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Y oaniti pobomi npodossiceno 00CHioNceHHs OUHAMIKY CUCTEM 080X HENIHIUHUX OUughepeHyiaibHux
Pi6HAHD 3 KEAOPAMUYHOK HENIHIUHICMIO, WO MOOeIomMb HONYIAYIUHI NpoYecu 6 CUCMEMI «XUICAK-
aorcepmeay. Modenv aensic cobow cucmemy 080X OuepeHyianbHux pieHAHb 3 OOHUM NOCMIUHUM
saniznenusim. OOUUCTIeHI MOYKU CHOKOW CUCmeMU, wo npedcmasnaoms cmani pescumu. Ilpogedeno
00CHI0IHCEHHST CIMITIKOCTT HEHYIbOBO20 NOJIONCEHHS. PIBHO8A2U, 8I0N0GIOHEe CMANIN 8I0NOBIOHOCTI KITbKOCHI
XUDICAKIB T dlcepmeu.

Kurouosi cnosa: mamemamuuna mooenvb, OUHAMIYHA cucmeMda, OupepeHyianbHi piBHAHHA, 0COOaUBI
moYyKu, CmiuKicmso.

In this article the continuation of the study of longitudinal nonlinear mathematical models of
population dynamics such as "predator-prey" with the delay is presented, which was previously
published in [1-3]. Those types of models are described by systems of ordinary differential
equations considered in [4]. The need to introduce "delay factor”, is caused by many factors, in
particular, the time of "population manuring”. This model is a system of two differential equations
with quadratic nonlinearity. Special points of system were found. Particular attention is given to a
singular point, which is a steady position of equilibrium between predator and prey. A study of non-
zero equilibrium position is done. Investigation of the stability of non-zero equilibrium position
comes to the study of the system linearized near this position. For biological models of dynamics of
the population, the important factor is the delay due to the time of maturation of the population.
Therefore, in the second part of the article, a mathematical model is given and it’s representing a
system of differential-difference equations with a constant delay. The research of stability of
nonzero equilibrium position can also be reduced to the study of stability of the system linearized at
a singular point. However, in this case, the left side of the characteristic equation is a quasi-
polynomial of the second order, which has a countable number of eigenvalues. The algorithm for
his research is proposed.

Key words: mathematical model, dynamic system, differential equations, special points, stability.

Crartio npeacraBuB 1.¢.-M.H, mpod. Xycainos . 5.
XM)KaKOM, 110 BHHHINYE ii, 3 LIIBHICTIO y(t).

Beryn Cucrema piBHSHbD JTUHAMIKHA Ma€ BUTIISI
. Yy 3alIpoOIIOHOBAaHIM  CTaTT1 HPO)IOB)KC'HO X(t) _ ax(t) _ sz (t) _ CX(t)y(t),
JIOCIIDKEHHST MATEMATHYHUX MOJIENEH JUHAMIKU ‘ '
HOMyJSIiM  THITY — «XW)KaK-KEpTBa», PpaHilie y(t)=—ey(t)+ cx(t)y(t). (1.1)

myOikoBaHuX y cTartsx [1-3]. .
omybxiKko ye [1-3] B ocnoBi ckmamanus cuctemu (1.1) nexarts

B po6ori [4] po3rasHyTi piBHSHHS, IO ONMUCYIOTh HACTYIHI HPUIYIICHHS:

B3a€EMO/11 MUK BUJAOM KCPTBU 3 HIUIbHICTIO X(t) 1 - Ipu Bi}lC}’THOCTi XIKAITBA 3POCTAHHS YHCElb-

HOCTI KEPTBU BiZI0OyBaTUMETHCS BIAMOBIAHO [0
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JIOTICTHYHOTO PIBHSHHSAM 3 IIBHIKICTIO 1 EMHICTIO
cepenosuia a/b,

- IBUAKICTh «ITOITAHHSI» KEPTBH IPOIIOPITiiiHA
NOOYTKY IMITFHOCTI XMKaKa 1 JKEPTBU.

[IpoBenemMo MOCHIIKCHHS SKICHOI TOBEHIHKH
cucremu (1.1). IlomoxeHHs1 piBHOBAarM CUCTEMH
BH3HAYAIOTELCS PIIICHHSIMH CHCTEMH PiBHSHD

ax(t)—bx?(t)—cx(t)y(t)=0,
—dy(t)+ cx(t)y(t)=0.

