
i [B] , τ2

)
, C = 1 +

2
q+2

q Cq exp
{

C 1
2
,q

}
, constants Cq and C 1

2
,q are

defined in Lemma 4 .

Proof. Let C(j, Mn) denotes the collection of all
subsets consisting of j vectors chosen from the Mn

vectors of Mn. Let Ŝ ∈ C(j, Mn) be subspace
generated by the element of C(j,Mn). Let PS be
an orthogonal projection on S.

Consider the set

A =

{
ω :‖ PSz(ω) ‖2>

√
Λn

√
NL(s0) + NL(ŝ∗)

2
√

λ

}

and

Bj ≡
{

ω : sup
Ŝ∈C(j,Mn)

‖ PŜz(ω) ‖2>
√

Λn
√

j

2
√

λ

}

Then A ⊆
Mn⋃
j=j0

Bj . Let a =
√

Λn
√

j

2
√

λ
and fixed sub-

space Ŝ1 ∈ C(j,Mn) be of dimension d, d 6 j.
Consider the set

Dj = {ω :‖ PŜ1
z(ω) ‖2> a}

Let {e1, e2, ..., ed} be an orthonormal basis of
Ŝ1. Extend {e1, e2, ..., ed} to an orthonormal basis
Rn

ε = {e1, e2, ..., ed, ed+1, ..., en}.
Then

z =
n∑

k=1

〈z, ek〉ek

and

ξ = PŜ1
z =

d∑

k=1

〈z, ek〉ek.

Evidently, ξk[ε] = zk[ε] when k = 1, d and
ξk[ε] = 0 when k = d + 1, n

From Chebyshev inequality and (10) and the
fact that the random variables are independent we
obtain

P (Dj) = P{‖ ξ ‖2> a} =
P

{
exp

{
t‖ξ‖22

τ2

}
> exp

{
ta2

τ2

}}
6

6
E exp{ t

τ2

d∑
k=1

ξ2
k}

exp
{

ta2

τ2

} =
E

d∏
k=1

exp
{

t
τ2 ξ2

k

}

exp
{

ta2

τ2

} 6

E
j∏

k=1
exp

{
t

τ2 ξ2
k

}

exp
{

ta2

τ2

} =

j∏
k=1

E exp
{

t
τ2 ξ2

k

}

exp
{

ta2

τ2

} 6

6
(
1 + t2

q+2
q Cq exp

{
t

q
q−2 C 1

2
,q

})j
exp

{
− ta2

τ2

}

Denote C(t) = 1+ t2
q+2

q Cq exp
{

t
q

q−2 C 1
2
,q

}
. Then

P (Dj) 6 Cj(t) exp
{
− ta2

τ2

}
=

= Cj(t) exp
{
− τ2tj(1+2 log Mn)

τ2

}
=

= Cj(t)e−jtM−2jt
n

With this common bound, i.e. independent of the
particular Ŝ1, we have

P (Bj) 6 #C(j, Mn)Cj(t)M−2jt
n e−jt =(

Mn

j

)
Cj(t)M−2jt

n e−jt

Therefore,

P (A) 6
Mn∑
j=j0

Mj
n

j! Cj(t)e−jtM−2jt
n 6

6
Mn∑
j=1

Cj(t)
j! e−jtM

(1−2t)j
n 6

6 M
(1−2t)j0
n e−tj0

Mn∑
j=1

Cj(t)
j! 6 exp{C(t)−tj0}

M
(2t−1)j0
n

.

Choosing t = 1 we obtain required inequality.

Theorem 4. Let ϕ(x) be defined as in ( 5) namely

ϕ∗(x) =





p
4x2, 0 < x 6 2

p ,
x− 1

p , 2
p 6 x 6 1,

p−1
p x

p
p−1 , x > 1.

data is presented as y = s + z where
z ∈ Subϕ(Ω) (see ( 12)) and let δn(λ) =

4λ (q(1 + (2 + β) log Mn))
2
q j

1− 2
q

0 then for any β >
0

P

{
‖ ŝ∗ − s ‖2

2>
2λδn(λ)
λ− 2

R∗(s,L)
}

6 e2

M j0
n

,

(15)
where R∗(s,L) = min

B
∑
i

min
(
s2
i [B] , τ2

)
.

44



Вiсник Київського нацiонального унiверситету
iменi Тараса Шевченка
Серiя: фiзико-математичнi науки 2014, 2

Bulletin of Taras Shevchenko
National University of Kyiv

Series: Physics & Mathematics

Proof. In the proof we will use the same notation
and set as in the proof of Theorem 3.

