Bicnux Kuiscbrkoeo nayionanvhoeo yHieepcumemy
imeni Tapaca Llleguenxa
Cepis Qizuxo-mamemamuyni HayKu

2015,1 Bulletin of Taras Shevchenko

National University of Kyiv
Series Physics & Mathematics

VJIK 517.929
Cipenko A.C., acripaHt A.S. Sirenko, graduate student

IIpo oany pizHULIEBY cHcTeMY 3i CJ1a0K010
HeJliHiliHiCTIO

On a difference systems with weakly nonlinear

Taras Shevchenko National University of Kyiv, 83000,
Kyiv, Glushkova st., 4d,
e-mail: sandrew(@online.ua

1IM€HI
p-T.

KuiBchbkuii HaIliOHaTBHUIA  YHIBEPCHUTET
Tapaca IlleBuenka, 83000, ™. Kuis,
I'mymkosa 41, e-mail: sandrew@online.ua

Y pobomi pozensioaromuca pisnuyesi cucmemu 6 mpusumipromy npocmopi. llpasi yacmunu cucmem
A6AIOMb OO0 OIA2OHANbHY NIHIUHY YACMUHY | HeIHIUHI QYHKYIT, o 3a00601bHAIOMb YMOGL Jlinuuys 3
«0ocumyb manowy cmanor. Q0epaicano ymosu, npu GUKOHAHHE AKUX 3 ACUMAIMOMMUYHOT CMIIKOCI TTHIUHOT
YaCMUHU CIOYE ACUMNMOMUYHA CMIUKICIb NOT0NCEHHs PIBHO8A2U BUXIOHOI cUCmeMU.

Krrouosi cnosa. piznuyesa cucmema, acumnmomudna CmiuKicms, ymosu Jlinuiuys..

In this paper, we consider a system of three nonlinear differential equations "with a weak nonlinearity."
By this term refers to a system with a dedicated part of the linear and nonlinear function satisfying the
Lipschitz condition with a sufficiently small Lipschitz constant. If the non-linear function depends on a single
argument, which is a linear combination of the phase coordinates, the asymptotic stability in the large of the
zero equilibrium position is called absolute stability. Conditions for absolute stability of systems of various
types are studied in detail and published in several papers. Recently difference systems of this type have been
used for modeling the dynamics of the neural networks.

We consider the system of difference in three-dimensional space. The right side of the diagonal are the

linear part and nonlinear functions satisfying Lipschitz with "very low" constant. The conditions under
which asymptotic stability of linear part follows the asymptotic stability of the equilibrium position of the

original system.

Key words: difference system, asymptotic stability, Lipschitz conditions.

Crartio nipeacraBus 1.¢.-M.H, npo¢. Xycainos Jlenuc SIx'eBud

Beryn

Y uifi poOOTI PO3rISLAAETHCS CHCTEMA TPHOX
HEJNIHIHHUX ~PI3HUIEBUX PIBHSAHb «31 cIabKOrO
HEJIIHIAHICTIO». 3a LM TEPMIHOM PO3yMIiIOTHCS
CHUCTEMHM 3 BHIIJIECHOK JIHIMHOIO YacTHHOI 1
HEJNIHIAHOT (YHKIIEI0, [0 3aJ0BOJILHSIE yMOBI
Jinmumns 3 AOCHTH Majoro IOCTiMHOM Jlimmurgs.
Sxmo HemiHiiHA (QYHKLIS 3aJ€KUTh BiI OJHOTO
apryMeHTy, 110 € JIIHIHHOK KOMOIHAI€r0 (a3oBUX
KOOpJMHAT, TO aCUMIITOTUYHA CTIHKICTh B LIJIOMY
HYJIbOBOTO TIOJIOKEHHS PIBHOBAarM HA3MBAETHCS
aOCONIOTHOIO  CTIMKICTIO. YMOBH  abCONIOTHOI
CTIKOCTI CHUCTEM PI3HOTO BUIY JOCHTH JOKJIATHO
JnocmipkeHi 1 omyOnikoBaHi B pAmi  poOir,
Hanpukinang, B poborax [1-4]. OcranHiM uacom
PI3HHUIIEBI CUCTEMU TaKoro BUITY cTajn
BUKOPHCTOBYBATHCS TP MOJICIIOBAHHI JHHAMIKH
HEUPOHHUX Mepex [5,6].

