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IN ISOTROPIC MEDIA AT HIGH AND ULTRA-HIGH PRESSURES 
 

(Рекомендовано членом редакційної колегії д-ром фіз.-мат. наук, проф. Б.П. Масловим) 
Studies of problems of the propagation of elastic waves in the geological medium constitute the scientific basis of the processing and 

interpretation of dataset of seismic exploration and seismological works. 
Objective. Creation of a more grounded theoretical basis of the geomechanical interpretation of various groups of geophysical 

observational and experimental data. 
Methodology. Nonclassical-linearized approach of non-linear elastodynamics. Linear and nonlinear small and large initial 

deformations are taken into account. The strain processes are described applying various elastic potentials. 
Results. Analytical dependences of the parameters of pressure and velocities of propagation of elastic waves on deformations without 

additional linearization are obtained within the framework of various versions of the theory of small and initial deformations using the 
quadratic and elastic potentials of the Murnaghan type. 

Scientific novelty. It is established that there are critical values of deformation while reaching them elastic pressure and shear waves 
with true velocity cannot propagate in uniformly deformed elastic isotropic media. The quantitative values of the critical values of 
deformations for pressure and shear waves differ, and essentially depend on the applied elastic potentials. 

Practical significance. The obtained analytical dependences allow synthesizing the true values of the elastic parameters of the 
deformed media from seismic exploration and seismological dataset. The establishment of critical deformations for velocities of pressure 
and shear waves will make it possible to suggest differential criteria of the distribution of elastic parameters in theoretical models of the 
Earth in its various structural elements as a whole and separately. 
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Introduction. The nonclassical-linearized approach 

(NLA) of nonlinear elastodynamics has been greatly 
developed in studies of problems of the mechanics of a 
deformed solid body in the last few decades [4, 5, 10, 11, 16, 
18, 21, 37]. Later the NLA was applied to study various 
problems of geology, geophysics, mining, etc. [1, 3, 6–9, 11, 
19, 20, 26]. The problems are considered in all these studies 
excluding separate papers in case of the ratio of the pressure 
parameter P to the shear modulus  is much less than unit. 
Based on this circumstance, a direction is developed in the 
NLA where after the linearization of all the equations and 
correlations in a small neighborhood of the disturbed state 
(both at small and large initial deformations), linearization is 

also additionally carried out in terms of the parameter P
m

.  

This constraint is not adequate with both practically [2, 
12, 13] and experimentally observed result [14, 29, 30, 32, 
33] in large classes of problems of geology and geophysics. 
In particular, the distribution of physico-mechanical as well 
as elastic parameters of the Earth are obtained in the 
theoretical structural and dynamic models of the Earth [2, 

12, 13, 15, 17, 22–25, 27, 28, 31, 34–36, 38] while violating 
the condition of smallness of the indicated correlation. 

It is shown that, the basic requirements of the mechanics 
of the deformable solid body relating to the strength, stability 
and propagation of elastic waves with true velocity are 
violated in the process of the generally accepted distribution 
of the elastic parameters of the medium and pressure in the 
inner solid core of the Earth applying the NLA (under the 

conditions 1P
m
<< ) in [20]. In this connection, it is of scientific 

and applied interest to study the character of changes of 
parameters of propagation of velocities of elastic waves and 
pressures as a function of changes of strains within the NLA 

under the conditions of removing the constraints 1P
m
<<

which are important for the problems of geophysics of deep 
depths. Theoretical results are used for this purpose [4, 5]. 

Materials and methods. Let'sconsider an unbounded 
elastic space subject to homogeneous deformation in the 
Lagrangian coordinate system 1

n nx x= coinciding in the 
natural state with Cartesian coordinates. 

( )0 1 ; const, 1,2,3.u mm m m ml l l= - = =                   (1) 

Where 0
mu are components of the displacement vector 

of the initial-deformedstate, and ml are coefficients of 
elongation (shortening) along the coordinate axes. 

Further, let's consider the problems on the propagation 
of elastic waves in a previously deformed isotropic space 
under the conditions (1)–(3). 

