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Ðîçãëÿäàþòüñÿ òàêi ôóíêöi¨ Ìîðñà íà îði¹íòîâàíèõ êîìïàêòíèõ ïîâåðõíÿõ ç ìåæåþ, ùî

¨õ îáìåæåííÿ íà ìåæó òàêîæ ¹ ôóíêöi¹þ Ìîðñà. Çíàéäåíî âñi ìîæëèâi äåôîðìàöi¨ ôóíêöié â

îêîëàõ êðèòè÷íèõ ðiâíiâ ç äâîìà êðèòè÷íèìè òî÷êàìè äî ôóíêöié, ó ÿêèõ ïî îäíié êðèòè÷íié

òî÷öi íà êîæíîìó êðèòè÷íîìó ðiâíi. Ïîêàçàíî, ùî òàêó äåôîðìàöiþ â êîæíîìó ç âèïàäêiâ

ìîæíà çäiéñíèòè äâîìà ñïîñîáàìè.

Êëþ÷îâi ñëîâà: ôóíêöiÿ Ìîðñà, àòîì m-ôóíêöi¨, òîïîëîãi÷íà êëàñèôiêàöiÿ.
We consider m-functions on a closed oriented two-dimensional manifold (surface)M with boundary

∂M that is smooth functions f such that: 1) f is a Morse function, 2) restriction f |∂M is a Morse

function. We investigate changing of neighborhood of a critical level (f-atom) points under a small

deformation of the function. Hear f-atom is considered up to homeomorphism that maps level component

of function into level component and preserve the direction of function arising. An atom with one critical

point (a simple atom) is stable under smooth deformation of the function. In one a one-parameter family

of m-function, an atom with 2 critical points (complexity 2) can appear. Each atom of complexity 2

splits at a small movement in the one-parameter family of m-functions into two simple atoms by two

ways. All possible deformations of atoms of complexity 2 of m-functions on surfaces with boundary to

simple atoms are considered.

Key words: Morse function, atom of m-function, topological classi�cation.
Ñòàòòþ ïðåäñòàâèâ ä. ô.-ì. í. ïðîô. Êèðè÷åíêî Â.Â.

Introduction. Let M be a closed oriented two-
dimensional manifold (surface). Let f be a smooth
function onM . Consider the Hamiltonian dynami-
cal system given by the equation dx

dt = sgrad f(x),
x ∈M . Then its trajectories lie on the components
of the line-level function f . These components are
called layers. Homeomorphism of surface re�ecti-
ng layers on layers is called a layered equivalence.
So the layered classi�cation of functions sets the
topological classi�cation of Hamiltonian dynami-
cal systems. On the set of all functions one can ide-
ntify an open everywhere dense subset consisting
of simple Morse functions. To study the functions
À.Konrod [4] and H.Rib [7] introduced a graph,
which is obtained from the surface after collecting
each layer to the point. This graph is a complete
topological invariant of simple Morse functions.

The analogue of Morse functions for manifolds
with boundary are m-functions. The topologi-
cal properties of m-functions were investigated in

[2,3,5,6,8�12]. In [3] all possible atoms of complexi-
ty 2 of m-functions on surfaces with boundary are
considered. The purpose of the scienti�c work is
to describe all possible deformations of atoms of
complexity 2 to simple atoms.

m-function. Simple atoms. Let M is a
smooth manifold of dimension n, f : M −→ R
is a smooth function.

The point x ∈ M is a critical for function f
if df(x) = 0. Herewith f(x) is a critical value for
function f .

The critical point is called non-degenerate if

the second di�erential d2f =
∑ ∂2f

∂xi∂xj
dxidxj is

non-degenerate at this point.

De�nition. A smooth function on a manifold
M is a Morse function if it has no degenerate cri-
tical points.