1 € 0COOTUBHMH TOUKAMHU

0(0,0),

[lepma ocobnmBa TOYKa SABIISIE COOOIO BiJCYTHICTB
MOMyJISALIA 1 HE TpeacTaBiisse iHTepec. Jlpyra
nependadae BiICYTHICTh XMKAKa 1 CTAIAN PeXUM
MIOTYJIAMIT )KePTBH, BiNMOBIAHUN HAsABHOCTI Tki. B
pasi ac’'—bd >0 Tpers ocobnuBa TOYKa SIBISE
co0OK CTaJly B3aEMOJII0 MK XIDKakoM i
XKepTBo10. B poboTi [4] MpOBEACHO JOCITIIKEHHS
mi€i oco0nMBOi TOYKH. BcTaHOBIIEHO, IO BOHA
Moxke Oyrtm abo 1wmkiIoM, abo  CTIHKHM
(HecTiikM) QOKyCcOM.

Y nmaniii poOOTI TPOBEACHO aHATITUYHE
JOCTIDKEHH. ATlapaToM JOCIHIKEeHHS BUOEpEeMO
MeTOJ JiHIHHOrOo HaOmmwkeHHs. Jlas HemiHiHHOT
CHCTEMH 3arajibHOTO BUTIISTY

X(t)=P(x(t) y(t)). ¥(t)=Q(x(t) y(t)

CHCTEMA JIIHIMHOTO HAOIMKEHHS B OKOJIMIII
oco6miBoi Toukn O, (X,, Y, ) Mae BursN

x(t)=
_Px(t)(XZ’yZXX() Xz)"'P (X2’Y2)(Y() 2),

y(t)=
= Qx(t) (Xz Y2 )(X(t) —X; )+ Qy(t)(XZ Y2 )(y(t) —Y )

A00 y BEKTOPHO-MaTPHUYHOMY BUTIISIII

2(t)= Az(t).
_ a  ap S(t)= X(t) al __ﬁ
Ao 1| .0 0 ’ (t)_(y(t)J’ 11 — o’

¢’ —bd

(1.3)

0o al, = (1.4)
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XapakTtepucTU4He piBHAHHS cuctemH (1.3) mae
BUTJIS

0o 0
det(A, — 21)=["10 4 B2l
a; -4

2 0 0,40
=A" —a; A —a,a,, =0.

[TincraBuBim 3HavyenHs (1.4), orpuMaemo

bd bd
A2 +— A+ d— 0. (1.5)
c’ c’
YMOBOIO  CTIMKOCTI  TIOJIOKCHHS ~ pIBHOBaru
(cuctemn Ha mioummHi) OyAe  /AONATHICTH
KOe(Ili€HTIB  XapaKTEpUCTHUYHOTO  PiBHSHHA,
TOOTO
bd ac’ —bd
—>0,d———>0. (1.6)
c

[Mpudomy, sxio OyZie BUKOHYBATUCS YMOBa

2
bd ac’'+hd
— | - Je —
c c
TO OyJie CcTiikuii By30i. [Hakme Oyne cTifkuit

doxyc.

1. Cucrema c 3ami3HIOBAHHAM

B poboti [4] 3a3HaveHO, MO0 iCTOTHUM
(hakTopoM, 1O BH3HAYAE JMHAMIKY, MOXE OyTH
BIUIMB 3ami3HIoBaHHA. «Ha mpakTwii cTiliKicTh
a00 KOJMBAJBHHN XapakTep CHCTEMH XWKak-
JKEPTBa 3aJICKUTh BiJl TOTO, SKHWH i3 YAHHHKIB €
JOMIHYIOUHMM: JeMI(ipyBaHHS, 10 CTBOPIOETHCS
CHCTEMOI0, 1[0 CaMOOPTaHI3y€eThCs i BIUIMBOM
XKepTBu ~ abo  Xmkaka, ab0o  3ami3HeHHS,
00yMOBIIEHE JUCKPETHICTIO CE30HIB
PO3MHOKEHHS 200 YacOM PO3BUTKY».

>0,

Byna posrnsHyTa cucremMa piBHAHB 13

x(t)=ax(t)—bx?(t)—cx(t)y(t),
y(t)=—dy(t) + cx(t —2)y(t- 7).

s cucrema piBHSIHB «cXxoxa» Ha cuctemy (1.1).
[lepenbagaeTncst ICHYBaHHSA THMYaCOBOT'O
IHTepBally 7 MK MOMEHTOM, KOJH yOHWTa OJHa
0co0a KepTBH, i MOMEHTOM, KOJHU BiJOyBa€ThCs
BIJIMOBIIHE 30UIBIICHHS YHCEIBHOCTI IOPOCINX
xmxkakiB. OcoOnMBI  TOYKM I CHUCTEMU 3
3ami3HEHHSIM Ti K, IO 1 s CHCTeMH 0Oe3
3ami3HeHHs.. B po0oti [4] CTIMKICTh MOJIOXKEHHS

(2.1)
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piBHOBaru BH3HAYAIACS YHCENEHUM
MO/JICJTIOBAHHSIM.