In case of compressible models of the medium, the basic 
systems of equation of motion for the theory of large and 
various versions of the theory of small initial deformations in 
a unified form have the form [4, 5] 
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,     consti jw a b = .                                              (2) 

In case of the theory of large initial deformations  
0(1 )( )i j j i j i i j i j i j i j i jA Sa b a a b b a b b a b a bbw l l d d d d d d d m d dé ù= + - + +ê úë û .                            (3) 

For the theory of small initial deformations according to the first and the second versions of the theory   
0(1 )( )i j j i j i i j i j i j i j i jAa b a a b b a b b a b a bbw l l d d d d d d d m d d sé ù= + - + +ê úë û ,                              (4) 
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0(1 )( )i j i j i i j i j i j i j i jAa b a b b a b b a b a bbw d d d d d d d m d d s= + - + + .                                    (5) 

The following correlations [4, 5] are obtained considering elastic waves propagating along the axis 1ox  according to the 
equation (4) in case of the theory of large initial deformations   

1 2
2 4 2 0 2 4 2 2 0

1 11 1 11 1 2 12 1 11;l x s xC A S C Sr l l r l l m l= + = + ,                                   (6) 

3
2 4 2 2 0

1 2 13 1 11s xC Sr l l m l= + . 

In case of the second variant of the theory of small initial deformations  

1 2 3
2 2 0 2 2 0 2 2 0

1 11 11 1 12 11 1 13 11( ); ( ); ( )lx sx sxV A V Vr l s r l m s r l m s= + = + = + .                                  (7) 

The structure of the values ,i i jA b m and 0Sbb  (or 0
bbs ) 

for each version of the problem statements is concretized by 
the definition of the correlations of the elasticity of the 
nonlinear theory (elastic potentials) in the correlations (3)–
(5). Specific expressions of these values for the simplest 
elastic potentials are given in [4, 5, 21]. In the expressions 
(2)–(7), ( )1,2,3iu i =  are the components of the perturbation 

of displacements, 0Sbb  are the components of the stress 
tensor assigned to a unit of an area in the initial-deformed 
state, 0

iis is the stress tensor component assigned to a unit 
of an area in the natural state, r is the medium density and 

i jd  are the Kronecker symbols. It is easy to obtain 

analogous formulae in case of the propagation of elastic 
waves along other coordinate axes through cyclic 
permutations of the indices in (8) and (9). 

The experimentally observed acoustoelastic effect (of 
various kind of reactions, velocities of polarized shear waves 
on the action of initial deformations) in comparatively solid 
compressible media is described using elastic potentials in 
the structure of which, the third algebraic invariant of the 
Green's deformation tensor [4, 5]  is also taken into account 
along with the first two. The simplest elastic potential 
corresponding to this requirement is a potential of the 
Murnaghan type. Thereby, the results concerning the 
potential of the Murnaghan type are given below. 

In this case for all variants of the theory of initial 
deformations [4, 5] 

( ) ( )0 0 0 0 02 2 2i nn ii i nn iiA a b b cb bb bl e e e d m e e= + + + + + + ,                                                   (8) 

( )0 0 01
2ij nn ii jjb cm m e e e= + + + ,  , , , , consta b cl m = .                                                    (9) 

For theories of large initial pressure  

( ) ( )
2 20 0 0 0 2 0 0 0 02 ( ) 2nn nn nn nnS a b b cbb bb bb bble me e e e e e= + + + + + ,                                       (10) 

where ,l m are Lame's elasticity moduli, , ,a b c  are the elasticity moduli of the third order. 
There are correlations for the first and the second version of the theory of small initial deformations correspondingly  

( ) ( )
2 20 0 0 0 2 0 0 0 02 ( ) 2nn nn nn nna b b cbb bb bb bbs le me e e e e e= + + + + + , ( )0 22 1ij ij je d l= - ,                        (11) 

( ) ( )
2 20 0 0 0 2 0 0 0 02 ( ) 2nn nn nn nna b b cbb bb bb bbs le me e e e e e= + + + + + , ( )0 1ij ij je d l= - .                         (12) 

Formulae (6) and (7) considering the correlations (8)–
(12) allow studying the behavior of the parameters of 
velocities of  propagation of elastic waves in isotropic 
compressible solid media depending on the nature of the 
change of random value of homogeneous deformations 
within the theory of large and two versions of the theory of 
small initial deformations.These formulae and correlations 
are obtained and applied to solve various specific problems 
of mechanics in [4, 5, 21].An additional linearization is 
carried out in the expressions of formulae (10)–(12) 
eliminating nonlinear terms with respect to deformations in 
the study of specific problems based on practical 
mechanical arguments. 

