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The asymptotic behavior of autonomous oscillating system describing by differential equation of
fourth order with small non-linear external perturbations of “white noise” and centered “Poisson noise”
types is studied. Every term of external perturbations has own order of small parameter €. If small
parameter is equal to zero, then gemeral solution of obtained non-stochastic fourth order differenti-
al equation has an oscillating part. We consider given differential equation with external stochastic
perturbations as the system of stochastic differential equations and study the limit behavior of its soluti-
on at the time moment t/e,
derived and its dependence on the order of small parameter in every term of external perturbations is
studied. The case of multiple real root and two conjugate pure imaginary roots of characteristic equation
is considered.
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as € — 0. The system of averaging stochastic differential equations is

1 Introduction random function such that

In the papers [1] — [3] it is investigated the behavi-
or, as ¢ — 0, of the fourth order autonomous
oscillating system driven by stochastic differential
equation

0
!V (t) + bra" (t) + bax" (1) + bya'(t )+ ‘
+hyz(t) = '“fl( (1), 27(8), 2"(t), " () + (1) +eb [ [ faa(s),2'(s), 2" (s), 2" (s), 2) (ds, dz),
+fe(a(t), ' (t), 2" (t), 2" (1)) 0 R

ki > 0,5 = 1,2,3; fi,i = 1,2,3 are non-
with non-random initial conditions x(0) = l‘él), random functions; w(t) is the standard Wi-
z'(0) = x((]2), 2"(0) = x(()s), 2"(0) = l‘(() ), where ener process; v(dt,dy) = wv(dt,dy) — I(dy)dt,
e > 0 is a small parameter, f.(z,2',2",2") is a Ev(dt,dy) = (dy)dt, v(dt,dy) is the Poisson
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measure independent on w(t); II(A) is a finite
measure on Borel sets in R.

We will study the asymptotic behavior of gi-
ven oscillating system, as € — 0, in the case when
there exists stable harmonic oscillations at the
system under condition € = 0. Under this condi-
tion corresponding characteristic equation has a
form

A A2 + 0N + s\ + by = 0.

The following cases were considered previ-
ously
([1]) by > O b3 > 0 biby > bg, b2 > 4(b2 — *)
b2by = b3(b1bs — b3). In this case the characteristic
equation has a roots

A1 = —1n1, A2 = =12, A\34 = Fiw, where
_1 b3 b3
= [ by [b2—4(by— = 2_2
71,2 2(1 \/1 <2 bl)),w b

2) ([2]) by > 0, b3 > 0, by > b1b3/4, b%b4
b3(b1ba —bs3). In this case the characteristic equati-
on has a roots

A =-—n+iv, Adg = —n —1iv, A34 = Fiw, where
b 1 [bi(4by —bib3z) 5 b3
nN=—, V= ——, w = —.
2 2 bs b1

3) ([3]) b1 =0, b3 = 0, by > 0, by > 0, b3 > 4by. In

this case the characteristic equation has a roots

)\1’2 = :I:iwl, )\374 = ZI:ibL)Q, where

1

w%:§ by + /b3 — 4by |,
1

w§:§ by — /b3 — 4by

We will consider the equation (1) as the
system of stochastic differential equations

dyi(t) = yira(t)dt, i =1,3
dya(t) = [—(b- y(t)) + ¥ f1(y(t)))dt+
ek oy (8) ) du(t) + £ / Fo(y(t), 2)p(dt, d2),

U(0) = ()b = (banba ),
yi(0) =aff), i = T4,
@

= xo y
(b-y(t)) — is a scalar product of vectors b and y(¢).
In what follows we will use the constant K > 0
for the notation of different constants, which are
not depend on €.
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2 Main result

This paper deals with the following case:
b1 > 0, 4bo > b%, bs = by (bg—b%/ll), b
b3 (b — b7/4) /4. Characteristic equation has a
roots A12 -1, A34 +iw, where 7
b1/2, w? = 4by/b2.

