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DU I 8]

1 — xopnyc yuninopa excmpyoepa, 2 — HaepigHuxy, 3 — nonivep, 4 — winex, 5 — oxon00Ha 800a; dx — enemeHmapHuii
o6’em; 0", 6, &, &, 0" — memnepamypu HaZpigHUKA, KOPIYCA, NOTIMEPY, 4eps aKa, OXON00HOL 800U,
a;, Ay, 03 05— Koegiyicnmu menaogiooaui 8io ueps ’axa 0o 8oou, i noniMepy 00 Yeps aKa, 8i0 Kopnyca
00 nonimepy, 8i0 HazpigHUKA 00 NOGIMPA, ¥y | y— GHYMPIWHIL M exgiganeHmHuti 308HiuHIll paoiycu yepa axa;
r3i ry— GHYMPIWHIT | 308HIMHIT padiycu Kopnyca; ¥s— 308HIMHIL padiyc HaepieHUKA

Puc. 2 — Po3paxyHKOBA YaCTHHA EKCTPYAepa

1 2 N-1 N

-} P

1 — xopnyc yuninopa excmpyoepa, 2 — HazpigHukY, 3 — menaoi30nayii; | — 008XHCUHA POPAXYHKOBOL
yacmunu excmpyoepa, N — Kinbkicmv Hazpienuxia, 1, = I/N — po3paxyHkoga 008xcuna HazpieHuxa

Puc. 3 — PosTamyBanHsa HATPIBHUKIB HA KOPIIYCi eKCTpyAepa

Maremaruyane MOACTIOBAHHSI. AHAJIOTOBY TEIUIOBY MATEMAaTHUHY MOJEIH POO0OYOi YACTHHH SKCTPyJepa MO-
JKHA TMOJATH K CYKYIHICTH I’ ATH B3a€MOTIOB I3aHHX MOJCJICH TCIIOBUX EMHOCTCH — HATPIBHHKA, KOPITYCa, TIOJIi-
Mepy, YepB’sKa Ta oxonoaHoi Boau. [Ipw oMy BapTo BpaxyBaTH (DYHKIIOHANBHI 3a7€;KHOCTI, HASBHI 1011 Oara-
THOX XapaKTCPUCTHUK IPOLECY. 30KpeMa, 3alc:KHOCTI TYCTHHH PO3IUIABICHOTO IONIMEPY BiX TeMImeparypu

p=Aexp (E/RT ) , Je A — koHcTaHTa;, £ — eHepris akThBanii piakoro pyxy; 7 — abcomoTHa TeMneparypa; R — yHi-
BepcajbHa ra3osa craia [1]. Jni1 HeBEIUKHX rpaJieHTIB MBUAKOCTEH L= |, exp[—b(T . )] , 1€ sx — €peKTHB-
HA TYCTHHA PO3IUIABJICHOTO TMOJIMEPY HA BXOAl, b — TemmeparypHuil koeQimieHT;, 7 — TeMIeparypa MoIiMepy;
T,x — TeMIIeparypa nojgiMepy Ha BXOJI.

3 MO,STLS

Buxomsum 3 MonekyipHOi Teopii, p=1,09-10 _80,67 AF CXp

ﬁ , Je M — MOJIEKyJIsIpHa Maca CEpeiOBU-
1{)

ma; 3 — MOJIEKY IIpHHH 00’ €M; AF,,;, — CHEPTIsl BUIIAPOBYBAHHS, /1 — CTaNA I IEBHOI ()OpME MOJIEKY I (I KyJIi
n = 3; U1 MOJICKY T BUIOB>KeHOT (hopmm 11 = 4) [15].
PuPu
XaPu — (=% )Py
PHOI MATPHII; X;; i X; — MACOBI YaCTKH HATIOBHIOBAYA M MOTiMEePHOi MaTpui [16].
KoediuienT Tennosigaa4i Big kopiyca 1o nommepy o = 1,160, / (F At) , Ie ae Oy, — TEIUTOBHMH MOTIK BiJ HATpi-