Pressure P  with stress are related to the following 
correlations [21] for the theory of large, first and the second 
variants of small initial deformations 

0 0 ;P Sb b b bl= 0 0 ;Pb b b bl s= 0 0Pb bbs= .              (13) 

The nonlinear character of the dependence of the 
basic parameters of the medium on the change of 
strains. Normal components of stress tensor within the 
theory of large and small initial strains within the NLA are 
determined according to the equations (10)–(12). 

Let's consider the case of overall deformation for clarity 
and simplicity of statement especially in problems of 
geomechanics of large depths of overall deformation, i.e. 

0 0 0
11 22 33 0e e e e= = = is the most important case. At the same 

time we get from correlations (10)–(12) considering (13):  

for the theory of large and the first version of small initial states  

( )
1

220 0 0 0 0 0
21 2 3 (9 15 ) ; ,
3

P K a b c Ke e e l mé ù= + + + + = +ê úë û
                                                (14) 

for the second version of the theory of small initial deformation states   
2

0 0 0 03 (9 15 )P K a b ce e= + + + .                                                                 (15) 
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Using the correlations (6), (7) and (8)–(12) in case of overall homogeneous deformation to determine the dependence of 
the quasive locities of propagation of elastic waves on deformations considering the well-known correlations 

2 2
0 02 ,l SC Cr l m r m= + = ,                                                                      (16) 

2 2
0 02 ,l SV Vr l m r m= + = ,                                                                       (17) 

in case of the theory of large and the first version of small initial deformations we will get  
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Here 
0lC and 

0SC are the velocities of propagation of 
pressure and shear waves in the medium without initial 
deformations within the theory of large initial deformations 
accordingly; 

0lV and 
0SV are the same within the second 

version of the theory of small initial deformations. In the 
correlations (18)–(21), n  – is Poisson's ratio of the material. 
The parameters of pressure and shear waves within the 
theory of large - the first version of the theory of small and 
the second version of the theory of small initial deformations 

are defined with values 1
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in the paper accordingly.  

In case of the quadratic elastic potential in the formulae 
(14), (15) and (18)–(21), it is necessary to consider 

0a b c= = = . 
Initial data for numerical experiments. The structures 

of formulae (14), (15) and (18)–(21) allow performing 
calculations for the entire interval of variation of the 
Poisson's ratio 0 0,5n< <  in case of using the quadratic 
elastic potential. In case of applying an elastic potential of 
the Murnaghan type for performing specific calculations, it is 
also necessary to have information on the elasticity moduli  
of the second ( ,l m ) and the third ( , ,a b c ) orders. 

The necessary initial data for a number of materials are 
shown in Table 1. Data for plexiglas and steel 092c are 
taken from [4], and data for plagiogranite are taken from [8]. 
The data related to the theory of large initial deformations 
are given in the numerator and the data related to the 
second version of the theory of small initial deformations are 
given in the denominator. The dashes in the plagiogranite 
column indicate lack of data for this case. 

 
Tab le  1. The necessary initial data for a number of materials 

Medium 
parameters 

310 a- , MPa 310 b- , MPa 310 c- , MPa 310 l- , MPa 310 m- , MPa n  

Plexiglas 
3,99

0,268
-  7,16

3,12
-

-
 14,4 8

6,77
-

-
 

4,04  1,9  0,3401 

Steel 325
269
-

-
 309

214
-

-
 799

483
-

-
 

94,4  79,0  0,2722  

Plagiogranite 3,87-

-
 1,99-

-
 6,24-

-
 

39,95  26,63  0,1999  

  
Results and discussion. Graphs of change of the 

parameters of  pressure and shear elastic waves in plexiglas 
(red color), steel 092C (green color) and plagiogranite (blue 
color) depending on the growth of compression 
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deformations are shown in Fig. 1-2. These calculations are 
performed using the quadratic elastic potential. Similar 
results calculated using an elastic potential of the 
Murnaghan type are shown in Fig. 3, 4. Comparison of the 
results in Fig. 1–2 with Fig. 3–4 show that the results 
obtained using various elastic potentials differ quantitatively. 
In this case, it is necessary to give preference to results 

corresponding to the potential of the Murnaghan type, since 
it is known that [4] the use of this potential allows correctly 
describing the acoustoelastic effect. The character of the 
change of parameters of pressure and shear waves 
fundamentally differ within the framework of linear and 
nonlinear approximations due to the increase of the value of 
compression deformation. 

