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The asymptotic behavior of autonomous oscillating system described by differential equation of
fourth order with small non-linear external perturbations of multidimensional “white noise” and non-
centered “Poisson noise” types is studied. FEvery term of external perturbations has own order of small
parameter €. If small parameter is equal to zero, then general solution of obtained non-stochastic fourth
order differential equation has an oscillating part. We consider given differential equation with external
stochastic perturbations as the system of stochastic differential equations and study the limit behavior of
its solution at the time moment t/e¥, as e — 0. The system of averaging stochastic differential equations
1s derived and its dependence on the order of small parameter in every term of external perturbations
18 studied. The case of pair of real and pair of pure imaginary conjugate roots of characteristic equation
15 considered.
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system under the action of external small nonli-
near random disturbances such as multidimensi-

1 Introduction

The averaging method proposed by N.M.Krylov,
N.N.Bogolyubov and Yu.A.Mytropolskij ([1], [2])
is one of the main tool in studying of the determi-
nistic oscillating systems under the action of
small non-linear perturbations. The autonomous
and non-autonomous oscillating systems of second
order under the action of "white noise" and Poi-
sson type noise perturbations are studied in the
papers of O.V.Borysenko (|4]). Particular case of
the third order oscillating systems are investigated
in articles of O.D.Borysenko, O.V.Borysenko (|[5]),
0.D.Borysenko, O.V.Borysenko and I.G.Malyshev
([6]). Limit behavior of autonomous and non-
autonomous general type third order oscillating
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onal "white noise’ and "Poisson noise* was studied

in ([7], [8]).
This paper deals with investigation of
the behavior, as ¢ — 0, of the fourth

order autonomous oscillating system driven by
stochastic differential equation

oIV () + bya™ (t) + box” (t) + baa! (t) + byx(t) =
= M fo(a(t), 2’ (1), 2" (t), 2" (t))+
+fe(x(t), ' (1), 2" (1), 2" (1))
(1)
with non-random initial conditions z(0) = x[()l),
2'(0) = x82), 2"(0) = :c((]3), 2"(0) = 1684), where
e > 0 is a small parameter, f.(z,2',2”, 2") is a
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random function such that

)2 (s),2"(s)) ds = Yy ek

| o(as), (s
0

i [ 09,91, (5) 27 (9)du5) + o
X jffm+1(ﬂc(s),x’(s),x”(s),x”’(s),z) v(ds, dz),
0R

k; > 0,i = 0,m+1; f; are non-random functi-
ons i = 0,m + 1; w;(t),i = 1, m are independent
one-dimensional Wiener processes; v(dt, dy) is the
Poisson measure independent on w;(t),i = 1,m,
Ev(dt,dy) = I(dy)dt, v(dt,dy) v(dt,dy) —
II(dy)dt, II(A) is a finite measure on Borel sets
AeR.

We will consider the equation (1) as the
system of stochastic differential equations

dyi(t) = yira(t)dt, i =1,3

dya(t) = | = (b-y(t) + < foly(t))+

m+1/f +1(y

+Zs

+€ m+1

NI(dz) | dt+

t))dw; (t)+

/ o ((1), 2)(dt, ),

y() = (0} ira
yi(0) =2\, i =14

= _’BO ,
(b-y(1))

In what follows we will use the constant K > 0
for the notation of different constants, which are
not depend on &.

- (b4) b37 b27 bl))

— is a scalar product of vectors b and y(t).

2 Main result

We will study the asymptotic behavior of given
oscillating system, as ¢ — 0, in the case when
there exists stable harmonic oscillations at the
system under condition € = 0. Under this condi-
tion corresponding characteristic equation has a
form

A4 A2 £ 0N + s\ + by = 0.

This paper deals with the following case:
by > 0, by > 0, biby > by, b7 > 4(by — &

b1

),
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b%b4 = b3(b1b2 — b3). Characteristic equation has a
roots

A= —n1, A2 = =12, A34 = Fiw, where
1 b3 b3
=—|b /b2 —4(by——= (‘)2 = —.
e 2<1 \/1 (2 bl)) b1

If ¢ = 0 then the equation (1) has general
solution in the form

(t) =
Let us consider the following representation of the
process y(t):

Cre ™Mt 4 Che ™ + Aj coswt + Ao sinwt

yi(t) = Ni(t) + No(t)+

+A;(t) coswt 4+ Aa(t) sinwt,
y2(t) = —mNi(t) — n2N2(t)—

—A;(t)wsinwt + Ay (t)w cos wt,
ys(t) = mN1(t) + 03 Na(t)—

— A1 (t)w? cos wt — Ag(t)w? sin wt,
ya(t) = —nPN1(t) — n3Na(t)+

+ A1 (t)w? sinwt — Ag(t)w3 cos wt,
Ni(t) = Ci(t)exp{—nit}, i =1,2.