Let M is a smooth compact manifold of di-
mension n with boundary.
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De�nition. The function f : M −→ R is m-
function if:

à) all its critical points are non-degenerate and
do not situated on ∂M ;

á) the boundary of manifold can be
represented as a union ∂M = ∂M− ∪ ∂M0 ∪ ∂M+

so that the restriction f∂ of function f on ∂M0

is Morse function and when the set ∂M− 6= ∅
(∂M+ 6= ∅) then function f takes minimum (maxi-
mum) value.

We will call m-functions f and g on the
surfaces X2 and Y 2 layered equivalent if there is
a di�eomorphism λ : X2 −→ Y 2 which maps
connected components line-level of function f into
connected components line-level of function g.
The pair (X2, f) is layered equivalent to the pair
(Y 2, g).

We will explore the layered equivalence of m-
functions in the neighborhoods of their critical
values.

De�nition. The neighborhood of the P 2 cri-
tical layer which is given by the inequality c− ε 6
f 6 c + ε for su�ciently small ε which strati-
�ed on the line level of function f and which
is considered accurate to the layered equivalence
P 2 = {x : −ε 6 f(x)− c 6 ε} is called an atom.

If the critical value c is local minimum or local
maximum then an atom is called an atom A. If the
critical value c is saddle then the corresponding
atom is called a saddle .

Atom is called simple if m-function in the
(P 2, f) is simple. Remaining atoms are called

complex.
Let c is the critical value of function f on X2

and c′ is the critical value of function g on Y 2. We
consider their speci�c layers: f−1(c) and g−1(c′)
and suppose that these layers are coherent.

m-functions f and g are called layered equi-

pped equivalent in the neighborhood of their parti-
cular layers f−1(c) and g−1(c′) if there are two
positive numbers ε i ε′ and di�eomorphism λ :
f−1(c − ε, c + ε) −→ g−1(c′ − ε′, c′ + ε′), whi-
ch converts line-level of function f in line-level of
function g and preserves the direction of functions
growth that λ maps the range (f > c) into the
range (g > c′).

We consider the pair (P 2, f) where P 2 is a
connected compact surface with non-empty edge
∂P 2 and f is m-function on it which has exactly
one critical value C moreover f−1(c−ε)∪f−1(c+
ε) = ∂P 2. The class of equipped layered equi-
valence of this pair (P 2, f) is called f -atom or
equipped atom.

Remark. Each atom corresponds to two f -
atoms. Sometimes these two atoms can coincide,
be equivalent.

De�nition. f -atom is an atom with the
previous de�nition for which the splitting of rings
into positive and negative is observed .

The simplest examples of atoms is a nei-
ghborhood of maxima, minima and saddle critical
points on surfaces. When passing through the cri-
tical level of m-function of the common situation
levels adjustment may occur [2] (�g.1).

Fig. 1.

Atoms of complexity 2. All possible atoms
of complexity 2 of m-functions on surfaces with
boundary have been considered in the work [3].

Each atom of complexity 2 splits at a small
movement in the one-parameter family of m-func-
tions into two simple atoms by two ways (�g.2-11):

We stretch the points to di�erent critical
levels. Fig.2 shows that atom B1 splits into two

simple atoms. Firstly we consider the case when
the �rst critical point is above the second critical
point. Having made a small movement we obtain
two simple atoms: A1 and A6. If we have a second
critical point at a higher critical level than the �rst
one we get other simple atoms: A6 and A3. And
similarly for B2, whereas B1 and B2 are the same
as atoms although di�erent as f -atoms.
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Fig. 2.

Fig.3 shows that atom B3 splits into two si-
mple atoms by two ways: A3, A7 and A7, A1. Si-
milarly for B4, whereas both atoms B3 and B4 are
the same as atoms although di�erent as f -atoms.

Atom B5 splits into two simple atoms: A8, A5

and A3, A6. And similarly for B6, whereas B5 and
B6 are the same as atoms although di�erent as
f -atoms.

Fig. 3.

