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Îòðèìàíî â ÿâíîìó âèãëÿäi ôîðìóëè äëÿ îöiíîê ïàðàìåòðiâ òà çàëèøêîâî¨ ñóìè êâàäðà-

òiâ ìîäåëi äâîôàçíî¨ ðåãðåñi¨ ç âiäîìîþ òî÷êîþ ïåðåìèêàííÿ. Ïîáóäîâàíî àëãîðèòì ïåðåâiðêè

íà êîðåêòíiñòü ìîäåëi äâîôàçíî¨ ðåãðåñi¨ ç íåâiäîìîþ òî÷êîþ ïåðåìèêàííÿ.

Êëþ÷îâi ñëîâà: ìåòîä íàéìåíøèõ êâàäðàòiâ, ðåãðåñiéíà ìîäåëü, òî÷êà ïåðåìèêàííÿ

Formulas for parameter estimates and residual sum of squares for two-phase regression model

with a known point switch are obtained in explicit form. The parameter estimates of model are

presented in a linear combination of values of the response yi; residual sum of squares is presented

in a quadratic form of the values of the response yi. The coe�cients for linear combination and

quadratic form are found as a functions of i, k and n, where n + 1 − quantity of the values of

the response, k − number of the knot point in which the switch point is located. The algorithm of

checking for correctness of two-phase regression model with unknown point switch is constructed. The

algorithm is based on the general principles of statistical hypothesis testing in regression analysis.

Testing of hypothesis for equality of the unknown parameter to zero is carried out by using the

likelihood ratio criterion, which determines to accept or reject the hypothesis by the ratio of the

sum of squared deviations caused this hypothesis to the residual sum of squares of the two-phase

regression model with the unknown switch point.

Key Words: least square method, regression model, point switch

Ñòàòòþ ïðåäñòàâèâ ä.ò.í., ïðîô. Êóäií Â.I.

1. Âñòóï

Iñíó¹ áàãàòî çàäà÷, ÿêi ïîòðåáóþòü âè-
â÷åííÿ âïëèâó ïåâíèõ ôàêòîðiâ x1, x2, ..., xk
íà êiëüêiñíó õàðàêòåðèñòèêó y ÿêîãîñü îá'-
¹êòà àáî ÿâèùà. Äëÿ ðîçâ'ÿçàííÿ òàêèõ çà-
äà÷ âèêîðèñòîâó¹òüñÿ ðåãðåñiéíèé àíàëiç. Çà-
çâè÷àé x1, x2, ..., xk íàçèâàþòü íåçàëåæíèìè
çìiííèìè àáî ðåãðåñîðàìè, y − âèõiäíîþ çìií-
íîþ àáî âiäêëèêîì. Íåõàé ìiæ íåçàëåæíèìè
òà âèõiäíîþ çìiííèìè iñíó¹ ëiíiéíèé çâ'ÿçîê.
Ðåãðåñiéíèé àíàëiç áàçó¹òüñÿ íà ïðèïóùåííi,
ùî iç-çà âïëèâó ðiçíèõ íåâðàõîâàíèõ ôàêòîðiâ
òà âèïàäêîâîñòåé çàëåæíiñòü y âiä x1, x2, ..., xk
áóäå áiëüø àáî ìåíø âiäðiçíÿòèñÿ âiä ëiíiéíî¨,
òîáòî ¨¨ äîðå÷íî ïîäàòè â âèãëÿäi

y = a1x1 + a2x2 + ...+ akxk + ϵ, (1)

äå ϵ −âèïàäêîâå âiäõèëåííÿ. Òàêèì ÷èíîì
ìà¹ìî ëiíiéíó ðåãðåñiéíó ìîäåëü (1). Âåëè-
÷èíè a1, a2, ..., ak íàçèâàþòü ïàðàìåòðàìè ìî-
äåëi; âîíè íåâiäîìi òà çàâäÿêè íàÿâíîñòi ϵ â
ðiâíÿííi ðåãðåñi¨ íå ìîæóòü áóòè çíàéäåíi òî-
÷íî. Äëÿ ¨õ âèçíà÷åííÿ çàñòîñîâóþòüñÿ ñòàòè-
ñòè÷íi ìåòîäè äîñiäæåííÿ íåâiäîìèõ ïàðàìå-
òðiâ: òî÷êîâå òà iíòåðâàëüíå îöiíþâàííÿ.