3)
We can solve the system of linear equations (3) wi-
th respect to (N1(t), Na(t), A1(t), A2(t)) and using
the Ito formula we derive the system of stochastic
differential equations:

ANy(t) = =mN(8) dt + (st dH (1),
dNs(t) = —maNa(t) di md}[(t)’
AAy (1) =~ et nmlsnet gy )
—Ww SN w U.)27 COS W
dAs(t) = (n1+75()nf+wt2)((n§ +u?21)n2) dH (),
(4)
dH(t) = [8’“0 folwt, &(t)+
b / Fnr (wh €(1), 2)TL(dz) | di+
m R
+ 37 R fiwt, 6(0)duwi (1) +
=1
ek / Fre1(wt €(2), 2)5(dt, dz),
R
vyhere g(t) = (Nl (t)u NQ(t)7A1 (t)u A2(t>)7

fi(wt, N1, Na, A1, A2), i =0, m are obtained from
fi(y(t)), i =0,m and fp,41(wt, N1, Na, Ay, Az, 2)
is obtained from fp,41(y(%), 2) using (3).
Theorem 2.1. Let II(R) < oo, t € [0,%0], k =
min(ko, 2k1, . .., 2km, kmt1). Let us suppose, that
functions fj,j = 0,m+ 1 bounded and satisfy Li-
pschitz condition on y;, i = 1,4. If given below
matriz 5%(Ay, Ag) is non-negative definite, then
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1. ]f k‘o = 2]62 = k‘m+1, 1 = 1,m dH (t) . ko kf( f ( ))

then the stochastic process &.(t) = &(t/eF) S O\ gk 58

weakly converges, as € — 0, to the stochastic
process £(t) = (0,0, Aq(t), Aa(t)), where A(t) =
(Ay(t), As(t)) is the solution to the system of
stochastic differential equations

dA(t) = a(A(t))dt + o (A(t))dw(t),

A(0) = (A1(0), 42(0)),

()

where

G(Ay, Ag) = / Foy (6, Ar, As)U(6)dob,

N

5(A1,A2) = {B(A1,A9)}2 =

N

2w

1 ~

or [ fo. AL AW (@)ds
0

1
YO SR AR

y ( —w(m +n2) cos  + (w? — mm2) sin @ )
—w(m +m2)sing — (w? — mn2) cos ¢

f(l)(qb)AlyAZ) = f0(¢>0707A17A2)+
+/fm+1(¢,0,07A17A27Z)H(d2),
R

f(?)((b: A, AQ) = Z .f~.7,2<¢7 0,0, Ay, A2)7
i=1
VT (¢) is the wvector transpose to wvector ¥(¢),

independent one-dimensional Wiener processes.
2. If k < ko then in the averaging equation
(5) we must put fo = 0; if k < 2kj for some
1 < j < m, then in the averaging equation (5) we
must put f] =0 for all such j; if k < kp41 then in
the averaging equation (5) we must put frq41 = 0.

Zosedenna. Let us make a change of variable
t — t/e¥ at the system (4) and obtain for the
process Ea(t) = (le(t)’Ng(t)aAi(t)vA%(t)) =

(N1(t/e¥), No(t/eF), A1 (t/eF), Ax(t/eF)) the
system of stochastic differential equations
dN§(t) = —’7—1N1€( )dt + WdH (1),
dN3(t) = =T N5 (t)dt WwdHE(t)v
dAS(t) = Wy (wt/e")dHL(t),
dA5(t) = Ua(wt /") dHL(1),

webmen [ o (€0, 2 | der
R

+ Z eki*k/zﬁ(j—,f, (1)) dws (8)+

=1
~ wt 5
+ghmtl / fm+1 (67, &(t), 2)ve(dt, dz),
R

where W¥;(¢),i = 1,2 is a components of
vector W(¢), wi(t) = e ?w;(t/eF), v.(t,A) =
v(t/e¥, A) —TI(A)t/e*, here A is a Borel set in R.
For each £ > 0 the process w$(t),i = 1,m are
independent one-dimensional Wiener processes,
and . (t,A) is the centered Poisson measure
independent on wi(t),7 = 1, m.