 

  
a b 

c d 
Fig. 1. Dependences of the parameter of elastic waves pressure on the growth of values of compression strains:  

а – equation (18) considering linear constituents, b – equation (18) considering all the constituents within the theory of large and the first 
variation of small initial strains, с – equations (20) considering the linear constituents, d – equations (20) considering all the constituents 

within the second version of the theory of small initial strains (in calculations 0a b c= = = ) 

  
a b 

  
c d 

Fig. 2. Dependences of the parameter of shear elastic waves on the increase of values of compression deformations:  
а – equation (19) considering only linear constituents, b – equation (19) considering all the constituents within the theory of large and the 
first version of the theory of small initial deformations, с – equation (21) considering only linear constituents, d – equation (21) considering 

all the constituents within the second variation of the theory of small initial deformations (in calcualtions 0a b c= = = ) 
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a b 

 
 

c d 
 

Fig. 3. Dependences of the parameter of elastic waves pressure on the increase of the values of compression deformations:  
а – equation (18) considering only linear constituents, b – equation (18) considering all the constituents within the theory of large and the 

first version of the theory of small initial deformations, с – equation (20) considering only linear constituents,  
d – equation (20) considering all the constituents within the second version of the theory of small initial deformations 

 
 

 
 

a b 

 
 

c d 
 

Fig. 4. Dependences of the parameter of elastic waves pressure on the increase of the values of compression deformations:  
a – equation (19) considering only linear constituents, b – equation (19) considering all constituents within the theory of large and the first 
version of the theory of small initial deformations, c – equation (21) considering only the linear constituents, d – equation (21) considering 

all the constituents within the second version of the theory of small initial deformations 
 

It follows from Fig. 1–4 that the values of the quasi-
velocities of pressure  and shear waves decrease in case of 
quadratic elastic potentials both at small (taking into account 
both variants) and large initial deformations due to the 
increase of compression deformation. Such results do not 
describe available [4] experimental data. Similar results for 
the considered materials obtained within the framework of 
an elastic potential of the Murnaghan type show 
fundamentally different character of the change. The quasi-

velocity of both pressure and shear waves increase for each 
concrete material up to a certain value of the deformation 
values of overall compression within the framework of all 
variants of the theory of initial deformations and types of 
elastic waves. Further, due to the increase of values of 
compression deformation, the values of the quasi-velocities 
of both types of volume waves continue to increase within 
the framework of linear approximations, and they decrease 
within the framework of nonlinear solutions. For both types 
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of volume waves, there are critical values of the 
compression deformation while reaching them elastic waves 
with true velocity cannot propagate in the medium. Despite 
the quantitative difference in the increase of quasi-velocities 
in the initial stage of the increase of values of compression 
deformation, critical values of compression deformations are 
found in the further stages of deformations (at large 
deformations) within the framework of the considered 
versions of the theory of the quadratic potential. 

Based on the obtained theoretical formulae and numerical 
results, the impossibility of propagation of elastic waves with 
true velocity in the deformed media can be explained as 
follows. Dimensions of stresses and elasticity moduli are the 
same. The quantitative values of velocities of propagation of 
elastic waves are determined in the form of certain ratios of 
the elasticity moduli to the medium density. In case of 
deformed media, the ratio of the values of stress tensor 
components to the density is caused by nonlinear actions of 
the medium by the velocity dimension. The levels of the 
normal components of the stress tensor reach values 
comparable to the elasticity moduli of the medium of 
propagation of elastic waves under high baric conditions. 
Therefore, the quasi-velocities of elastic waves can increase, 
decrease, and turn to zero in the process of deformation 
depending on the nature of the action and on the stress level. 