Y CBOFO Uepry, TyCTHHA OiHAPHOI CyMimmi p = , 1€ Py 1 py — TYCTHHH HATIOBHIOBAYA H MMOTIMC-

BHHKIB; F' — IJTOMIA TIOBSPXHI TCILIOBIAAAYI; Af — CCPSAHA Pi3HHUL TCMIICPATYP Mi*K KOPIyCoM i momimepom [18].
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Jns momeruneny [12020-T o= 375q0’12d;:;7v0’18 , Am1 momictupony YII-1D o= 350q0’12d;3;6v0’19, ae q —
IIJIBHICTH TEIIOBOTO MOTOKY; (e, — CKBIBAJICHTHHUH AlaMETP KaHANY; v — IIBHAKICT PyXy moiiMepy [17].

ITix yac MOAETIOBAHHS TEIIOBOTO PEKUMY HATPIBHHKA MPHITYCTHIIM, IIO: YCI HATPIBHUKH MAFOTh OJJHAKOBY J0-
BXXMHY W KOHCTPYKIIIO Ta PIBHOMIPHO PO3IOJILICHI 32 JOBKHHOIO KOPIYCA; TCIUIOBUIITICHHS 32 JOBXHHOIO HATPiB-
HHUKA € PIBHOMIPHHM;, TCIIJIOBHH NOTIK Ta/dU IMOTYKHICTh Y PI3HHX HATPIBHUKAX MOXE OYTH Pi3HOO; BIICTAHHIO
MDK CYCIZHIMH HATPIBHUKAMH MOKHA 3HEXTYBATH, TEIUIONICPEAAda MK HAIPIBHUKAMH BIACYTHS, TEMIICpaTypa Ha-
BKOJTHITHBOTO TOBITPS € CTAJIOKD; TCILIOBI MOTOKH BiJl BEHTWIATOPIB MOJAIOTH K BiA €MHI TCIIOBI MOTOKH BiT Ha-

TPiBHHKIB.
Jns ereMeHTapHOTO 00’ €My HATPIBHHKA / 3aBIOBKKH X HA BiCTAHI X BiJ MOYATKY KOOPIMHAT:
n k n
0 l(x, D dx =, G (g’ X t)| 27y dx — o (07 (3, 1) =07 2mrgdx — ., MF,{5 -
n r r=ry
n n M n
o, XD O, D@D g g | M g D
ox > o ox 3 l, ot

o', 0<x<l,
ae @Szn(dg—df)/4:n(%2—r42), 0" (x,0)=405(), 1, +de<x<2l, ,

O (D), (N-DI, +dx<x<NI,
0,(x, ) — IMUTBHICTH TCILIOBOTO MOTOKY B 30HI HATPIBHUKA B MOMCHT YaCy ! HA BIACTAHI X Y3IOBXK PYXy HOJIMEPY,
i=1...N — HOMep HarpiBHHKA; A 1 A, — KOC(iII€HTH TEIUIOMPOBIIHOCTI KOPIyCa W HATPIBHUKA;  — MOTOYHHUHN pasi-

yc¢; 0%~ TeMIepaTypa HABKOJHUINHBOTO CEPEIOBHINA; Fys— TIOINA KilbIa, 0OMEKECHOTO KOJAMH 3 PAMIyCAMH Fs 1 74
M, — maca HarpiBHEKa; C,, — MHTOMA MacoBa TEIUIOEMHICTh Marepiany HarpiBHUKA.

Ticns nepersopens: 20" (x,0) /6t = Q" (x,1)—b, 0 (r, x. t)/6r| —by (0" (x,1)—6%) +b, 570" (x,1) [ ox?
2

r=r

2 2
1 27yl 2mrl ol LT (r5 — ¥ )ln
Ac bl = > Dy = » U3 = » D4 = —
M,C, M,C, M,C, M,C,
MesKOBi YMOBH HA TOPIISIX HATPIBHUKIB € YMOBAMH 11€ATBHOTO TEILIOI30IOBAHE —A 00 (x, t) / o =0":
0" (x,1) /ax| =0 20 (x.1) /ax| —0,
xp e

A€ X, 1 X — KOOPAHHATH MOYATKY U 3aKiHYCHHS HATPIBHMKA i.
Po3noxin Temmeparypu B KOPILyCi OMUCY€E PIBHAHHS TSILIONMPOBIAHOCT] B IMUITHAPHYHIN CHCTEMI KOOPIHHAT:

o0* (r.x.1) 2 (r,x,t) 100 (r,x.t) 20K (r.x.b)
ot or? r or ox?