If ¢ = 0 then the equation (1) has general
solution in the form

Cre M 4+ Cote ™ + A; coswt + Agsinwt

x(t) =

Let us consider the following representation of the
solution y(t) to the system (2):

yi(t) = Ni(t)+
+A;(t) coswt + Aa(t) sinwt,
()= —nNi(1) + No(t) -
— A (t)wsinwt + A (t)w cos wt,
ys(t) = n*Ni(t) — 2nNa(t)—
— A1 (t)w? coswt — As(t)w? sin wt,
ya(t) = —n*Ni(t) + 30> Na(t)+
+ A1 (t)w? sinwt — Ag(t)w? cos wt,
3)
where
Ni(t) = (C1(t) + tCa(t))e™, Na(t) = Co(t)e ™.

We can solve the system of linear equations (3) wi-
th respect to (N1(t), Na(t), A1(t), A2(t)) and using
the Ito formula we derive the system of stochastic
differential equations:

2n
dN:1(t) = [-n]N1(t) + N2(t)]iit + de(f)7
dN5(t) = —mNo(t) dt + ———~dH (t
b (772 ! i) T ) ®),
(W = 7n7)sinwt — 2nw cos wt
dA(t) = , W2(772 + w?)2 dH(t),
_ (w® —n?) coswt + 2nw sin wt
dAs(t) = — 0P+ ) dH (),

(4)
dH () = €1 fi(wt, Ny (t), Na(t), Ay (), Aa(t))dt+
+eM2 fo(wt, N1 (t), Na(t), A1 (t), Aa(t))dw(t)+
feks / Falwt, N1 (8), Na(), Ay (8), As(t), 2)5(dt, =),

R
where ﬁ(wt,N1,N2,A1,A2), 1 = 1,2 are
obtained from fi(y(t)), ¢ = 1,2 and
fa(wt, N1, No, A1, Ao, z) is  obtained  from

f3(y(t), 2) using (3).
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Theorem 2.1. Let II(R) < oo, t € [0,t0], k =
min(ky, 2ka, 2ks). Let us suppose, that functions
fi,7 = 1,3 bounded and satisfy Lipschitz condition
on y;, i = 1,4. If given below matriz 52(A;, As) is
non-negative definite, then

1. If kx = 2ky = 2ks, then the stochastic process
Et) = (Ni(t/e"), Nat/e"), A (t/e*), As(t/<*))
weakly converges, as € — 0, to the stochastic
process £(t) = (0,0, A1(t), Aa(t)), where A(t) =

(A1(t), As(t)) is the solution to the system of

stochastic differential equations
dA(t) = a(A(t))dt + o (A(t))dw(t),

(0) = (A1(0), 42(0)),

(5)
A
where

2

L / F1(6, Ay, As)U(6)do,

™
0

a(Aq, Ag) =

(A1, Az) = {B _(Al,Az)}% =

N|=

2T
_ QL / F(6, Av, Ag) U (6) U7 ()dep
0

1
(P w22
y ( (w? —n?)sin ¢ — 2nw cos ¢

(n? — w?) cos ¢ — 2nwsin ¢
fi(#, A1, Ag) = fi($,0,0, Ay, Ag), i
f3(¢, A1, Az, 2) = f3(6,0,0, A1, Az, 2),
F(6, A, Ag) = f3(6, Ar, Ag)+

+ / P26, Av, A, 2)TI(dz),
R

V(o) =

)

1,2

VT (¢) is the wvector transpose to wvector ¥(¢),
w(t) = (wi(t),s = 1,2), wi(t),i = 1,2 are
independent one-dimensional Wiener processes.

2. If k < ki then in the averaging equation
(5) we must put fi = 0; if k < 2ky, then in
the averaging equation (5) we must put fo =0;
if k < 2ks then in the averaging equation (5) we
must put f3 =0.

Proof. Let us make a change of variable ¢t —
t/e¥ at the system (4) and obtain for the
process & (1) (NE(t), N3 (1), A (t), A5(2))
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(N1 (t/eF), No(t/eF), Ay (t/eF), As(t/eF)) the
system of stochastic differential equations

ANF() = |- ENF() +  NE(0)dt+

2n
+7(77 e dH(t )1

dN5(t) = <>dt+( a0,

dAi(t) = \111(0075/6 JdH(2),

dA5(t) =  Wa(wt/")dHL(t),

dH(t) = MFfI(4, (0)+

ek k2 fy (L k,&( ))duw. (t)+
feks / oS5 e0),2) 0t d),

where U;(¢),i = 1,2 are a components of vector
U(P), we(t) = ¥/ ?w(t/e¥), v.(t, A) = v(t/ek, A)—
II(A)t/e*, here A is a Borel set in R. For each ¢ > 0
the process we(t) is standard one-dimensional Wi-
ener process, and 7. (t, A) is the centered Poisson
measure independent on we(t).