Conclusions. The dependences of change of pressure, 
parameters characterizing the velocities of pressure and 
shear elastic waves on the increase of values of the 
compression deformation in elastic isotropic media are 
analyzed within the framework of linear and nonlinear 
approximations of the NLA of nonlinear elastodynamics 
involving various elastic potentials. The linear and nonlinear 
solutions obtained within the framework of various elastic 
potentials differ quantitatively and qualitatively. Consideration 
of large and nonlinear strains of compression made it possible 
to determine their critical values while reaching them elastic 
pressure and shear waves with true velocities cannot 
propagate in elastic isotropic media. These features 
manifested in the process of propagation of elastic waves in 
the deformed isotropic media have important theoretical and 
applied values in the development of structural and true 
models of the Earth. It is necessary to properly take them into 
account in the process of development and interpretation of 
the corresponding geophysical data. 
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ПРО ОСОБЛИВОСТІ РОЗПОВСЮДЖЕННЯ ПРУЖНИХ ХВИЛЬ В ІЗОТРОПНИХ СЕРЕДОВИЩАХ  

ЗА ВИСОКИХ І НАДВИСОКИХ ТИСКІВ 
Дослідження питань поширення пружних хвиль у геологічному середовищі становлять наукову основу обробки та інтерпретації 

комплексу даних сейсморозвідувальних і сейсмологічних робіт. 
Мета. Створення більш обгрунтованої теоретичної бази геомеханічної інтерпретації різних груп геофізичних спостереженних та 

експериментальних даних. 
Методика. Некласично-лінеаризований підхід нелінійної еластодинаміки. Ураховуються лінійні та нелінійні малі й великі початкові 

деформації. Процеси деформації описуються за допомогою різних пружних потенціалів. 
Результати. У межах різних варіантів теорії малих і початкових деформацій із застосуванням квадратичного і Мурнаганського 

типів пружних потенціалів отримано аналітичні залежності параметра тиску і швидкостей поширення пружних хвиль від деформацій 
без додаткової лінеаризації. 

Наукова новизна. Установлено, що існують критичні величини деформації, при досягненні яких в однорідно деформованих пруж-
них ізотропних середовищах не можуть поширюватися пружні поздовжні й поперечні хвилі з речовинною швидкістю. Кількісні зна-
чення критичних величин деформацій для поздовжніх і поперечних хвиль відрізняються та істотно залежать від застосованих пру-
жних потенціалів. 

Практична значимість. Отримані аналітичні залежності дозволяють синтезувати справжні величини пружних параметрів дефор-
мованих середовищ з комплексу сейсморозвідувальних і сейсмологічних даних. Установлення критичних деформацій для швидкостей 
поздовжніх і поперечних хвиль дозволить запропонувати диференційні критерії щодо розподілу пружних параметрів у теоретичних 
моделях Землі загалом і окремо в її різних структурних елементах. 

Ключові слова: нелінійна еластодинаміка, пружні хвилі, початкова деформація, швидкості поздовжніх і поперечних хвиль. 
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ОБ ОСОБЕННОСТЯХ РАСПРОСТРАНЕНИЯ УПРУГИХ ВОЛН В ИЗОТРОПНЫХ СРЕДАХ  

ПРИ ВЫСОКИХ И СВЕРХВЫСОКИХ ДАВЛЕНИЯХ 
Исследования вопросов распространения упругих волн в геологической среде составляют научную основу обработки и интерпре-

тации комплекса данных сейсморазведочных и сейсмологических работ.  
Цель. Создание более обоснованной теоретической базы геомеханической интерпретации различных групп геофизических наблю-

денных и экспериментальных данных. 
Методика. Неклассически-линеаризированный подход нелинейной эластодинамики. Учитываются линейные и нелинейные малые и 

большие начальные деформации. Процессы деформации описываются с помощью различных упругих потенциалов. 
Результаты. В рамках различных вариантов теории малых и начальных деформаций с применением квадратичного и Мурнаганс-

кого типов упругих потенциалов получены аналитические зависимости параметра давления и скоростей распространения упругих 
волн от деформаций без дополнительной линеаризации. 

Научная новизна. Установлено, что существуют критические величины деформации при достижении которых в однородно дефо-
рмированных упругих изотропных средах не могут распространяться упругие продольные и поперечные волны с вещественной ско-
ростью. Количественные значения критических величин деформаций для продольных и поперечных волн отличаются и существен-
ным образом зависят от применяемых упругих потенциалов.  

Практическая значимость. Полученные аналитические зависимости позволяют синтезировать истинные величины упругих пара-
метров деформированных сред из комплекса сейсморазведочных и сейсмологических данных. Установление критических деформаций 
для скоростей продольных и поперечных волн позволит предложить дифференциальные критерии по распределению упругих параме-
тров в теоретических моделях Земли в целом и в отдельности в ее различных структурных элементах.  

Ключевые слова: нелинейная эластодинамика, упругие волны, начальная деформация, скорости продольных и поперечных волн. 

 
  