Jie a; —Koe(iIleHT TEMIIEPaTy PONPOBITHOCTI MaTepialy KOpILyca.
Hexaif Temneparypa 30BHIITHBOTO TIAPY KOPITYyCa TOPIBHIOE TCMIICPATYPi HATPIBHUKA (YMOBA 1ICABHOTO TCTI-

2
JIOBOTO KOHTAKTY) oF (r, X, t) =0"(x,t). Ha BHyTpinmHiif MOBEPXHI MA€ MiCIic MEKOBA YMOBA TPETHOTO POIY:

r=n j '
Ha TOpISX IMIHAPA — ME&XOBA YMOBA APYTOT0 poxy —A o0k (r,x,0)/dx = q(r) .
TemnoBuii MOTIK 3a JOBKHUHOK CKCTPYACPA € 3HATHO MCHIIAM HOpiBH}IHO 3 pa/:[iaJ'ILHI/IM, TOMY BBAKa€MO, LI0
1 00 (rx0fo_ =05 <10 (rxnfed] =0,
x= =

), 065 (r, x,t)/6r| =0y (6” e, 0)—6"(r,x,0)
r=n

[Nommep B eKCTPyAEPi NOCTIAOBHO 3MIiHIOE arperaTHHI CTaH. ToMy €KCTpyIep HOAUIIIOTh Ha 30HH HATPiBAHHS
(mommep v TBepAil (asi), muaBaeHHA (MOXIMEP € CyMIIINIIO TBEpAOI H pinkoi ¢a3) i romorewizarii (momimep y pia-
Kiif (a3i). [IpoTe 3a HECTAIIOHAPHOTO PEKUMY UM HATBHOCTI 30YPESHB MEXKi TAKOTO MOALTY «IIaBarOTh». CTaH mo-
TMEPY BU3HAYAETHCS TEIUIOBHMH IOTOKAMH BiJ HATPIBHUKIB, CHEPTI€I0 JUCHIALI], TEIUIOBHMH BTPATAMH Ta 1HIIH-
MH 30ypeHHAMHE. [TpH bOMY CHEPTig JUCHIALIT
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d
0% =1,

an ’ aWy ’ aVVZ aVVx aVVy aVVx aVVZ aWy aWZ

+1,, +1,, +1, + Flp | = |47, | —+—== |

ox oy oz oy ox oz Ox oz oy

Jie T — BEKTOPH HATPYKCHb, a }¥ — TEH30pH MIBHAKOCTEH Aedopmalii, mo 3ajekaTh BiJ TEMIEPATYPH HOJIMEpY,
(ha30BOTO CKIAMYy, TYCTHHH, THUIy MaTepiany Tomo. OCKUIPKH BPaXyBaHHS YCIX 3a3HAYCHUX 3MIHHHX € OKPEMOIO
3a7a4er0, HeXal €HEepTis NUCHUMAIi TOPIBHIOBATHUME 3aTaNbHIN CHEprii AucHmanii, BiTHECCHIH A0 JOBKHHH EKCTPY-
Jiepa ¥ IOMHOKCHIH HA JOBKHHY CJICMCHTAPHOL Ji/ITHKH.