Äëÿ òîãî, ùîá îòðèìàòè òî÷êîâi îöiíêè
ïàðàìåòðiâ a1, a2, ..., ak, ñëiä ïðèçâåñòè ðå¹-
ñòðàöiþ n çíà÷åíü y òà êîæíîãî ôàêòîðó
xj , j = 1, 2, ..., k, îäíî÷àñíî, òîáòî ïðè
êîíêðåòíèõ çíà÷åííÿõ ôàêòîðiâ xi1, xi2, ..., xik
îòðèìàòè çíà÷åíü yi, i = 1, 2, ..., n, n > k.

Íàéïîøèðåíiøèì ìåòîäîì îöiíþâàííÿ íå-
âiäîìèõ ïàðàìåòðiâ â ðåãðåñiéíîìó àíàëiçi ¹
ìåòîä íàéìåíøèõ êâàäðàòiâ (ÌÍÊ), ÿêèé ïî-
ëÿãà¹ â ìiíiìiçàöi¨ ñóìè

c⃝ Ì.Þ.Ñàâêiíà, 2015
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n∑
i=0

(yi − a1xi1 − a2xi2 − ...− akxik)
2

âiäíîñíî a1, a2, ..., ak.
Ïîçíà÷èìî

X =



x11 x12 ... x1k
x21 r22 ... r2k
. . . .
. . . .
. . . .

xn1 xn2 ... xnk

 .

ßêùî rang X = k, òî îöiíêà ÌÍÊ â1, â2, ..., âk
ïàðàìåòðiâ a1, a2, ..., ak ¹äèíà, òà ¨¨ ìîæíà çíà-
éòè çà ôîðìóëîþ

a⃗(∧) = (XTX)−1XT y⃗, (2)

äå

a⃗(∧) = (â1, â2, ..., âk)
T , y⃗ = (y1, y2, ..., yn)

T .

Ìiíiìàëüíå çíà÷åííÿ ñóìè êâàäðàòiâ âiäõè-
ëåíü

S2
k =

n∑
i=0

(yi − â1xi1 − â2xi2 − ...− âkxik)
2 (3)

íàçèâà¹òüñÿ çàëèøêîâîþ ñóìîþ êâàäðàòiâ.
Êëàñè÷íèé ðåãðåñiéíèé àíàëiç çàñíîâàíèé

íà òîìó, ùî âèãëÿä ìîäåëi (1) âiäîìèé ç òî÷íi-
ñòþ äî ïàðàìåòðiâ, òîáòî íàáið íåçàëåæíèõ
çìiííèõ (ôàêòîðiâ) çàäàíèé îäíîçíà÷íî, âñi
iñòîòíi çìiííi ïðèñóòíi òà íiÿêèõ àëüòåðíà-
òèâíèõ ñïîñîáiâ âèáîðó ôàêòîðiâ íåìà¹. Íà-
ñïðàâäi âèáið ðåãðåñîðiâ, òiñíî ïîâ'ÿçàíèé ç
âèáîðîì ìîäåëi îá'¹êòà - îäíà ç íàéñêëàäíi-
øèõ ïðîáëåì. Ïîÿâà ÅÎÌ â ñåðåäèíi ìèíó-
ëîãî ñòîði÷÷ÿ çíà÷íî ñïðîñòèëà öþ ïðîáëåìó.
"...Ïîñòóïîâî ç'ÿñóâàëîñÿ, ùî ÅÎÌ äîïóñêà¹
âiäìîâó âiä æîðñòêî¨ ìîäåëi äîñëiäæåííÿ òà
ïiäáið ïiä ÷àñ îáðîáêè äàíèõ äåÿêî¨ "íàéêðà-
ùî¨" ìîäåëi..." [1]. Êðiì òîãî, ðàíiøå ïðèïó-
ñêàëîñÿ, "ùî âæå ðåàëiçîâàíèé åêñïåðèìåíò,
âèêîíàíèé çà äåÿêèì ïëàíîì. "Òàêèì ÷èíîì,
çàäà÷à çâîäèëàñÿ äî âèáîðó íàéêðàùî¨ ïðîöå-
äóðè îáðîáêè äàíèõ. "...Îñòàííiì ÷àñîì îòðè-
ìó¹ ðîçâèòîê íîâèé ïiäõiä, â ðàìêàõ ÿêîãî
çàïðîïîíîâàíî îäíî÷àñíî âèáèðàòè íàéêðàùó
òðiàäó: ìîäåëü-ïëàí-ìåòîä îöiíþâàííÿ, ùî