Moaeasn B npoctopi. Cucrema 0e3 3ami3HeHHS.

PosrnsHeMo pi3HHIIEBY CHCTEMY, JUHAMIKa SKOi
ONUCYETBCS TPhbOMAa HENIHIHHUMHU  Pi3HULEBUMH
PIBHSHHSIMU.
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1 (k+1)= any (k) +fil(yl (k))Jrflz(JQ (k))+
+ £30s )+
Y2 (k+1) =AY, (k) +f21b/1 (k))Jrfzz(Vz (k))+
+ a3 () +
y3(k +1)=as3y, (k) + f31(Yl (k))+ S (J/2 (k))+
+ f 03 (0)+ b, (1)
— cTami, fij(k), i,j= 1,_3 -
HeJiHIAHI QYyHKIIT, 3a1eXH] BiJl OXHOIO apryMeHTy i
3aJIOBOJILHAIOTh yMOBi Jlimmmns 3i cramumu L@'/‘ ,

Tyt a0y,

i,j= 1,_3 TOOTO

‘fij(yj +ij)_fij(yjl éLij‘ij > i’j:E (1.2)
[TpumycTumo, 1o cuctemMa piBHSIHb
(l'all)yl 'fll(Vl)'flz(Vz)'fls(%):bn
(1-6122))/2 'le(yl)'fzz(yz)'fzs(%):bz>
(1-a33)y3 'ﬁl(yl)'fsz(h)'f%(%):bs(1~3)

Mae enuHuil po3B’A30K TOUKy M, (ylo Y, yg ),

n>0,,>0, y;>0.
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3pobumo 3amiHy
J’1(k):x1(k)+J’10> yz(k):xz(k)+yg>

V3 (k)= X3 (k)+y§ .
[Ticns migcranoBku B cuctemy (1.1) otpumyemo
HACTYITHE

xl(k+1)+J’10 =a]l(xl(k)+y]0)+f”(x1(k)+y10)+
+ ol (0 +33)+ /i3l () + 59+,
0 (kD)% 38 =ay, e, (0)+ y9)+ 13,6 )+ 7 )+
+f22(x2(k)+y2)+f2 (x (k)+y§)+b2
x;(k+1)+ g = 33(x3(k)+y3)+f31(x1(k)+y10)+
(x

+f32(xz (k)+J’2)+f33 3(k)+y2)+b3 (1.4)

Ilepenumemo oTpumany cuctemy (1.4) vy
BUTIAIL

5k D= a0+ 17, 0 0+ 37)- 11,67 )+
+ 12(xz(k)+yg)'f12(yg) +
+ 13(x3(k)+y§) fls(yo)]
'[(l'all)ylo‘fll(ylo)'flz(y ) f13(y ) b1]7
x2(k+1):a22x2(k)+UZl(xl(k)+yl) S 10]+
+ 22(xz(k)+yg)'f22(yg)]

+ 23(x3(k)+y2)-f23(y§)]-
'[(1'a22)yg ‘le(ylo)'fzzsfg)'fx(yg)'bz],
x3(k+1):a33x3(k)+b31(x1(k)+J’1O)'f31010)]+
+ 32(x2(k)+y§)-f32(yg)]+
+ 33(x3(k)+y§)-f33(y§))]-

[(1 a33)y3 f31(,VlO)‘f32(Yg)‘f33(Yg)'b3]-

3pOOHBIIH 3aMiHY
x5, () +y0)- £1,(0),

Fll(xl(k)):fll
Fiz(xz(k)):flz (k)+y2 fn(yga

N

(x, )- £2(2)
F13(xs(k)):f13(x (k)+J’3) f13(y§)),
F21(x1(k)):f21(x (k) + yy ) le(ﬂo)a
Fzz(xz(k)):fz2(x (k)+)’2) fzz(Vg),
F23(x3(k))=f23(x (k)+J’3) fz3(Y§))
Fy s (0)= 15, <k>+y1)) £10).