V 30HI HArpiBaHHS TEIJIOTA AKYMY JFOETHCS Y (POpMI IPHPOCTY TEMIIEPATYPH TBEPAOTO MOTIMEPY:

VP (0)F;p,Cy0° (x.1) (V”(t)Fk3 P07 (x.0) +B(V 7 (Fp ,C,07 (x.)) fox dx) +04 (x, 1)l 1 +

+otg (ek(r, x, t)| - —0P(x, t)j 2mrydy — oty (6” (x,0)—0%(r, x,t)| B janzdx =0 (Fk3dxppCp6p (x,t))/@t
r=n r=n

ae b, =m (d32 - d22 ) / 4=m (r2 - r22) ; VP(f) — niniiiHA IBHAKICTE PYXY MOJTIMEPY B3AOBXK OCI WIUTIHAPA; Fis— IUI0mA
Hepepizy NOMMEPyY, IEPICHIUKYIPHOTO A0 OCi X; P, — TYCTHHA MONiMEpy; €, — MUTOMA TEMIOEMHICTh HOMIMEDY;
Qd — 3arajbHA cHepTia aucunanii. L{e piBrsaHEA, po3B’s3aHe B mparax [12, 13], MokHA mOJaTH Tak:

VP (0)F;,p,C,07 (x.1) (V” (OFp, 07 (x.0)+ (V7 (OFp,.C,07 (x.0)) fox dx) + 0 (e, 1)l 1 +

+0, 0% (r, x, t)/6r| . 2mrydx — o 00° (r, x, t)/@r

r=

| 2y =0 (Fk3 dep ,C 07 (x, t)) /at,

=
Je h. — ROC(IMiEHT TEIIOMPOBITHOCTI IITHEKA.
Lli piBHAHHA € CKBIBAICHTHHMH, OCKUIBKH MK KOPILYCOM 1 IIOJIIMEPOM Ta MOJIMEPOM 1 ITHEKOM HASIBHUH KOH-

BCKTUBHHUI TEIIOOOMIH —A 80(r, x,1)/ 6r| = oc(@” (x,0)—-6(r, x,t)| B ) , TOMy OyAeMO KOPHCTYBATHCS APYTHM i3
r=kp r=kyp

HHEX Y BUTIOI 607 (x, t)/@t =-VP()o0? (x, t)/@x +bsQ (x,1) +bg OF (1, x,t)/6r| —b, 30°(r, x, t)/6r| ,
5

= r=r
1 20 mr _ 2hemry
> 6 > Y7 .
Fip Gl FiPpCp FieppCp
VY 30HI IIABICHHS TEIJIOTA AKyMYJIOETHCS v (opMi (ha30BUX MEPEXOJiB, TEMIEPATYpa MOJIMEPY € CTAJIO0
(00/0x = 0) 1 nopiBHIOE TeMmeparypi muaBneHHI. ToAl CyMapHHH TEIIOBHH €(EKT 3 aKyMyIbOBAHHUM IOIIMEPOM

new,

TEILIOHCY3TOLKCHHAM O™
Qd(x,t)dx/l +y 0F (r, x, t)/ar | - 2arydx — ., O°(r, x,t)/6r| 2ar,de = Q" (x,1) .
= )

ae bs =

-
Skmro O""(x, ) IOXIMATH HA MATOMY TCILIOTY IIABJCHHS MOJIMEPY, OJCPKUMO Macy RY mojiMepy, po3mias-
JICHOTO MPOTAroM oauHuLi yacy. [IpoTsirom Of posdmnasutses m, (x,1) = 0™ (x, t)@t/ R? abo

m, () = b7 (x.0) +by 00° (r.x.0)fér] =byy 20° (. x.00for
r=r

>

r=m

ne by =dxdif(IR") , by =20 vt [R" . by =20 mrydcdi /R
Koeiuienr Bmicty posmiasy B mommepi F72(x,t+df) = F?(x,0) +m’ (x,1) / [n (r32 —rf ) e pde
V (azi HarpiBaHHS PO3ILIABY TEILIOTA AKYMYIOETHCA ¥ (POpMI MPUPOCTY TEMIIEPATYPH PiIKOTO MOIIMEPY:
VP () Fp,Cy07 (x.1) (V”(t)Fk3ppCp6” (x.0)+0 (7 (0 Fiyp,C,07 (x.0) fox dx) +