âiäïîâiäà¹ íàñêiëüêè ìîæëèâî ðîçãëÿíóòié çà-
äà÷i..."[1]

2. Ìîäåëü äâîôàçíî¨ ðåãðåñi¨. Çàäà÷à
ïåðåâiðêè ìîäåëi íà êîðåêòíiñòü

Ðîçãëÿíåìî ìîäåëü ðåãðåñi¨

yi = ati+ b+ c1(ti− t∗)++ ϵi, i = 0, 1, ..., n,
(4)

äå ϵ0, ..., ϵn − íåçàëåæíi ó ñóêóïíîñòi íîð-
ìàëüíî ðîçïîäiëåíi âèïàäêîâi âåëè÷èíè ç
Eϵi = 0 òàDϵi = σ2, à (ti−t∗)+− çðiçàíà ñòåïå-
íåâà ôóíêöiÿ [2]. Çãiäíî ç [3] òî÷êà t∗ íàçèâà-
¹òüñÿ òî÷êîþ ïåðåìèêàííÿ ìîäåëi. ßêùî âîíà
âiäîìà, ìîäåëü (4) ¹ ëiíiéíîþ ïî ïàðàìåòðàõ
a, b, c1, ÿêi ïiäëÿãàþòü îöiíþâàííþ. ßêùî t∗

íåâiäîìà, ìîäåëü ñòà¹ íåëiíiéíîþ ïî ïàðàìå-
òðàõ, à t∗ ïåðåòâîðþ¹òüñÿ íà íåâiäîìèé ïàðà-
ìåòð ìîäåëi, ÿêèé òàêîæ òðåáà îöiíþâàòè.

Êðiì òîãî, âèñóâà¹ìî ãiïîòåçó c1 = 0.ßêùî
âîíà ïiäòâåðäèòüñÿ ç âåëèêîþ éìîâiðíiñòþ,
ôàêòîð (t − t∗)+ âèäàëÿ¹ìî ç ðåãðåñi¨, òîáòî
ìîäåëü (4) ïåðåòâîðèòüñÿ íà òàêó ìîäåëü

yi = ati + b+ ϵi, i = 0, 1, ..., n. (5)

Äëÿ ðåãðåñiéíî¨ ìîäåëi (5) ôîðìóëà (2) äëÿ
îöiíîê ÌÍÊ ïàðàìåòðiâ a, b ïåðåòâîðþ¹òüñÿ
íà òàêi ñïiââiäíîøåííÿ [3]

â =

∑n
i=0 yi(ti − t̄)∑n
i=0(ti − t̄)2

, b̂ = Ȳ − ât̄,

äå

Ȳ =
n∑

i=0

yi, t̄ =
n∑

i=0

ti,

à çàëèøêîâà ñóìîþ êâàäðàòiâ äîðiâíþòåìå

S2
2 =

n∑
i=0

(yi − Ȳ )2 − â2
n∑

i=0

(ti − t̄)2.