Fig.4 shows that atom B7 splits into two si-
mple atoms by two ways: A3, A8 and A8, A3. Si-
milarly for B8.

Atom B9 splits into two simple atoms: A5, A9

and A9, A5. And similarly for B10.

Fig. 4.

Fig.5 shows that atom B11 splits into two si-
mple atoms by two ways: A1, A1 and A1, A1. Si-
milarly for B12.

Atom B13 splits into two simple atoms: A3,

A3 and A3, A1. And similarly for B14, whereas
both atoms B13 and B14 are the same as atoms
although di�erent as f -atoms.

Fig. 5.
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Fig.6 shows that atom B15 splits into two si-
mple atoms by two ways: A5, A3 and A5, A4. Si-
milarly for B16.

Atom B17 splits into two simple atoms: A5,
A7 and A9, A3. And similarly for B18.

Fig. 6.

Fig.7 shows that atom B19 splits into two si-
mple atoms by two ways: A3, A9 and A9, A3. Si-
milarly for B20.

Atom B21 splits into such simple atoms: A5,
A5 and A5, A5.

Fig. 7.

Fig.8 shows that atom B22 splits into two si-
mple atoms by two ways: A1, A2 and A2, A1.

And atom B23 splits into such simple atoms:
A4, A4 and A4, A4.

Fig. 8.

Fig.9 shows that atom B24 splits into two si-
mple atoms by two ways: A3, A2 and A4, A3. And
in the same way for B25.

Atom B26 splits into the following simple
atoms: A3, A3 and A5, A5.

Fig. 9.

Fig.10 shows that atom B27 splits into two
simple atoms by two ways: A9, A7 and A9, A7.
Similarly for B28.

Atom B29 splits into the following simple
atoms: A8, A9 and A7, A6.
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Fig. 10.

Fig.11 shows that atom B30 splits into two si-
mple atoms: A5, A5 and A9, A8.

Atom B31 splits into two simple atoms by two
ways: A9, A9 and A9, A9. And similarly for B32.

Fig. 11.

Summarizing all of the above the following
theorem is just.

Theorem. All possible deformations of atoms
of complexity 2 to simple atoms are set in the
table:

B1 B2 B3 B4 B5 B6 B7 B8

A1 A7 A3 A6 A8 A5 A3 A9

A6 A2 A7 A4 A5 A9 A8 A4

A6 A4 A7 A2 A3 A7 A8 A4

A3 A7 A1 A6 A6 A4 A3 A9

B9 B10 B11 B12 B13 B14 B15 B16

A5 A8 A1 A2 A3 A4 A5 A4

A9 A5 A1 A2 A3 A4 A3 A5

A9 A5 A1 A2 A3 A2 A5 A3

A5 A8 A1 A2 A1 A4 A4 A5

B17 B18 B19 B20 B21 B22 B23 B24

A5 A6 A3 A8 A5 A1 A4 A3

A7 A5 A9 A4 A5 A2 A4 A2

A9 A4 A9 A4 A5 A2 A4 A4

A3 A8 A3 A8 A5 A1 A4 A3

B25 B26 B27 B28 B29 B30 B31 B32

A1 A3 A9 A6 A8 A5 A9 A8

A3 A3 A7 A8 A9 A5 A9 A8

A3 A5 A9 A6 A7 A9 A9 A8

A4 A5 A7 A8 A6 A8 A9 A8

Conclusions

We have considered all possible deformati-
ons of atoms of complexity 2 of m-functions on
surfaces with boundary to simple atoms.

The results by O. V. Bolsinov and
A. T. Fomenko [1] and O. O. Prishlyak [6] have
been generalized in the work.

The obtained results can be used for the global
classi�cation of m-functions of complexity 2, as
well as an initial step for the study of atoms of
greater complexity.

All these results are applied in the study of
vector �elds of oblique gradient on the manifolds
with boundary.