31(x1(k))
2(x2(k)) f32(x (k)+y2 fsz(yg),
Falis (0)= £l (0 +39)- £:20:)

1 BHUKOpUCTOBYIOuM cmiBBizHomeHHs (1.3),
oepxKyemMo, mo cucrema (1.4) mpuiiMe BUTIISI
x,(k+1)=a,x,(k)+F, (xl (k))+ F, (x2 (k))+
th; (x3 (k )) >
X, (k + 1) =a %, (k) + Fy, (x, () + £, (x, (6)) +
+ Pyl (1),

o
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x3(k+ 1) =aypx; () + By, (x, (0)+ £, 6, (0) +
+ Fiy ey (6)). (1.5)
OCKUIBKH

F,00)=0, F,(00=0,F,0)=0,
F,,(00=0,F,,(0)=0,F,;(0)=0,
F,(0)=0,F,(00=0, F;(0)=0,

TO mMicis H1€1 3aMIHU JOCIIIPKECHHS CTIUKOCT1

TIOJIOKEHHS piBHOBaru M (yl Y, y3) cucremu (1.1)

3BEJOCS 10 JAOCIHIIKEHHS CTIHKOCTI HYJIBOBOTO

MOJIOKEHHs piBHOBaru cuctemu (1.5). Marotp micue

HACTYITHI YMOBH aCHMIITOTUYHOI CTIHKOCTI.
Teopema 1.1. Hexaii cuctema piBHsiHb (1.3) Mae

exnmnii pose’ssox M, (1,19,32), »0 >0, 33>0,
y3 >0 i icuytots crani By, >0, hy >0, hy>0
TIPH KX BUKOHYIOTHCS HEPiBHOCTI

A =c¢,>0, A,

Ay =¢11CC35 T 015013603 1 €15C15C05 -

_ 2
=C11€2-C1, >0,

2 2 2
- C13Cy; = CipCy3 - €31 >0 (1.6)
e
_ 2 2 2 2
1 _hn(l'all)'Zhn alI|Lll -hy Ly - oy L - hasLy,

¢ =-h 1lean1| +L11)- h22L210a22| +L22)-h33L3 i
3 =-h, 1L13qa11| +L11)-h22L21L23 - h33L310a33| +L33)
ey = hy 1=, )-2plass| Ly -y L2y - iy L2, - s 2,
Cys = hyiLisLay - B L (sa] + Lyg) - sl (] + Lsy)
ey = hyall1-a2)- 2hfase|Lyy - Ly - oy 2 - By (1.7)

Toni monoxeHHst piBHOBarm M (Y1 , y2 , V3 )
cucremi (1.1) € acHMOTOTHYHO CTIHKOIO.

Jlosedenns.  JIns  MOCHIDKEHHS  CTIMKOCTI
MOJIOKEHHS piBHOBaru M, ( 29,8 )
CKOPHUCTAEMOCS (dyHKIIIETO JIanmynoBa

KBaaApaTU4YHOI'o BUIY:

2 2 2
V(xl»x2>x3 ) =hyxp + hypxy + hyyxs

il mepma pisHunsg B cuiy cuctemu (1.6) mae
BUTJISII:

AV (x; (k). x, (k). x; (k)) =
=[x? (k4 1) + By (k1) 4 g (K +1) ] -
_I:hllxlz (k)+h22x22 (k)+h33x32 (kﬂ

abo
AV (3, (k) x, (k). x, (k) =
zhll[allxl +Fil(x1 k)

(3 () + B (5, () +
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iy [y () + Fy (3 (K)) +
B (3, (K)) + B ( () ] +
sy | s () + Fy (x (k) +
B (3, (K)) + Fig (5 () ] -
[ 17 (k) + a3 () + g (K) ]

[leperBoprMO OTpuUMaHMA BHUpa3, BUIAUTUBIIH
KBaJIpaTH4HI CKJIaJJ0Bi, HACTYITHIM YHHOM