3. Ôîðìóëè äëÿ îöiíîê ÌÍÊ ïàðàìå-
òðiâ ìîäåëi äâîôàçíî¨ ðåãðåñi¨ ç âiäî-
ìîþ òî÷êîþ ïåðåìèêàííÿ

Íåõàé âiäîìî, ùî t∗ = tk. Ïîçíà÷èìî

â(k), b̂(k), ĉ
(k)
1 îöiíêè ÌÍÊ ïàðàìåòðiâ a, b, c1

ìîäåëi (4) â öüîìó âèïàäêó.
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Òåîðåìà. Íåõàé ti =
i
n , i = 0, 1, ..., n.

Òîäi

ĉ
(k)
1 = α(k)

n∑
i=0

β
(k)
i γ

(k)
i yi, (6)

â(k) = 12δ

n∑
i=0

ρiyi − λ(k)δ(k)η(k)ĉ
(k)
1 , (7)

b̂(k) = Ȳ − 6δ

n∑
i=0

ρiyi +
k

n
δ(k)η(k)ĉ

(k)
1 , (8)

äå

β
(k)
i =

{
1

k(k+1) , ÿêùî i = 0, 1, ..., k,
1

(n−k)(n−k+1) , ÿêùî i = k + 1, ..., n,

(9)

γ
(k)
i =


kn− i(2k + n+ 2),

ÿêùî i = 0, 1, ..., k,
(k − 2n− 2)n− i(2k − 3n− 2),

ÿêùî i = k + 1, ..., n,
(10)

ρi =
i

n
− 1

2
, i = 0, 1, ..., n, (11)

α(k) =
6n

(2k + 1)n+ 2(k2 − 1)
, (12)

δ =
n

(n+ 1)(n+ 2)
, (13)

λ(k) =
n+ 2k + 2

n
, (14)

η(k) =
(n− k)(n− k + 1)

n
. (15)

Äîâåäåííÿ. Ïîçíà÷èìî τik = (ti − tk)+.

ßêùî t∗ = tk, îöiíêè ÌÍÊ â(k), b̂(k), ĉ
(k)
1 ïàðà-

ìåòðiâ a, b, c1 ìîæíà çíàéòè ÿê ðîçâ'ÿçîê ñè-
ñòåìè ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü

∑n
i=0

(
yi − â(k)ti − b̂(k) − ĉ

(k)
1 τik

)
= 0∑n

i=0

(
yi − â(k)ti − b̂(k) − ĉ

(k)
1 τik

)
ti = 0∑n

i=0

(
yi − â(k)ti − b̂(k) − ĉ

(k)
1 τik

)
τik = 0

,

ç ÿêî¨ îòðèìà¹ìî

ĉ
(k)
1 =

∆1

∆
,

äå

∆1 =

∣∣∣∣∣
∑n

i=0

(
t2i − t̄2

) ∑n
i=0 yi

(
ti − t̄

)
∑n

i=0(ti − t̄)τik
∑n

i=0(yi − Ȳ )τik

∣∣∣∣∣,

∆ =

∣∣∣∣∣
∑n

i=0

(
t2i − t̄2

) ∑n
i=0(ti − t̄)τik∑n

i=0(ti − t̄)τik
∑n

i=0 τ
2
ik −

1
n

(∑n
i=0 τik

)2
∣∣∣∣∣,

â(k) =
(
t2i−t̄2

)−1
[ n∑
i=0

yi
(
ti−t̄

)
−ĉ

(k)
1

n∑
i=k+1

(ti−t̂)τik

]
,

b̂(k) = Ȳ − â(k)t̄− ĉ
(k)
1

n+ 1

n∑
i=k+1

τik.