22



Âiñíèê Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Òàðàñà Øåâ÷åíêà

Ñåðiÿ: ôiçèêî-ìàòåìàòè÷íi íàóêè

2015, 2

Bulletin of Taras Shevchenko

National University of Kyiv

Series: Physics & Mathematics

Ñïèñîê âèêîðèñòàíèõ äæåðåë

1. Áîëñèíîâ À. Èíòåãðèðóåìûå ãàìèëüòîíî-
âûå ñèñòåìû. Ãåîìåòðèÿ, òîïîëîãèÿ, êëàñ-
ñèôèêàöèÿ. / À. Áîëñèíîâ, À. Ôîìåíêî. �
Êèåâ: Èçä-âî Äîì ¾Óäìóðòñêèé óíèâåðñè-
òåò¿. � 1999. � Ñ. 66�99.

2. Ïðèøëÿê Î. Î. Êëàñèôiêàöiÿ ïðîñòèõ
m-ôóíêöié íà îði¹íòîâàíèõ ïîâåðõíÿõ /
Î. Î. Ïðèøëÿê, Ê. Î. Ïðèøëÿê, Ê. I. Ìi-
ùåíêî, Í. Â. Ëóêîâà // Æóðíàë îá÷èñë. òà
ïðèêë. ìàòåì. � 2011. � �1(104). � Ñ. 1�12.

3. Iâàíþê Î. Ì. Àòîìè ñòåïåíi 2 íà ïîâåðõíÿõ
ç êðà¹ì / Î. Ì. Iâàíþê, Î. Î. Ïðèøëÿê //
Proc. Intern. Geom. Center. � 2013. � Vol. 6.
� �3. � Ñ. 40�53.

4. Êðîíðîä À. Ñ. Î ôóíêöèÿõ äâóõ ïåðåìåí-
íûõ / À. Ñ. Êðîíðîä // Óñïåõè ìàò. íàóê. �
1950. � �5(35). � Ñ. 24�134.

5. Ìàêñèìåíêî Ñ. È. Êëàññèôèêàöèÿ m-
ôóíêöèé íà ïîâåðõíîñòÿõ / Ñ. È. Ìàêñè-
ìåíêî // Óêð. ìàò. æóðí. � 1999. � �8. �
Ñ. 1129-1135.

6. Prishlyak A. O. Morse functions with �nite
number of singularities on a plane / A. O. Pri-
shlyak // Methods of func. and topology. �
2002. � Vol. 8. � �1. � P. 75�78.

7. Reeb G. Sur les points singuliers de une
forme de pfa� completement integrable ou
de une function numerique / G. Reeb //
Comptes Rendus Hebdomadaires des Seaces
de Academie des Sciences. � 1954. � Vol. 222.
� P. 847�849.

8. Ëóêîâà Í. Â. Ôóíêöi¨ çàãàëüíîãî ïîëîæå-
ííÿ íà òðèâèìiðíèõ ìíîãîâèäàõ ç ìåæåþ /
Í. Â. Ëóêîâà, Î. Î. Ïðèøëÿê // Âiñí. ÊÍÓ,
Ìàò. Ìåõ. � 2009. � �21. � Ñ. 32-35.

9. Ïðèøëÿê Î. Î. Òîïîëîãi÷íi âëàñòèâîñòi
ôóíêöié íà òðèâèìiðíèõ òiëàõ / Î. Î. Ïðè-
øëÿê, Ê. Î. Ïðèøëÿê, Î. Í. Âÿò÷àíiíîâà //
Æóðíàë îá÷èñë. òà ïðèêë. ìàòåì. � 2010. �
�2(101). � Ñ. 113-119.

10. ÏðèøëÿêÎ.Î. Êëàñèôiêàöiÿ ïðîñòèõ m-
ôóíêöié íà îði¹íòîâàíèõ ïîâåðõíÿõ / Î.Î.
Ïðèøëÿê, Ê. Î. Ïðèøëÿê, Ê. I. Ìiùåíêî,
Í. Â. Ëóêîâà // Æóðíàë îá÷èñë. òà ïðèêë.
ìàòåì. � 2011. � �1(104). � Ñ. 116-127.