AV (% (k),x, (k),x; (k) ==hy, (1-a7; ) (k) -
~hyy (1= ay, )53 (k) = hsy (1= a3 ) x5 () +
{2, ()] £ (% () + By (x, (k) +
+F5 (s (k))] +|:F11 (3, (k))+Fy (xy (k) +
(%, ()] }+h22{2a22x2(k)[F (x (k) +
+F22(x2(k))+Fz3(x3(k))} [FZI(XI (K))+
)T+
iy {203, ()] 5 (3 () + s (3, (K)) +
+Fy (% (k) |+ 1 (0 () +
2 (52 (0)) # (3 ()
(1.2),

[IEPENUIIEMO

+F, (x2 + E, (x (k

BukopucroBytoun ymoBu  Jlimmwis

ynxuii  F; () ,
OTPUMAaHM BHPa3 HACTYITHUM YHHOM:

AV()cl(k),x2 (k),x; (k))s—h1 (1 all)x (k)-
_hzz(l_azz)xz( ) }’33(1 a33)x3 (k)"'

HAKIaaeHl Ha

+2h11|a11||x1(k)|[L11|x1(k)|+L12|x2 +L13_|x3 k)|]+
+h11|:L”|XI )|+ Lyy |, ()| + Ls |ocs ( )H+
+2h22|a22||x2(k |[ 21|x1 (k) |+L22|x2 +L23_|x3 k)|]+
iy [ Loy o ()| + Ly |y ()| Lo s ()| ]+

+2I%3|a33||x3(k)|[L31|x] k)|+L32|x2 |+L33|x3 )|]+

b [ Ly | (k) (K)|+ Lys s (0[]
VsIBIMO IpaBy YaCTHHY Y BUTJISII KBa,Z[paTI/I‘{HOi'
dhopmu
AV(xl (k),x, (k),x (k)) <
<y (1= ) =20 Jay | Ly = Ly = hop By = By [ (k) +

+2[h11L12 (‘an‘ + L11)+h22L21 (‘azz‘ + L22)+h’33L31L32:Hx1 (k)sz (k)‘ -

|+L32 |x2
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oy (1= @) ~ 2l Ly =y = By = sy |2 )+
+2[/a1113 (I +L1y)+ Loy Loy +hBL31(|a33|+L33ﬂ|x1(k)||x3(k)|—
s (103 ) - 2| Ly = Ly = s By~ [ )+
2 Ly + oy Loy (| + Loy + b Ly (s |+ Lig) ]|y () | (K )|

3anuiemMo OTpUMaHy HEPIBHICTh Y BUTIISIL:
AV(x1 (k),x, (K),x; (k)) <z (k)Cz(k)»

X (k) S G2 G3
Z(k): X2 (k) >C=|cp Cp O |

X5 (k) Gz C3  Ca3
& =y (1=af)) = 2hy @y | Ly = by L3y = oy By = s I
Cp ==Ly (|al 1| +1, ) —hyLy, (|a22 | + Ly, ) ~ Ly Ly,
¢3 ==y Lys (|a”| +L11)_h22L21L23 ~haslyy (|a33|+L33) ’
Cyy =hyy (1 —agz ) ~2hy |a22|L22 ‘husz ‘hzzLiz —}%:Jéz >
3 ==y LpLys =y Ly (|a22| +Ly)—hyLyy (|a33| L),
3 =hy (1—a323)—2h33 |a33|L33 —hy Ly = hyy Ly =y 3, .

Sk ButumBae 3 kputepito CuibBecTpa, yMOBa
HeraTHBHOI BU3HaueHOCTi QyHKii JIsmyHoBa, TOOTO
yMOBa  aCHUMITOTHYHOI  CTIHKOCTI  TOJIOXCHHS
piBHOBaru cucremu (1.5) mae Burisz (1.6).

SIKIIO CKOpUCTATHCS HEPIBHICTIO:

24AB< A* + B* (1.8)

TO MO>KHA OTPUMATH OUIBII «TpyOy», ale Jeriie
nepeBipsieMy YMOBY.