We have N5(t) = exp{—nt/e¥}Cs(t/e*) and
process C5(t) = Ca(t/c¥), satisfy the stochastic
differential equations

ent/e”

10 =~

HE (t)7
where |C5(0)| < K.

So, from boundedness of functions f;,7 = 1,3
and condition II(R) < oo we have the estimate

E[N5(1)|? < K[e 21" 4 ek (1 — e=2mt/e") x
X(tEZ(kl_k)+€2k2_k+€2k3_k)].

0
For the process C.(t) = N§(t)en/s

Cy(t/e¥) + Co(t/e¥)t /e¥ | using the Tto formula, we
obtain the stochastic differential equation

t
/ ens/e N5(s)ds+
0

k
T I AHL(s),
then for the stochastic process N5 (t) we have

nt

e <k
ok

_nt tons
e £C1(0) + /es’“NQE(s)ds—i—
0
0t

2ne <k tons
G fy o )

Ni(t)

11
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From (6) we derive

~% 3
€ ns te =
fof f— /eZkNg(s)ds <K<€k
g 0 (3
k)2 . (7)
+— (1+t1/2> <1—e_?> ,
"

and also we have the estimate

nt
2ne <F b ons
(7724“"2)2/0 ek dH.(s)| <
) +

<K (5k1 (1 — e_?

+ <<€k2 =+ 5’“‘) (1 —e nf€>1/2> .

Because |C1(0)| < K, from (6), (7) and (8) we
have lim. .o E|N5(t)|?> = 0, lim._oE|N{(t)] = 0
and it is sufficient to study the behavior, as e — 0,
of solution to the system of stochastic differential
equations

A5 (t) = Wi(wt/c")d

with initial conditions Aj(0
A2(0), where

(8)

(t), i=1,2
A1(0), A5(0)

9)

dH_(t
) =
dH(t) = "~ kfl( LA (), A5(0)+
e k,As() A5(t))dw:(t)+
w2 [ (G AL, 43000, 207 a1, d2),
where
fi(t, A, Ag) = fi(t,0,0, Ay, Ag), j=1,2

f?)(tv A17 A27 Z) = f~3(t70707A17A27 Z)

Let us denote A.(t) = (Aj(t), A5(t)). Using condi-
tions on coefficients of equation (9) and properties
of stochastic integrals we obtain estimates

ElAL ()2 < K1 +126200 =) 4 y(c2hah | 2ok

22k
+ 62k3_k)].

(€1 (1), ¢G5 (2)),

EllA<(t) — A=(s)I]* < K[t

+ [t — s|(e2k2F

Similarly for the process (. (t) =

where
C(t) =
:/w (52) 72 (55 4505, 45(9)) duwe(s)+

ws

(55 45(), 45(5). =) 72(ds. =)

+5k3//\111
0 R

12
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1 = 1,2 we derive estimates

ElI¢:(0)]* < Kt(e*
E[I¢=(t) = ¢ (9)I” <

—k + 521€3,—Ic)7

K|t—8|(62k2_k 2k3—k)'

+e

Therefore for stochastic process ne(t)
(Ac(t),¢(t)) conditions of weak compactness [4]
are fulfilled

limlim sup P{[n:(t) —ne(s)| > 6} =0

hl0e=01_sj<n
for any 6 > 0, t,s € [0,T],

lim lim sup P{n-(t)| > N} =0,
N—o0e—0 te[0,T]

and for any sequence ¢, — 0,n = 1,2,... there
exists a subsequence &, = &,4,, — 0,m
1,2,..., probability space, stochastic processes
Ao, () = (A (1), A57(1), G (8), A(t)
(A1(t), Aa(t)), {(t) defined on this space, such that
A, (t) — A(t),(.,, (t) — ((t) in probability, as
em — 0, and finite-dimensional distributions of
A., (t),C.,, (t) are coincide with finite-dimensional
distributions of A, (t),(.,,(t). Since we interesti-
ng in limit behaviour of distributions, we can
consider processes A, (t), and (., (t) instead of
A., (t),¢.,, (t). From (9) we obtain equation

