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Heninitini ounamiyni cucmemu, onucy8ami 36UdAUHUMU OUPDEPEeHYIANbHUMU DIGHAHHAMU 3
K68AOpAmMUu4HOI0 NPAagoio YacmuHow, 3HAUWIYU WUPOKe 3ACMOCYBAHH 8 MAMEMAMUYHUX MOOeNsX
nonynayii, ekoHomixu, 6ionozii. Bonu docums adexsamuo 8i000pajicaoms OUHAMIKY NPOMIKAIOYUX
npoyecie, 8paxo8ymev o0b6MedceHicmb 001acmi NPO*CUBAHHS NONYIAYIL, 360pOMHI eghekmu &
exonomiunux npoyecax ma in.[1-2]. V oaniti pobomi 6 npunywenni acumnmomuunoi cmitikocmi
HEeHYIb08020 NOJNIOJICEHHSl PIBHOBA2U NPOBOOUMbCST OYiHKA 30idcHocmi  piweHb. Ompumani
pe3yibmamu NPOOEeMOHCMPOBAHI HA OOHIl MameMamuyHiu modeni ouxnamixu nonyaayii. OcHo6Hi
pe3yivmamu OMmpUMAHi 3 BUKOPUCTIAHHAM OpY2020 Memody JIanyHosa.

Kurouosi crosa: mamemamuuna mooenb, OUHAMIYHA cucmeMd, OupepeHyianvhi pieHAHHA, CUCHEMU 3
K8AOPAMUYHOK NPABOI0 YACUHOI.

The nonlinear run-time systems described by ordinary differential equalizations with
quadratic right part found wide application in the mathematical models of population, economy,
biology. They display the dynamics of aleak processes adequately enough, take into account limit
nature of area of residence of population, reverse effects in economic processes and other[1-2].

As known, solving systems of linear stationary differential equations can be done using a
matrix exponential, and the rate decision using the extreme eigenvalues of symmetric positive
definite matrices, included in the Lyapunov matrix equation. For non-linear dependency of the
general form similar systems do not exist. In this work two nonlinear differential equations with
quadratic nonlinearity of the general form considered. Systems recorded in the universal vector-
matrix form [3,4]. It is assumed that the linear part of the system is asymptotically stable.
Calculation of "guaranteed stability of the region” and assessment estimates the convergence of
solutions in this area is carried out using a quadratic Lyapunov function. Calculate the total
derivative of a quadratic Lyapunov function. The inequality for the derivative of the form, "like™ on
the scalar Riccati equation. The solution of the inequality and, consequently, to assess the rate of
inequality for differential equations with quadratic right-hand side of the general form of the plane.
In the second part, we consider a system of differential equations "quasi-linear type." Systems of
this kind are the "extension™ linear time-invariant systems. In ecological models suggest they study
in a limited area of populations residing. The estimates of the convergence of solutions "quasi-
linear" systems with initial data from a small neighborhood of the zero equilibrium position.

Basic results are got with the use of the second method of Lyapunova.

Key words: mathematical model, dynamic system, differential equalizations, systems with quadratic right
part.

Crartio npencraBus A.T.H, pod. [apamenko @.I".

© J1.41.Xycainos, C.B. Kamparos, 2015 193



Bicnux Kuiscbkoeo Hayionanvno2o yHisepcumemy
imeni Tapaca Lllesuenxa
Cepis ghizuxo-mamemamuuni HayKu

1. Ouinkn 30iKHOCTI
KBaJPaTHYHUX CHCTEM HA MJIOLIMHI.

Hnst  ckanspHOro  JuQepeHIialbHOro
PIBHSHHS 3 KBaJApPaTHYHOIO IPABOI0 YaCTHHOIO
(piBustHHS BepHymm)

x(t)=—ax(t)+bx?(t), a>0, b>0
po3B’s30k 3amaui Komm X(O) = X, Ma€ BUTJIA]
X(t)Z axoeiat i
a—bx,[l-e™
Obnactio CTIMKOCTI € HamiBiHTEpBa
—ow<x<a/b. Jlns cucrem mudepeHianbHUX

pilieHb

piBHAHb (HaBITh Ha IUIONIMHI) AaHAJOTTYHHA
pE3yNbTaT BiICYTHIH.
Posrisiremo cHCTEMY 3BHYAHUX

mudepeHiaTbHUX — pIBHSHb Ha IUIONIMHI 3
KBaJPaTUYHOIO TPABOI0 YACTHUHOK, 3aIHCaHy B
BEKTOPHO-MaTpHYHOMY BUTIIsI [3,4]

X, (t) = ag % () + 23, %, (t) + by X7 (t) +
+ 203, % (t)x, (t) + bz x5 (1),
X, (t) = @y X, (t)+ 855X, (t) + b X7 (t) +
+2b5% ()X, (t)+b5x3 (t). (1.2)
[Nepenumiemo ii y BeKTOpHO-MaTpU4Hil HopMi y

BUTJISIL

x(t)= Ax(t)+ X (t)Bx(t), (1.2)

A=|:a11 alZ} 82{81} Blz|:blil bilz}’
ay ady B, b, bz
b2 b2
B, :{ i 122} xT(t)z{XlT(t),XzT(t)}’
b b