Teopema 1.2. Hexaii cucrema piBHsHb (1.3) mae
€IMHUN PO3B’SI30K M()(vo,yg,yé)), »W>0, y9>0,
y?>0 i icuytots crami A, >0, hy>0, hy>0
NP SIKUX BUKOHYIOTHCSI HEPIBHOCTI:

¢;>0,¢,>0,c;>0

(1.9)
Jac

ey =hy (1=aiy) = 2hy |ay | Ly = by Ly = hoy I, = s 13, —

—hy Ly (| |+ Ly ) = By Ly, (|ags | + Lo ) = hss Ly Ly, —

~IiLas (| |+ Ly ) = Faa Loy Loy = Psa sy (|atsa |+ Laa )

Cypp =y (1 - a§2 ) =2hy, |a22|L22 —h 1L122 - hzzléz - h33L§2 -

—hy Ly, (|a11| +1L, ) —hypLy, (|azz| + Ly ) —hys Ly Ly, —

~hy Ly Lys =y Ly (|azz| +Ly)=hyLy (|a33| +Ls3)

C33 = 3 (1 ~ a3 ) —2hs; |a33|L33 Iy Ly =y Ly =y L —

—hy Ly (|a11 | +1L, ) —hy Ly Lyy — Iy Ly, (|a33| + Ly ) -

—hy\LiyLiy = hyy Lyy(Jay,| + Lyy) = hys Ly (|ass |+ Lyy) - (1.10)
Toni monoxeHHs piBHOBarm M, ( Wy, yg )

cucrema (1.1) € aCHMIOTOTHIHO CTIHKUM.
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Jlosedenns.  JIng  MOCHIIKEHHS  CTIMKOCTI
HOJNOXKEHHS  piBHOBaru M, (yf , yg , yg ) 3HOBY
CKOpHUCTaEMOCS ¢byHKLIEIO JIsnyHoBa

KBaJpaTHIHOTO BHIY:
2 2 2
\% (Xl’ Xy Xs) = hyy X+ DX+ hgeXg

Sx Oyno moka3aHO B TONEpenHid Teopemi, il
nepia pisHuLs B cuity cucremu (1.6) mae Burisi:

AV (1 (K) % (k). (K)) <

_[hzz (1_3222)_2h22|azz||-22_hul-fz_hzzl-gz 3L§2}X
(k)

—[h33(1—6133)—2h33|a33|L33—hllL13 22'—23 hss'—ea}xe% k)
+2[hu|-12|-13+h22|-23(1322|+L22)+h33|-32(|333|+|-33)}|xz ”Xs |

CkopucraBmmch HepiBHicTio (1.8), 3ammmemo
OTpUMaHy HEpiBHICTb Y BUTIIAII
AV (% (t).% (1) % (1)) <= (K) =€z (k) —cos (K),

ae
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Gy =hy (1_ a121)_ 2hy, [@| Lyy = hyy Ly =g Ly —hag L3, —
—hyy Ly ([8gs] + Ly ) = oo Loy (|0 ] + Ly ) = hogls Ly —
L (8] + Ly ) = Paalos Loy = s Lo (8] + Laa).

Cap =y (18, ) —2My5 | Ly =y L, — L5, — gL, -
—h,L, (|311| + Lil) —hy,Ly (|a22| + Lzz)_ haslas s, —

—h,; Lyl - h22|-23(]azz| + L) —hyly, (|ass| +Lg,)

Cas = hig (1_a§3)_2h33|a33| Lgg — L33 — L —hsslLis —
L ([ + Luy ) = oo Los Lo — gl (|| + Lsg ) -
uabipbas ~ P Las (| + L) — sl (| + L)

YMoBa HeraTMBHOI BH3HAYEHOCTI  (yHKUIi
JlsamyHoBa, TOOTO yMOBa aCHMITOTHYHOI CTIMKOCTi
nonoxkeHHs: piBHoBaru cucremu (1.5) mae Burmsag
(1.9), (1.10).

3ayBaxenHsl.l. 3 wepiBaocreii (1.6), (1.10)
BHUJHO, MO HEOOXiIHOI YMOBOIO AaCHMITOTHYHOL
CTIKOCTI pillIeHb [0 TIONOKEHHS pIBHOBAard €
«MAJIICTB» HEMHIMHUX WIEHIB, TOOTO MOCTIMHHX
JTirmmuans.
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