11. Ïðèøëÿê Î. Î. Ì-ôóíêöi¨ íà íåîði¹íòîâà-
íèõ ïîâåðõíÿõ / Î. Î. Ïðèøëÿê, Ê. Î. Ïðè-
øëÿê, Í. Â. Ëóêîâà-×óéêî // Æóðíàë îá-
÷èñë. òà ïðèêë. ìàòåì. � 2012. � �2(108). �
Ñ. 176-185.

12. Iâàíþê Î. Ì. Ìîëåêóëè m-ôóíêöié ñòåïå-
íi 2 íà ïîâåðõíÿõ ç êðà¹ì / Î. Ì. Iâà-
íþê, Î. Î. Ïðèøëÿê // Proc. Intern. Geom.
Center. � 2014. � Vol. 7. � �3. � Ñ. 27�37.

References

1. BOLSINOV, A. V. and FOMENKO, A. T.
(1999), �Integrable Hamiltonian systems�,
Geometry, topology, classi�cation, pp. 66�99.

2. PRISHLYAK, A. O., PRISHLYAK, K. O.
, MISCHENKO K. I. and LUKOVA N. V.
(2011), �Classi�cation of simple m-functions
on oriented surfaces�, Journal of calc. and
appl. math, No. 1 (104), pp. 1�12.

3. IVANYUK, O. M. and PRISHLYAK, A. O.
(2013), �Atoms of complexity 2 on surfaces
with boundary�, Proc. Intern. Geom. Center,
v.6, No. 3, pp. 40�53.

4. KRONROD, A. S. (1950), �About functions
of two variables�, Russian Math. Surveys,No.
5(35), pp. 24�134.

5. MAKSIMENKO, S. I. (1999), �Classi�cati-
on of m-functions on surfaces�, Ukr. Math.
Journal, Ò. 51, No. 8, pp. 1129�1135.

6. PRISHLYAK, A. O. (2002),�Morse functions
with �nite number of singularities on a plane�,
Methods of func. and topology, v. 8, No. 1,
pp. 75�78.

7. REEB, G. (1954), �Sur les points singuliers de
une forme de pfa� completement integrable ou
de une function numerique�, Comptes Rendus
Hebdomadaires des Seaces de Academie des
Sciences, v. 222, pp. 847�849.

8. LUKOVA, N. V. and PRISHLYAK, A. O.
(2009), �Function in general position on 3-
manifolds with boundary�, Bulletin of Taras
Shevchenko National Univ. of Kyiv, Math.
Mech., v. 21, pp. 32�35.

9. PRISHLYAK, A. O., PRISHLYAK, K. A. and
VYATCHANINOVA, O. N.(2010),� Topologi-
cal properties of functions on 3-dimensional
bodies�, J. Comput. and Applied Math, No. 2
(101), pp. 113�119.

10. PRISHLYAK, A. O., PRISHLYAK, K. A., MI-
SCHENKO, K. I. and LUKOVA, N. V.(2011),
�Classi�cation of simple m-function on ori-
ented surfaces�, J. Comput. and Applied Math,
No. 1 (104), pp. 116�127.

11. PRISHLYAK, A. O., PRISHLYAK, K. A.
and LUKOVA-CHUIKO, N. V. (2012),� M-
functions on non-oriented surfaces �, J.
Comput. and Applied Math, No. 2 (108),
pp. 176�185.

12. IVANYUK, O. M. and PRISHLYAK, A. O.
(2014), �Moleculas of m-functions degree 2 on
surfaces with boundary�, Proc. Intern. Geom.
Center, v. 7, No. 3, pp. 27�37.

Íàäiéøëà äî ðåäêîëåãi¨ 28.12.2014

23


	Algebra_tutyl.pdf