- a0 G )

0 0 (1) %, (t)
Xl(t)J
x(t)= . (1.3)
O
JocmimkeHHs  CTIMKOCTI  HYJIBOBOTO  CTaHy

piBHOBaru OymeMO TMPOBOJUTH 3 BUKOPUCTAHHSIM
kBampatuuHoi ¢yHkiii JlsmyHoBa V(x): X" Hx .
SKmo MaTpuisd A aCUMITOTHYHO CTiliKa, TO MpH
OyIb-sKiil ToJaTHO BU3HAUCHINH MaTpulli C

C c
C= |: 11 12i|
ClZ C22

MaTpuiHe piBHAHHA JIsmyHOBa

ATH+HA=-C (1.4)
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Ma€ €IWHUN PO3B’A30K - JOJATHO BHU3HAYCHY
Matpuio H

H = |:h11 hlZ i| )
h12 h22

[loBna moxigHa ¢ynkuii JlsnyHoBa B cuity
cuctemiu (1.2) mae BUTIISA

SV (x(t)=

dt
_— (t)[(A+ XT(1)B) H+H(A+XT (t)B)}x(t).

Abo

%V(x(t)): X (Rfc - (BT X {)H + HXT ()8 )x(t)=
Cu Cp
= —(x (t) x. (t _
OO} )
Xl(t) 0
b111 b112 b121 b122 X, (t) 0 hyy oy
bllz b222 b122 b222 0 Xl(t) h,  hy
0 %)
by, by
_{hll hy, :|{Xl(t) Xz(t) 0 0 } by, b3 y
hlZ h22 0 0 Xl(t) X2 (t) b121 b122
b2 b2
2 D

o)

I mnst moBHoOi moxignoi ¢ynkuii JlsmyHoBa Oyne
MaTH Miclie HEPiBHICTh

V) (©)- 2B I 09

ac

1
|H|=)“max(H)=E{(h11 +h22)+\/(h11_h22)+4h122 }’

|x(t)| = x2(t)+x2(t),

1
Jin (C) = E{(Cn +022)_\/(011 —Cy )+ 4] }’

18] = {2 (B” B)}% - {zmax (BlT B, +B, B, )}y .

O6nacTio CTIHKOCTI HYJIbOBOI'O CTaHy PIBHOBAru €
BHYTPILIHA YacTHHA TIOBEPXHi piBHA QYHKIIT
JlsamynoBa V(x) =r>0, sKa 3HaXOAUTHCS

BcepeIuHi 00acTi
Gy ={xeR":C-B"XH -HX"B >0,
A€ M4 CUMBOJIOM
C-B"XH-HX"B>©

(1.6)
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pPO3YMI€ETBCST  JJOJATHA BU3HAYCHICT MAaTPHIIL. BukopucroByroun nosHayenss (1.8) nepenumemo

3aminumo ymoBy (1.6) Oumem  «rpy0Ooro». (1.10) y Burmsi

Ockinbky, B cuWily OOpaHUX MaTpUYHUX 1 dv (X(t )) |B|(p 3

BEKTOPHUX HOpM Oy/ie BHKOHYBATHUCS T —7(H WV (x(t)+ mv 2(x(t)).
min

X (t) =[x(t).

e . Bupaz (1.10) € HepiBHICTIO «THMy pIiBHSIHHS
TO 00J1aCTh «rapaHTOBAHOD» CTIMKOCTI Ma€ BUIJIS

3
G, = rTrl;':lox{Gr G, c GO}, Bepaymni». Po3mintumo i Ha V % (x(t))
G, ={xeR":x"Hx<r?} (1.7) Qrpraco
re : ' ' 3 _ Blp(H
SIk BumMBae 3 Iiel 3ameXHOCTI, miIA \Y % M+ 7(H )‘/ %(X(t))ﬁ ZM-
BHU3HAYEHHS «MaKCHMaJbHOI» o0macTi cTiiikocTi at Amin(H
cnin nomicturn eincoin X' HX = r’ Bcepemmny MMosuaunsmm V % (X(t)) = Z(t), 3aTIHIIEMO
chepu  pagiyca R=4_ (C )/2|H ||B| i dz(t) | |(p
«pO3TATYBATU» I —» 00 JIO TUX WIp, OKH EJIIIC He B 2? 7(H)z(t)< W '
TOPKHETHCS chepH. . "
PosrisiHeMo owiHKY 301KHOCTI pO3B’S3KiB 3incH
cucremd  (1.2), TOYaTKOBI  yMOBH  SIKHX dZ_(t) 1 (H)2(t)> - |B|(P(H )
3HAXOJIATHCS BCEPEANHI 00JIACTI CTIHKOCTI. dt 2 N A (H '
Teopema 1.1. Hexaii matpuus A cucremu Posp’ L
oo . . 03B’SI3yl0YM  OTpHUMaHy  HepiBHiCTH  (3a
(1.2) acumnrornyHo criiika. Toxi s po3B’sI3KiB : o .
aHaJIOTIEI0 3 JTHIAHEM HEOJJHOPITHUM

cuctemu (1.1), 10 3a70BOJBHAIOTH MOYATKOBUM

PIBHSHHSM), OCPKHMO
yMOBaM

(H) e (H) 200> | 5(0)— o [Ble(H) ]e;y(H)t N
MOl gy )=o) (‘){ O W 1)