t

Aeo (£) = A(D) + / iey, (5, ey (5)) ds + Coon (1),
0

A(0) = (A1(0), A2(0)), (10)

where aq(t, A) = (aj(t, A1, A2), a5(t, A1, Aa)),

t
af(t, Ay, Ag) = MR, ( >f1 <;€,A1,A2>,

i = 1,2. It should be noted that process (.(t) is
the vector-valued square integrable martingale wi-
th matrix characteristic

( ﬁ(ﬂ(t) =

= fU s), A3(s))
+;Of]1{7§(5,A§(S)aA§
X’y?(S,Ai(S),AS(S),Z)

05 (s, Ai(s), A3(s)) ds+
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i,7 = 1,2, where

a; (s, Ai(s), A5(s))

= ek (S0) o (4, 4109, 45(9))

wSs
AT (s), 45(9), 7))

i=1,2.
For processes A.(t) and (.(t) following esti-
mates hold

El|A-(t) — Ac(s)|I* < K" M)t — o'+
HEllG ()¢9, (1)
Ellc=() = C()lI* < K[(e™=7+
+ €4k372k)‘t _ 8|2 + E4k373k/2‘t _ 8|3/2+
FetRg], (12)
EllA<(t) — A-(s)|° < K,
Ellc:(t)—C:(s)IIF < K. (13)
Since A, (t) — A(t),¢.,, (t) — ((t) in probability,

as £y, — 0, then, using (13), from (11) and (1
we obtain estimates

E|[A(t) — As)||* < K (|t — s/ + [t — s[),
EJIC(t) = Cs)II* < Ot — s,

Therefore processes A(t) and ((t) satisfy the

Kolmogorov’s continuity condition [5].
Let us consider the case k1 = 2ko

Under these condition we have for ¢,j = 1,2

2)

2ks.

t
1
/af(S,Al,A2)d3 = ai(Ar, A2),

lim
e—0

[e=]

o5 (s, A1, A2)o5(s, A1, Az)+ (14)

1
+;k/’Yf(S,AhAzaZ)’Y;(SaAhAQ,Z)H(dZ) ds
R

= B;j(A1, A),

13
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where functions a® (A, As) and B(Aj, Ay) =
{B;;(A1, A2), i,j = 1,2} are defined in the condi-
tion of theorem. Since processes A(t),((t) are
continuous, then from (Lemma 1 [6]) and relati-
onships (10), (14) it follows

A(t) = A(0) +
A(0) =

a(Ai(s), Az(s))ds + C(1),
(41(0), A2(0)),

o o

(15)
where ((t) is continuous vector-valued martingale
with matrix characteristic

o

Hence [7] there exists Wiener process w(t)
(w;(t),7 =1,2), such that

(c* Bi;(A

As(s))ds,i,j =1,2.

)= fota

(A, A2

(s)) dw(s),
_ {B Al,AQ)}l/Q.

(16)

Relationships (15), (16) mean that process A(t)
satisfies equation (5). Under conditions of theorem
the equation (5) has unique solution. Therefore
process A(t) does not depend on choosing of
sub-sequence €,, — 0, and finite-dimensional di-
stributions of process A, (t) converge to finite-
dimensional distributions of process A(t). Since
processes A, (t) and A(t) are Markov processes
then using the conditions for weak convergence of
Markov processes we finish the proof of statement
1 of theorem.

Let us consider the case & < k. Then
the corresponding terms in the coefficients

(z)(t A1, As), i = 1,2 of equation (10) tend to

zero, as € — 0.

In the case k& < 2ky in (14) we have
O’f(t,Al,Ag)Oﬁ(t,Al,Az) = 0(62’927’6)7 1,7 =1,2.
In the case k < 2k3 in (14) we have

= f% s, A1, Ag, 2)75 (s, A1, Az, 2)11(dz) =
— O( 2ks— )

Repeating with obvious modifications the proof of
statement 1) of theorem we obtain proof of the
statement 2). O
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