Let T (λ) = 4λ (q(1 + (2 + β) log Mn))2/q and
δn(λ) = T (λ)j1−2/q, where 1 6 j0 6 j 6 Mn. It
follows from Chebyshev inequality that

P (Dj) = P{‖ ξ ‖2> a} =

= P

{
exp

{
1
q

(
t
τ

√
d∑

k=1

ξ2
k

)q}
> exp

{
1
q

(
at
τ

)q
}}

6 E exp

{
1
q

(
t
τ

√
d∑

k=1

ξ2
k

)q}
exp

{
−1

q

(
at
τ

)q
}

Since ϕ∗(x) is even and ϕ∗(
√

x) in this case is con-
cave then

P (Dj) 6
E exp

{
1
q ( t

τ )q d∑
k=1

|ξk|q
}

exp
{

1
q (at

τ )q
} =

=
E exp

{
1
q ( t

τ )q d∑
k=1

ξq
k

}

exp
{

1
q (at

τ )q
} =

E
d∏

k=1
exp

{
1
q ( t

τ )ξq
k

}

exp
{

1
q (at

τ )q
}

6
E

j∏
k=1

exp
{

1
q ( t

τ )q
ξq
k

}

exp
{

1
q (at

τ )q
} =

j∏
k=1

E exp
{

1
q ( t

τ )q
ξq
k

}

exp
{

1
q (at

τ )q
}

From (10) it follows that

P (Dj) 6
j∏

k=1

2
1−tq

exp
{

1
q (at

τ )q
} =

=
(

2
1−tq

)j
exp

{
−1

q

(
at
τ

)q
}

Function V (t) =
(

2
1−tq

)j
exp

{
−1

q

(
at
τ

)q
}

reaches

its minimum at the point t́ =
(
1− qτqj

aq

)
.

Taking into account the inequality 1 + (2 +
β) log Mn 6 Mβ

n we obtain

P (Dj) 6 V (t́) =
(

2aq

qjτq

)j
exp

{
− aq

τqq + j
}

=

= 2j (1 + (2 + β) log Mn)j ×
× exp {−(2 + β)j log Mn}

6 2jMβj
n M

−(2+β)j
n = 2jM−2j

n

Then for the common bound the following in-
equality holds

P (Bj) 6 #C(j,Mn)2jM−2j
n =

(
Mn

j

)
2jM−2j

n

P (A) 6
Mn∑
j=j0

Mj
n

j! M−2j
n 6

Mn∑
j=1

2j

j! M
−j
n 6

6 1

M
j0
n

Mn∑
j=1

2j

j! 6 e2

M
j0
n

Since j0 6 j and q < 2 then T (λ)j1−2/q 6
T (λ)j1−2/q

0 .
Therefore

e2

M
j0
n

> P

{
‖ ŝ∗ − s ‖2

2>
2λT (λ)j

1− 2
q

λ−2 R∗(s,L)
}

> P

{
‖ ŝ∗ − s ‖2

2>
2λT (λ)j

1− 2
q

0
λ−2 R∗(s,L)

}
=

= P
{
‖ ŝ∗ − s ‖2

2>
2λδn(λ)

λ−2 R∗(s,L)
}

.

Example 3. ([5]) The random variable ξ has cen-
tered Weibull distribution, namely

P {ξ > x} =
1
2

exp {−cxα} x > 0

P {ξ < x} =
1
2

exp {−c | x |α} x < 0

when α > 2 belongs to the space Subϕ(Ω) and
τϕ(ξ) 6 2Sϕe

49
48 , where Sϕ is defined in Theorem

2.

Example 4. Let α < 2. For simplicity, consider
the particular case of Weibull distribution and put
c = 1/α then

P {| ξ |> x} = exp
{
− 1

α
xα

}

Consider Subϕ(Ω) where

ϕ(x) =

{
x2

p , | x |6 1,
xp

p , | x |> 1
when p > 2, (16)

Then

ϕ∗(x) =





p
4x2, 0 < x 6 2

p ,
x− 1

p , 2
p 6 x 6 1,

p−1
p x

p
p−1 , x > 1,

Put p
p−1 = α where 1

α + 1
p = 1. Then p = α

α−1 .
Namely

ϕ∗(x) =





x2

4
α

α−1 , 0 < x 6 2
α(α− 1),

x− α−1
α , 2

α(α− 1) 6 x 6 1,
1
αxα, x > 1,

From Lemma 2 it follows that xα 1
α > ϕ∗(x). Then

P {| ξ |> x} = exp
{
− 1

α
xα

}
6 exp {−ϕ∗(x)} .

Consequently, ξ ∈ Subϕ(Ω) and τϕ(ξ) 6 2Sϕe
49
48 ,

where Sϕ is defined in Theorem 2.
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3 Conclusions

Regardless the fact that in Theorem 3 due to
complexity of calculations the smallest value of
the probability could not be found exactly. How-
ever, the result for j0 > C is much better than
the result obtained for Gaussian and strictly sub-
Gaussian noise. This is natural, since the ran-
dom variables that belong to the space Subϕ(Ω)
with the function ϕ(x) which is defined in (4)
have ”lighter tails” of distribution than the ran-

dom variables from the space SSub(Ω). Note also
that the result of Theorem 4 is worse than the re-
sults obtained in Theorem 3 and for Gaussian and
strictly sub-Gaussian noise. This is because the
random variables from the space Subϕ(Ω) where
ϕ(x) is defined in (5) have ”heavier tails” of dis-
tributions. The importance of Theorem 4 is that
either the results of Theorem 3, or the results from
the paper [4] for these random variables cannot be
used.
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