[IpoBenemMo  aHamiTHYHE  JTOCIIJHKCHHS
0c00IMBOI  TOYKH Oz(xz,yz) cUcTeMH 3

3amizHeHHSM (2.1). B OCHOBY JTOCIIPKEHb TaKOX
MOKJIAIEHO METOJ JIHIMHOrO HAaOIWXEHHS B
OKOJHUIII 0COONMMBOI TOYKH 1 OIIHKY XapakTepy
HENIHIMHOCTI. Y 3arajJlLHOMy BHIIQJKy CHUCTEMa
JIBOX PIBHSIHB 13 3aMi3HCHHSIM Ma€ BUIJIS]

X(t)=P(x(t). y(t) x(t - 7). y(t - 7)),
y(t)=Qlx(t). y(t). x(t - 7). y(t - 7).

CucremMa JiHIHHOrO HaOMMKEHHS B OKOJIHI
ocobmmuBoi Touku O, (Xz,yz) 3allUCYETHCS B
BUTIIAIL

X(t)= Py Xz, V2. %o, Yo XX(E) = X5 )+
+Py0)(X0, V2. X, Yo XY () -y, )+
+ Pyt o) (X2, Yau X0, Yo Xt —7) = X5 )+
+Pyie)(Xa0 Y2 X0, Yo XYt —7) = Y,),

Y(t)=Qu) (X1 Yo X, Yo JX(1) = X, )+
+O0y) (X5 Y20 X, Yo XY(1) - ¥, )+
+QX(H)(X2- YaiXg, Yo JX(t—7) =X, )+
+Oyo)(Xa1 Y2 X0, Yo Y(E—7) = ).

Tak sx

P(x(t). y(t). x(t - 7).yt
= ax(t)—cx(t)y(t)-bx2(t)

QUx(t) y(t) x(t 7). ¥t 7)) =
=—cy(t)+c'xt-7)y(t-7)

TO, OOYHMCIUBIIM TOXiJHI, OJEPKUMO CHUCTEMY
JIIHIAHOTO HAOJIMKEHHS

2(t)= Az(t)+ Bz(t - 7). (2.2)

S A NN )
)
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bd cd
ap=——, A, =——, 8, =0, a,=-d,
ac’—bd
byy =————. by, =d.
o
XapakTeprucTUuHe PiBHSHHS CHUCTEMU 3

3ami3HeHHM (2.2) BXKE Ma€ BHTIISL

a;; -4 a2
-t —Jr -

=27 - [(all +ay,)+e bzzli +

+ [allaZZ + (alleZ - a12b21)e%f ]: 0

det(A+e Bl )=

[limcTaBuBIIH 3HAYCHHS Koe(iITieHTiB,
OTPUMAEMO
A+ HB, +1j e }d/l ~|pd -ace ]g, =0.
c C
(2.3)

VY pa3i BiACYTHOCTI 3alli3HIOBaHHS, TOOTO MpH
7=0, BoHo 30iraetbcst 3 (1.5). Hocmmxyemo
BIUIMB 3alli3HIOBAHHSA HAa CTIMKICTh IOJIOKCHHS
pIBHOBaru CUCTEMH 3 3alli3HEeHH:sM (2.2).

PimeHHss XapakTepuUCTHYHOTO  PiBHSHHS
(2.3) mykaemo y BUTISAI KOMIUIEKCHOTO YHCIA
A=x+iy. [Ilicna mincranoBku B (2.3),

OTPHMYEMO

(Xz -y?+ 2iXY)+ [(g +1} —e " (cosyz —isin yr)} x
x de(x —iy )+

+ [bd —ac'e ™ (cosyz —isin yr)]% =0.

Hamumemo oJiepKaHe KOMIUIEKCHE
PIBHSHHS y BHIJISIJII CHUCTEMH JBOX MJIMCHUX
PIBHSIHB

X2+ y{(%ﬂ}te” cos yr}x—dye” cosyr +
+ (bd —ac'e™ cos yr)g, +
c
1 b -XT —XT
i{2xy + yH? +1j—e cos yr} —xe " cosyr +

+ade ™" sin yr}: 0.

Taxum
TBEpKEHHS.

YHMHOM, OTPUMYEMO  HACTYIIHC
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Hexait icaye Take 7 >0, mo pimeHHs
Mi(xi,yi), i=12,... cucreMu
PIBHSIHB

HEJIHIHHUX

X% + yz[(g +1] +e** cos yr}x— dye ™ cosyr +
c

+ (bd —ac’e™ cos yr)% =0,
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2xy + Y(g +1J—(X+ y)e ™ cosyr +ade " sinyr =0

3aJI0BOJIFHSIE YMOBI
Rex; <0, i=12,...

Toni Touka crokoio O,(X,,y,) HeniniiiHoi

cucremu (2.1) mpu 7>0 Oyme acUMITOTHYHO
CTIHKO¥O.
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