+, 005 (rox,nfor]  2mrdx -0, 30°(rx,0)[0r|  2mrdx = 8(F, dxp ,C,0F (x.1)) Jot.
" ” 3P ptp

r= r=

[Micns mepeTBopens: 667 (x, 1) / ot =-V*()eo? (x,1) / ax +by, o (r.x.0) / 6r| —by, O°(r,x,1) / 6r| ,
r=nm r=n

2,7, 20 mr:
meby=pa b= o
Pty &P ptp

Me:k0BO0 YMOBOKO € YMOBA Iepmoro poay 67 (0,1) =67, (1) .
Po3nonin TeMmeparypu B IIHEKY OMHUCY€ PIBHAHHSA TEIUTONMPOBITHOCTI B M HAPUYHIH CHCTEMI KOOPAMHAT
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o6° (r,x.1) _, 0%0° (r.x.1) L1 0°(r, x, 1) . 3%6° (r. x,1)
o ¢ or? roor o2 |

JIe a, — Koe(ilieHT TeMIIepaTy poIPOBITHOCTI MaTepiay NIHEKA.
Ha BHyTpImHIH 1 30BHINIHIX CTIHKAX YEPB IKA:

A 0ol =0y (GV —6° j; ~0o 00 (r.x,1) for
Ha Topusx ueps’ska —i, 60° (r.x.t) / ax=q(t).

TenmoBuit MOTIK 3a TOBKAHOK IMHCKA € 3HAYHO MCHIMNH, AHIK V PagiaTbHOMY HANPSAMI, TOMY HEXTYEMO iM:
—h, OO° (r, X, t)/6x| = 0, —h, 00° (r, X, t)/6x| = 0.
x=" x=

=, [GC (r, x,t)| -07 (x,t)} )
r=r r=r

r=n r=n

Jlns enemMeHTapHOTO 00’ €My 0XOJIOTHOI BOJIH 3aBAOBKKH (X HA BIICTAHI X BT IIOYATKY KOOPIMHAT:
VY 0py By G0 (x.0) = (1 0y B, GO (x.t) + 0V (0py B, G0 (1) foc )+

oy 2nrldx(ec (r.xo) =0 (x, t)) = G(FkldxpVCVeV (x,t)) /at,
r=n
ne F, =mndf [4=m’; V()  ninilia mBHAKICTE PYXy OXOTOAHOT BOAW B MOMEHT Hacy f, py — IYCTHHA BOIM;

F} — mnoma mepepizy KaHamy OXOJIOZHOI BOIH, IEPICHANKYJBIPHA A0 0Ci X; Cp — MHTOMA TEILIOEMHICTH BOJIH.

e mepersopers: 20 (x.0)/r =1 (030" (x.0)fex +by; (69 x.0)]_ =07 (). 7 by = —Fz o
- wPriv

Me3K0BOIO YMOBOKO € yMoBa mepioro poay 6 (0,7) = Gzh (t). me 0", — TeMmepaTypa 0OX0I0IHOI BOJH HA BXOI.

OTsKe, MaTEMaTHIHHUHN OTIMC TEIUTOBOTO PEXXUMY CKCTPYIEpPa € TAKHM:

r=¥

80" (x,1) /0t = b,O" (x.1)— b, 30" (r,x.1) /6}" —by(0"(x,1) =0 ) +b, 30" (x,1) ] ox”
o0k (r, x,t)/@t =a, [Gzek(r, x,t)/@r2 +o0F (r.x, t)/(r@r) + Gzek(r, x,t)/@x2 }