Äàëi, ó âèïàäêó ti =
i
n , i = 0, 1, ..., n,

∆1 =

∣∣∣∣∣
(n+1)(n+2)

12n

∑n
i=0 yiρ

(k)
i

(n−k)(n−k+1)(n+2k+2)
12n2

∑n
i=k(yi − Ȳ )ϱ

(k)
i

∣∣∣∣∣,
äå ϱ

(k)
i = i−k

n , i = k, ..., n, à ρ
(k)
i âèçíà÷à¹òüñÿ

çà ôîðìóëîþ (11),

∆ = (n− k)(n− k + 1)·

·

∣∣∣∣∣
(n+1)(n+2)

12n
(n−k)(n−k+1)(n+2k+2)

12n2

n+2k+2
12n2

(n2+(2k+3)n−3k2−k+2)
12n2(n+1)

∣∣∣∣∣.

Ïiñëÿ íèçêè ïåðåòâîðåíü ìà¹ìî

∆1 =
1

12n3
·

·
( k∑

i=0

yi
[
(n−k)(n−k+1)

(
kn− i(2k+n+2)

)]
+

+
n∑

i=k+1

yi
[
k(k+1)

(
(k−2n−2)n−i(2k−3n−2)

)])
;

∆ =
2k(k + 1)(n− k)(n− k + 1)

(12n2)2
·
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·
(
(2k + 1)n+ 2(k2 − 1)

)
.

Òàêèì ÷èíîì ìà¹ìî

ĉ
(k)
1 =

6n

(2k + 1)n+ 2(k2 − 1)
·

·
(

1

k(k + 1)

k∑
i=0

yi
[
kn− i(2k + n+ 2)

]
+

+
1

(n− k)(n− k + 1)
·

n∑
i=k+1

yi
[
(k − 2n− 2)n− i(2k − 3n− 2)

])
,

â(k) =
12n

(n+ 1)(n+ 2)

n∑
i=0

yi

( i

n
− 1

2

)
−

−(n− k)(n− k + 1)(n+ 2k + 2)

n(n+ 1)(n+ 2)
ĉ
(k)
1 ,

b̂(k) = Ȳ − 6n

(n+ 1)(n+ 2)

n∑
i=0

yi

( i

n
− 1

2

)
+

+
k(n− k)(n− k + 1)

n(n+ 1)(n+ 2)
ĉ
(k)
1 .

Â îòðèìàíèõ äëÿ â(k), b̂(k), ĉ
(k)
1 ôîðìóëàõ

ââîäèìî ïîçíà÷åííÿ (9)-(15). Îòðèìà¹ìî ôîð-
ìóëè (6),(7),(8).

Òåîðåìó äîâåäåíî.
Çàëèøêîâó ñóìîþ êâàäðàòiâ äëÿ ìîäåëi (4)

ç âiäîìîþ òî÷êîþ ïåðåìèêàííÿ ìîæíà ïîäàòè
ó âèãëÿäi

T (k) =

n∑
i=0

(
yi − â(k)ti − b̂(k) − ĉ

(k)
1 (ti − tk)+

)2
.

(16)
Íàñëiäîê. Ìà¹ ìiñöå ðiâíiñòü

T (k) =

n∑
i=0

(yi − Ȳ )2 − 12δ

( n∑
i=0

ρiyi

)2

+

+2ĉ
(k)
1 A1(k) + (ĉ

(k)
1 )2A2(k), (17)

äå

A1(k) =
η(k)

2
Ȳ + η(k)λ(k)δ

( n∑
i=0

ρ
(k)
i yi

)
−

−
n∑

i=0

ϱ
(k)
i yi,

A2(k) =
(η(k))2

12(n+ 1)

(
(λ(k))2

n

n+ 2
+3

)
+
η(k)µ(k)

6
.

Äîâåäåííÿ. Ïiäñòàâèìî (6),(7),(8) â (16).
Ïiñëÿ íèçêè ïåðåòâîðåíü îòðèìà¹ìî (17).

4. Îòðèìàííÿ îöiíêè ÌÍÊ òî÷êè ïå-
ðåìèêàííÿ â íåëiíiéíîìó âèïàäêó

Â ðîáîòi [4] ðîçðîáëåíî àëãîðèòì îòðè-
ìàííÿ îöiíêè ÌÍÊ â, b̂, ĉ1, t̂

∗ ïàðàìåòðiâ
a, b, c1, t

∗ íåëiíiéíî¨ ìîäåëi (4) çà ñêií÷åííó
êiëüêiñòü êðîêiâ.