We have N§(t) = exp{—n;t/e*}Ci(t/eF), i =
1,2 and processes C5 (t) = C;(t/e¥),i = 1,2 satisfy
the stochastic differential equations

6 emt/er
A0 = G = + o) e
en2t/er
4G50 =~ (2 —m) (15 + wQ)dHE(t)’
where |CF(0)| < K,i=1,2.

From boundedness of functions f;,7 =
0,m + 1 and condition TI(R) < oo we can obtain
the estimate

E|NF ()2 < K[em2mt/" 4 ek (1 — e 2mt/e") x
+1
X (t(gQ(kofk) + 52(km+17k)) + mz €2ki*k)],
1=1
i=1,2.

Therefore lim._o E|N£(t)|? = 0,i = 1,2 and it is
sufficient to study the behavior, as € — 0, of soluti-
on to the system of stochastic differential equati-
ons

U (wt/eMdH (), i=1,2  (6)
A1(0), A3(0) =

dA3 (t) =
with initial conditions Aj(0) =
A2(0), where
AL (1) = lsko oS, AT (1), A5(1)+
+€ m+1T k/fm+1 ijE( ) AE() ) (dZ) dt+
+Zek 7k/2fz - AE( ), A5(t))dw; (t)+

=1
~ w ~
web [ o (5 450, A5(0), 2. d2),

11
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Fi(t, Ay, As) = f;(t,0,0, A1, As), j =0,m

Fns1(t, A1, Ag, 2) = frny1(t,0,0, A1, Ay, 2).

Let us denote A.(t) = (Aj(t), A5(t)). Using condi-
tions on coefficients of equation (6) and properties
of stochastic integrals we obtain estimates

E||A:(8)]|? < K[1 4 3 (2o —F) -
fe2(kmir—hk)y 4 g ymAd 2kimk]

E||A(t) — Ac(s)|]? < K[|t — s]?(e2ko
te2(bmi1=k)y |t — g 22'21 g2ki=k),

(CT(1), G5 (),

_k)_"_

Similarly for the process (.(t) =
where

A (1) =
—Zs’“ e LA (1), A5()dus (0)+

te mH/me WEA5(t), A5(t), )7 (dt, d2),

we derive estimates

m+1
Ell¢-(1)]1* < Ktzﬁ% -
m+1
ENIG(t) = G(9)IP < KJt — 5| Y e h.
i=1
Therefore for stochastic process n.(t) =
(Ac(t),C(t)) conditions of weak compactness |9

are fulfilled

imTim sup P{|n.(t) - n.(s)| > 8} = 0

hl0 e—0 [t—s|<h
for any 6 > 0, t,s € [0, 7],

lim lim sup P{[n.(t)| > N} =0,
N—o0e=01e(0,T7]

and for any sequence ¢, — 0,n = 1,2,... there
exists a subsequence e, = &, — 0,m =
1,2,..., probability space, stochastic processes
A1) = (A7), A5 (1), (1), A(t)
(A1(t), Ax(t)), {(t) defined on this space, such that
A, (t) — A(t),(., (t) — ((t) in probability, as
em — 0, and finite-dimensional distributions of
A., (t),C.,, (t) are coincide with finite-dimensional
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distributions of A, (t),(.,,(t). Since we interesti-
ng in limit behaviour of distributions, we can
consider processes A, (t), and (., (t) instead of
A., (t),C,, (t). From (6) we obtain equation

t

Ag, (1) = A(0) + /asm (s, Ae,, () ds + ¢, (1),
0

(A1(0), A2(0)),

(ai(tv A17 AQ): O‘g(tv Alv A2))a

A(0) =
where ag(t, A) =

(7)

a;(t, A1, Ag) = ¥, (5

i=1,2.

f(gl)(ta Ala AQ) = 8k0_kf0(ta Ala A2)+

+€km+1_k / fm+1 (t, Al, A27 Z)H(dz)
R

It should be noted that process ((t) is the vector-
valued square integrable martingale with matrix
characteristic

(@60 = 8 ol (s, i) 43050

Xl ><s A5 (s), A3(s)) ds+

+§ffﬂws (s, A5 (s), A5(s), 2)

xygn)(s,Ag(s) A5(s), 2) I(dz)ds, I,n=1,2,
where

= MRy () fi(4, A, A),
O'g27j)(57A17A2) =

= ehih/20, (£2) fi(42, A, Ag),

P}é )(3 AlaA?a ):