307 (x,1)/0t ==V P (1) 307 (x,1) [Ox + bsO (x.1) + bs 00F (1. x. t)/@r‘ —b, 80°(r. x,1)JOr

r=r

=

r=r

m, (x,1) =b0% (x,1) + b, Gek(r,x,t)/ér‘ —by, O°(r, x,t)/@r
3

r=r

r=r

307 (x.1)/0t =~V P (1) 307 (x,1)[ox + b, Gek(r,x,t)/ér‘ — by, 80°(r,x.1)or
3

=

0° (r,x,t)/@t =a, [6260(}*, x, t)/@r2 + Gec(r,x,t)/(rér) +8%0°(r, x,t)/@sz

0" (e.ty/ot =17 (1) 80" (x.1)/Bx + b5 (ec(r, e t))

i3 obMeskenHsMu 0" (x, 1) / Ox

—0; 69"(x,t)/6x| =0, OF (re.)=0"(x.1); —hy 005 (r, x,t)/6x| =0
xp .)Ck X=

—Ay ooF (r.x, t)/6x|x:l =0; —A; aoF (r, x,t)/@rLzr3 =0y (6” (x,H)— o* (r.x, t)|r:r3 j s =, 06° (r, x,t)/6x|x:0 =0;

.
r=n j

—Gp(x,t)} . 07(0,n=02(; 07 (0,)=00,().

—h, 00° (r, x, t)/6x| = 0; -4, 590/6r

=ay (GV -0°
r=n

—, 06° (r, X, t)/6r| =a, [GC (r, x,t)
r=r

BucnoBkn. [IpoaHanmi3zoBaHo KOHCTPYKTHBHI €JIEMEHTH eKCTpyAcpa. Haseneno cucteMy mudepeHIiHHNX piB-
HSHb Y YACTHHHUX HMOXITHUX Y IIUHHAPHYHINA CHCTEMI KOOPAMHAT 3 YPaXyBaHHAM PO3MOILTY TEMIIEPATYPH B3IOBXK
EKCTPyJepa A KOSKHOTO 3 €JIEMEHTIB, a TAKOK 3a padlycoM KopIyca Ta mHeka. OIuC J03BOJIsI€ BpaxyBaTH BILIHB
KO>KHOTO 3 HArpiBHUKIB. BpaxoBano quHaMivHy 3MiHY ()a30BOTO CKIALY NOTIMEPY BIPOJOBK CKCTPY Ay BAHHS.

Y mogansmoMy IUIAHY €ThCS PO3POOUTH JUCKPETHY MAaTEMAaTHIHY MOJCIb ULl il MpOrpaMHOI peamizarii.

r=ry
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Zhuchenko A. L., Kubrak A. 1., Dankevych A. O.
MATHEMATICAL DESCRIPTION OF EXTRUDER THERMAL MODE

A big quantity of polymers is made by single-screw extrusion method. The maintenance of the given temperature
provides a production of goods with the desired quality. In is necessary to study the influence of different parame-
ters of the object on the temperature evolution in order to create a modern and high-performance control system.
However an investigation in the real life is very unprofitable. That’s why it is necessary to create mathematical
models of this process.

A literary analysis has shown that extruder is mostly presented as a transfer function or in state-space representa-
tion. However these models can’t take into account the magnitude of thermal currents directed oppositely to the
polymer’s movement. The same usage is widely popular and may be used, but this representation can’t correspond
in full measure to all features of thermal extrusion process.
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In this article were analyzed the mane structural elements of extruder. A special formula was designed for each of
them describing the dynamics of its thermal processes. For extruder there was elaborated the system of differential
equations in partial derivative in the cylindrical coordinates system. This system takes in consideration the tempera-
ture distribution along the extruder for each of the elements as well as the temperature distribution along the body
and the screw. The model allows to include an individual influence of each of the warmers on the temperature field.
Also it was taken in account the dynamical change of the phase constitution of the polymer along the material’s
movement, which not depends on the length of the designated zones. The work was also supplemented with func-
tional relations with temperature in order to specify the density and the heat-transfer coefficient.

In the fiture investigation it is supposed to work on the discrete mathematical model and its software implementa-
tion, based on the given model. The further investigation should also be dedicated to the improvement of the models
in order to include the mass transfer and fto calculate the hydrodynamic flows with geometric singularities of the
given object. It is also important fo investigate the equations that describe an allotment of the polymer beads under
the external and internal influence.

Keywords: extrusion, mathematical model, distributed parameters, cylindrical coordinates.
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