— ]’min (C) |B|(p(H ) .
Mae MicIe Hac }/f:ij ou?g;xa(?6Z>;HOCTi - h }/(H A (H )
|x(t) < N [lincraBuum V 72 (x(t))= z(t), omepxumo

< 7(H Ao (H)[X(0) _ V%(x(t))z{v%(x(o))—z Ble(H) ]
[/(H)-2BJp(H )x(0 )]eZy(H + 2|Blp(H ) x(0) (HN2n (5

1
G |Bleo(H
1 xe 2 + 2—.
Ain (H) = 5 {(hn +y )_\/(hll —hy, )+ 4h } y(H W Amin (H)
(1.9) 3Bigcu

Jlosedenns. Buile mnoka3zaHo, IO JUIA - Blo(H "
NOBHOI ~ MHOXiAHOI  KBajgpaTWyHoi  (yHKIii \Y % (x(t)) <3|V % (x(0))- ZM e 4
JlasmynoBa B cmity cucremu (1.2) mae wmicue V(H ) Arin (H )
HepiBHiCTh (1.5). Ockinbku ¢ynkuis JlsmyHoBa
KBaJpaTUyHa, TO JUIs Hel Mae MiCIie TBOCTOPOHHS 42 |B|(p(H )
HEPIBHICTh KBaJAPaTUUHHUX (Hopm y(H )W 2Amin (H)

2 2

Armin (H )X| <V (X) < Anax (H )|X| . (1.10) 3HOBY BHMKOPHMCTABIIM JBOCTOPOHHI HEPIBHOCTI

I HepiBHicTh (1.5) MOXKHA TiepenucaTy y BUTIIS KBaJPaTUIHUX (OPM, OTPHMYEMO

Hals % (X(t))S{V H(x(0)-2 .JBWﬁj] A

)y v (x(t) B
- e 2 g ) ZMH'B'%} ‘
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|Blp(H)

= {mem (1H Jx(©) ? y(H W2 (H)
Blo(H) }

1
]e G

W ()

7(H 200 (H)X(0)

Zy(H
[ (H)-2Blo(H (O E2""" +2[Blo(H x(0)
Takum yHMHOM, AJIS pO3B’S3KIB X(t) cuctemi (1.2)
X, €G,, Oyne
cripaBeINBa OIliHKa 30bkHOCTI (1.8).
2. CucreMu «KBa3UTiHIHHOTO BHIY».
Opniero 3 mepmmMx  MaTeMaTHYHHUX
MoOJIeTieH, ONUCYBaHUX ndepeHiaTbHIM
PIBHSHHSIM 3 KBaJIpaTHYHOIO MPABOI0 YACTHHOIO
Oyna mozens @epxroibera. Bona Mana BUIISLT
x(t)=[a+bx(t)]x(t).
[i MmoznepHizaiero 6yna mozens Jlotku-BonsTeppa
TUIYy «XIDKak-kepTBa». BoHa sBisna coO0r0
CHCTEMY IBOX PiBHSHBb 3 KBaJIpaTHYHOIO MPABOIO
YaCTUHOIO
X(t)=[a+by(t)x(t), y(t)=—[c+dx(t)ly(t).
PosrisiHeMoO cucTeMy 3 KBaIpaTHYHOIO MPaBOIO
YACTHHOI 3arajbHOro BUIALY (KBa3UIiHIIHY
CHCTEMY)

% (t)= [au +bix, (t)+ Zbllzxz(t)]x(t)’

; 2 2
) Xz(t)z [azz + Zblle(t)+ by, X, ]Xz (t)
I mokHa 3amucatu y Buriami (1.2), e BiamosiaHi
MAaTpHIII MAIOTh BUTIIS]T

3 MMOYaTKOBMMU  YMOBaMU
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{Bl} Bl{blll bllz}
B, b, 0

g, {bﬁ bfz]
bf, 0

Martpuune piBasuHus JIsnyHosa (1.4) Mae BUTTIST
2a,,hy; =—Cyy, (au +ay )h12 =—Cyp,
22,0y, =—Cy.
IMoknapum C; =C, =€ >0, ¢, =0, orpumaemo

hy, =-c;,/2a,, h, =0, hy =-cy,/2a,, .

YMOBOIO  CTIHKOCTI ~ CHCTeMH  JiHIHOTO
HaOmkeHHs € a; <0, a, <0. Sk BunnmBac i3
zanexHocreit (1.5),

C c

)m((H)zmz';lx{——11 ——2 }
28, 2a,
c
Ain(H)= max{—zcl—l,—zi} , Ain(C)=C,
8y 8
%

b
e

By = (blll )2 + (bllz )2 + (b121 )2 + (blzz )2 ;
By, =byjbi, +bibS, By, = (bllz )2 + (blzz )2 :

c

y(H)=—"=.
A (H)
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