=€ m+1\Ijl ( )fm-i—l(sk’Al’A?’ )’
?)(s,Al,Az, 2) =

— 6]€m+1\:[j2 (%) fm_,’_l(g,Al,AQ) Z)

For processes A.(t) and (.(t) following estimates
hold

EllA-(t) — A(s)||* <
< K [(64(]90_19) + 54(km+1_k))’t — S‘4+ (8)
+ E|l¢(8) = C(s)I1*]
E[l¢:(t) — C(s)]|* <
m—+1
g K 4k;—2k t — 2+
]; 5 |t — s ©

_’_E4km+1—3k/2’t _ 8’3/2 4 E4km+1—k"t —s

IE
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E||A(t) —
Ef|¢=(t) —
Since A, (t) — A(t), (., (t) — (t) in probability,

as €, — 0, then, using (10), from (8) and (9) we
obtain estimates

A(s)|P < K,

CEIF <K (10)

El|A(t)
E[IC(t)

—_fl(S)H
— ¢

s?),

K(t—s/*+|t—
C'|2375|2

Therefore processes A(t) and ((t) satisfy the
Kolmogorov’s continuity condition [10].

Let us consider the case kg = 2k; = k1, j =
1, m. Under these conditions we have for [,n = 1,2

l

lir% % ag)(s, Aq, Ag)ds = d(l) (Al, AQ),
e—

o o

t m . .
?H(l) 1> Ug’J)(SyA17A2)U§n’])(87141,x42)+
— 0 j=1
+5ikf l)(s A17A27 )
R
) (s, Ay, A, 2)1(dz)]ds = Bin (A1, As),

(1)
where functions O_é(i)(Al,Ag) and B(A;, A3) =
{Bi;(A1, A2), i,j = 1,2} are defined in the condi-
tion of theorem. Since processes A(t),((t) are
continuous, then from (Lemma 1 [7]) and relati-
onships (7), (11) it follows

— t —

A(t) = A(0) + [ a(As(s), Az(s))ds + C(2),
0

A(0) = (Al(O),Az(O)),

B (12)
where ((t) is continuous vector-valued martingale
Crmcok BUKOPUCTAaHUX J2KepeJl

1. Kpvinos  H.M. Beenenue B HeJIu-
HelHYIO MeXaHUKY / H.M. Kpbuios,
H.H. Boromo6os. — Kwnes: Usn-so AH

YCCP — 1937. — 363 c.

. Bozoarbos H.H. Acumnrorndeckue METOIBI B
Teopun HejuHedHbIX Kosiebanuii/ H.H. Boro-
sobos, FO.A. Murponosbckmii. — M.: Hayka.
—1974. - 501 c.

Bopucerxo O.B. Majible cityvaiiible BO3MYIIE-
HUsI B KOJIEHATEHHBIX CHCTEMAaX BTOPOTO IIO-
psiika/ O.B. Bopucenko // Ykpaunckuii ma-
TeMaTudeckuii Kypras. — 1992, — 44. — Nel. —
C. 11 -17.
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with matrix characteristic

|

Hence [11] there exists Wiener process w(t)

(€D, ¢y (t) Bij(Ai(s), Aa(s))ds,i,5 = 1,2.

(w;(t),7 =1,2), such that
¢(t) = Of&(Al(s),Ag(s))dw(s), (13)
5’(A1,A2) = {B(Al,Ag)}1/2 .

Relationships (12), (13) mean that process A(t)
satisfies equation (4). Under conditions of theorem
the equation (4) has unique solution. Therefore
process A(t) does not depend on choosing of
sub-sequence €,, — 0, and finite-dimensional di-
stributions of process A, (t) converge to finite-
dimensional distributions of process A(t). Since
processes A, (t) and A(t) are Markov processes
then using the conditions for weak convergence of
Markov processes we finish the proof of statement
1 of theorem.

Let us consider the case k < kg or k < k1.
Then the corresponding terms in the coefficients

al! (t, A1, Ag),i = 1,2 of equation (7) tend to zero,
as € — 0.

In the case k < 2k;, 7 = I,m in (11) we
have o) (t, Ay, As)a™ (¢, Ay, Ay) = O(e2hi—h),
I,n = 1,2. Repeating with obvious modifications
the proof of statement 1) of theorem we obtain
proof of the statement 2).

O
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