Ðîçãëÿíåìî âiäðiçîê [tk, tk+1].
Çãiäíî àëãîðèòìó, ÿêùî îöiíêà ÌÍÊ t̂∗

ïàðàìåòðà t∗ íàëåæèòü (tk, tk+1), òî ¨¨ ìî-
æíà çíàéòè ÿê òî÷êó ïåðåòèíó äâîõ ïðÿìèõ
a(k)t+ b(k) òà c(k)t+ d(k), ïåðøà ç ÿêèõ ìiíiìi-
çó¹ ñóìó

k∑
i=0

(yi − a(k)ti − b(k))2 âiäíîñíî a(k), b(k),

iíøà - ñóìó

n∑
i=k+1

(yi − c(k)ti − d(k))2 âiäíîñíî c(k), d(k).

ßêùî ïðÿìi a(k)t+b(k) òà c(k)t+d(k) íå ïåðåòè-
íàþòñÿ íà iíòåðâàëi (tk, tk+1), òî îöiíêà ÌÍÊ
t̂∗ íå íàëåæèòü öüîìó iíòåðâàëó.

1-é êðîê àëãîðèòìà. Äëÿ k = 1, 2, ..., n −
2 áóäó¹ìî ïðÿìi a(k)t + b(k) òà c(k)t + d(k) òà
çíàõîäèìî ¨õ òî÷êó ïåðåòèíó t̂∗k; ÿêùî âîíà
íàëåæèòü (tk, tk+1), ïîêëàäåìî

S(k) =

k∑
i=0

(
yi − Ȳ

(k)
1

)2
+

n∑
i=k+1

(
yi − Ȳ

(k)
2

)2−
−
(
a(k)

)2 k∑
i=0

(
ti− t̄

(k)
1

)2−(
c(k)

)2 n∑
i=k+1

(
ti− t̄

(k)
2

)2
,

äå

Ȳ
(k)
1 =

k∑
i=0

yi, Ȳ
(k)
2 =

n∑
i=k+1

yi,
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t̄
(k)
1 =

k∑
i=0

ti, t̄
(k)
2 =

n∑
i=k+1

ti;

iíàêøå
S(k) = ∞.

Òàêèì ÷èíîì, îòðèìà¹ìî ïîñëiäîâíiñòü
S(1), S(2), ..., S(n− 2).

2-é êðîê àëãîðèòìà. Çíàéäåìî â ïîñëiäîâ-
íiñòi S(1), S(2), ..., S(n − 2) âñi ïàðè

(
S(kl −

1), S(kl)
)
, l = 0, 1, ..., j, òàêi ùî S(kl − 1) =

∞, S(kl) = ∞.
Ââàæà¹ìî t∗ = tkl , l = 0, 1, ..., j, òà çíà-

õîäèìî T (kl) çà ôîðìóëîþ (17); îòðèìà¹ìî
äðóãó ïîñëiäîâíiñòü T (k1), T (k2), ..., T (kj).

Êîæíîìó çíà÷åííþ S(k) < ∞ âiäïîâiäà¹
òî÷êà t∗k, êîæíîìó çíà÷åííþ T (kl) - òî÷êà tkl .
Îöiíêîþ ÌÍÊ t̂∗ ïàðàìåòðà t∗ íåëiíiéíî¨ ðå-
ãðåñiéíî¨ ìîäåëi (3) áóäå òà òî÷êà t∗k àáî tkl ,
ÿêà âiäïîâiäà¹ çíà÷åííþ

S2
4 = min{S(1), S(2), ..., S(n− 2),

T (k1), T (k2), ..., T (kj)}.

Äàëi, â âèïàäêó ti =
i
n , i = 0, 1, ..., n, ìà¹ìî

â = 12δ
n∑

i=0

ρiyi, b̂ = Ȳ − 1

2
â, (18)

S2
2 =

n∑
i=0

(yi − Ȳ )2 − 12δ

( n∑
i=0

ρiyi)

)2

. (19)

a(k) =
12nδ

k

k∑
i=0

yi

( i

n
− k

2n

)
, (20)

c(k) =
12n

(n− k − 1)η(k)

n∑
i=k+1

yi

( i

n
− n+ k + 1

2n

)
,

(21)

S(k) =

k∑
i=0

(
yi − Ȳ

(k)
1

)2
+

n∑
i=k+1

(
yi − Ȳ

(k)
2

)2−
−12nδ

k

( k∑
i=0

yi

( i

n
− k

2n

))2

−

− 12n

(n− k − 1)η(k)

( n∑
i=k+1

yi

( i

n
− n+ k + 1

2n

))2

.

(22)

5. Àëãîðèòì ïðèéíÿòòÿ (àáî âiäõèëå-
ííÿ) ãiïîòåçè c1 = 0 ó âèïàäêó íåâiäî-
ìî¨ òî÷êè ïåðåìèêàííÿ

Ðîçãëÿíåìî òåïåð çàäà÷ó ïåðåâiðêè ïðîñòî¨
ñòàòèñòè÷íî¨ ãiïîòåçè

H : c1 = 0.

Êðèòåðié âiäíîøåííÿ ïðàâäîïîäiáíîñòi ïå-
ðåâiðêè ãiïîòåçè H ïðèâîäèòü äî ìíîæèíè
ïðèéíÿòòÿ ãiïîòåçè [5]

EH = {y ∈ Rn+1 :
S2
2 − S2

4

S2
4

≤ φ}.

Çíà÷åííÿ φ äëÿ íåëiíiéíî¨ ðåãðåñi¨ ìîæíà
âèáèðàòè ðiçíèìè ìåòîäàìè. Îäèí ç íèõ ñïiâ-
ïàäà¹ ç ìåòîäîì âèáîðó â ëiíiéíié ðåãðåñi¨.
Ïðèïóñòèìî, ìîäåëü ëiíiéíié ðåãðåñi¨ ìà¹ m
íåâiäîìèõ ïàðàìåòðiâ, à ãiïîòåçà H0 ñêëàäà-
¹òüñÿ ç p ëiíiéíèõ ðiâíÿíü. Çàäàìîñÿ ðiâíåì
çíà÷óùîñòi α òà çíàéäåìî äëÿ íüîãî âiäïî-
âiäíå çíà÷åííÿ Fα(p, n+1−m) íàñòóïíèì ÷è-
íîì. Ïîçíà÷èìî f(t, p, n+ 1−m)− ùiëüíiñòü
ðîçïîäiëó Ôiøåðà ç p òà n+ 1−m ñòóïåíÿìè
ñâîáîäè òà çíàéäåìî òàêå Fα = Fα(p, n+1−m),
ùî

∫∞
Fα

f(t, p, n + 1 − m)dt = α; çíà÷åííÿ Fα

çíàõîäÿòü ç òàáëèöü. Ïîêëàäåìî

φ =
p

n+ 1−m
Fα(p, n+ 1−m).

Â íàøîìó âèïàäêó m = 4 (ìîäåëü ìà¹ 4
íåâiäîìi ïàðàìåòðè), òà p = 1 ( ãiïîòåçà H
ñêëàäà¹òüñÿ ç îäíîãî ðiâíÿííÿ), òîáòî

φ =
1

n− 3
Fα(1, n− 3).

1) Çíàõîäèìî â, b̂, S2
2 çà ôîðìóëàìè (18),(19);

2) Çíàõîäèìî M1 = max{|y0− b̂|, |yn− â− b̂|};
ÿêùî

M2
1

S2
2 −M2

1

≥ φ, (23)

ãiïîòåçó c1 = 0 âiäõèëÿ¹ìî, iíàêøå ïåðåõî-
äèìî äî 3).
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3) Çíàõîäèìî

M2 = max
{∣∣yi − â

i

n
− b̂

∣∣, i = 1, ..., n− 1
}
.

Íåõàé M2 =
∣∣yl − â l

n − b̂
∣∣, òîáòî íàéáiëüøîãî

çíà÷åííÿ âåëè÷èíà
∣∣yi − â i

n − b̂
∣∣ äîñÿãà¹ ïðè

i = l, 1 ≤ l ≤ n− 1.
Çíàõîäèìî T (l) çà ôîðìóëîþ (14);
ÿêùî

T (l)

S2
2 − T (l)

≥ φ, (24)

ãiïîòåçó c1 = 0 âiäõèëÿ¹ìî, iíàêøå ïåðåõî-
äèìî äî 3).
4) Äëÿ k = 1, ..., n− 1 :
çíàõîäèìî â(k), b̂(k) çà ôîðìóëàìè (8),(9);
ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣(c(k) − a(k))−1

(
Ȳ

(k)
1 − Ȳ

(k)
2 − c(k)

2

(
1 +

1

n

))
−

− k

2n

∣∣∣∣ < 1

n
,

Ñïèñîê âèêîðèñòàíèõ äæåðåë

1. Äðåéïåð Í. Ïðèêëàäíîé ðåãðåññèîííûé àíàëèç
/ Í. Äðåéïåð, Ã. Ñìèò.� Ìîñêâà: Ôèíàíñû è
ñòàòèñòèêà, 1986.�366 ñ.

2. Çàâüÿëîâ Þ.C. Ìåòîäû ñïëàéí-ôóíêöèé /
Þ.C. Çàâüÿëîâ, Á.È. Êâàñîâ, Â.Ë. Ìèðîøíè-
÷åíêî. � Ìîñêâà: Íàóêà, 1980.�352 ñ.

3. Ñåáåð Äæ. Ëèíåéíûé ðåãðåññèîííûé àíàëèç /
Äæ. Ñåáåð. � Ìîñêâà: Ìèð, 1980.�456 ñ.

4. Hudson Derek J. Fitting Segmented Curves
Whose Join Points Have to Be Estimated / Derek
J.Hudson // JASA. � 1966. � v.61. � N.316. �
P.1097�1129.

5. Äåìèäåíêî Å.Ç. Ëèíåéíàÿ è íåëèíåéíàÿ ðåãðåñ-
ñèè / Å.Ç. Äåìèäåíêî. � Ìîñêâà: Ôèíàíñû è
ñòàòèñòèêà, 1981.�304 ñ.

çíàõîäèìî S(k) çà ôîðìóëîþ (10), iíàêøå ïî-
êëàäåìî S(k) = ∞.
5)Çíàõîäèìî T (k1), T (k2), ..., T (kj)} çà ôîðìó-
ëîþ (14).
6)Çíàõîäèìî S2

4 . ßêùî

S2
2 − S2

4

S2
4

≥ φ, (25)

ãiïîòåçó c1 = 0 âiäõèëÿ¹ìî, iíàêøå ïðèéìà-
¹ìî.

Ç à ó â à æ å í í ÿ. Ç íåðiâíîñòåé (23),(24)
âiäðàçó âèïëèâà¹ (25), òîìó ùî

M2
1 < S2

2 − S2
4 , T (l) < S2

2 − S2
4 .

ßêùî íåðiâíîñòi (23),(24) íå âèêîíóþòüñÿ,
íàéâiðîãiäíiøå ãiïîòåçà c1 = 0 áóäå ïðèéíÿòà.
Ïðèéíÿòòÿ öi¹¨ ãiïîòåçè ìîæå âiäáóòèñÿ
òiëüêè íà êðîöi 6); âiäõèëåííÿ ãiïîòåçè ñêî-
ðiøå çà âñå ñòàíåòñÿ íà êðîöi 2) àáî 3), òîìó
â öüîìó âèïàäêó øóêàòè S2

4 íå òðåáà.
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