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The coupling coefficients of the disk microresonators, consisting of different dielectrics, are presented. The
analytical expressions for the coupling coefficients are obtained. The basic regularities of the coupling
coefficient changing on the structure parameter variations are considered. The coupling coefficients as
functions of main structure parameters are studied. The calculation results of the transmission coefficients
as well as the reflection coefficients of the bandpass filters, building up on different disk microresonators with
different modes are presented. The S-matrix frequency dependences of the bandpass filters on different disk
microresonators in the infrared wavelength range are calculated. The dielectric Q-factor values, necessary for
acceptable measure of the scattering are determined. The amplitude-frequency characteristics of the bandpass
filters on the vertically coupled as well as laterally coupled disc microresonators are investigated. Most
optimal configurations of coupled microresonators, allowing to achieve the best scattering characteristics are
determined. It’s showed that using of microresonators with whispering gallery modes allow relatively easy
obtain frequency-symmetrical characteristics of the filters.
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Introduction

Disk dielectric microresonators with whispering
gallery (WG) modes inscribes in the planar integral
circuits quite naturally. Today, ones are being acti-
vely studied for purpose of their application in the
different devices of the optical, infrared and terahertz
wavelength ranges [1-7]. Eigenoscillations of two disk
dielectric microresonators were considered in [4-7], but
its coupling coefficients were not calculated and not
studied in full measure. For calculation and optimizati-
on of the device parameters, it’s convenient to carry
out on basis of electrodynamic modeling with using
coupling coefficients [8].

The goal of the present work is the analytical
calculation of the coupling coefficients of different
disk microresonators with WG modes in the open
space. In this article, we also use the scattering theory
for S-matrix coefficients calculation of different mi-
croresonator bandpass filters.

1 Eigenoscillation field calculati-
on of the disk microresonator

For the coupling coefficients calculation, informati-
on about microresonator eigenoscillation fields is
necessary. Most simple analytical presentation the field
within dielectric cylinder can be obtained in the form
of so-called one-wave approximation [9]. Toward this

end, an electromagnetic field is written in the cylindri-
cal coordinate system (p,a,z) (see fig. la), located
in the microresonator center, approximately in the
form of hybrid standing wave of the circular dielectric
waveguide section:
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Here e1,h; — is the electrical and magnetic field
amplitudes; 3,3, - is the wave numbers; g — is the
radius; L — is the height of the disk microresonator;
J'm(x) — is the derivative of Bessel function of the
first kind of the m-th order [10].
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Fig. 1. A — cylindrical coordinate system in the center
of the disk microresonator; b — symmetry plane (AA’)
of two different disk microresonators.

The constant values ej,hi; (5,0, approximate
expression can be determined from the simple equati-
ons: e; = aep; hy = ahg and
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Prdm(pr)  PorYm(poLr) @)

ho — €0 = Jmy1(p1) | Ymr1(pol)
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The dimensionless parameters: p; = Srg; poL =
Boro, and also p, = B.L/2; po. = Po.L/2 can be
calculated from combined equations:
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as well as, for the HEE  and FHY , modes:

B —ctg BZL/Q
Boz = B - [ tg B.L/2 :| (4)
B tg BzL/2
€180z = B: - [ —ctg 5.L/2 }

Y, (x) — is the derivative of Bessel function of the
second kind of the m-th order.

corresponds to an even (odd) mode distribution of z-
component of the electric field in the microresonator
(see fig.1) relative to the plane of symmetry z = 0
(fig. 1a).

Equations (3) 4)
multaneously.

and must be solved si-

2 Calculation of coupling coeffi-
cient

The fields and frequencies of several microresonator
coupled oscillations defines by values of the coupling
coefficients. In the common case, the coupling coeffici-
ent can be determined as a surface integral:

7 - -
o o wn (1 + o) ?{ { [€S’ h;] + [55’ h} } Ads,
sn

(5)
expressed via the eigenmode field (&, hs) of one (s-
th) microresonator on the surface of another (n-th)
microresonator. Here s,n = 1, 2; and 7 — is the normal
to the surface s, of n-th microresonator, wy — is the
resonance frequency; w, — is the energy, stored in the
dielectric of n-th microresonator.

As follow from [8], eigenoscillations of two identical
microresonators take on form of even- and odd- modes
spatial field distributions with respect to symmetry
plane, located between ones (fig. 1b). In this case (5):
K11 = K2g = i/~€; K12 = ko1 = Kk and b} = +bi; b3 = —b?;
A2 = itk £ K, are corresponding to the cophased, or
even, and antiphased, or odd, field distribution of the
coupling oscillations.

The real and imaginary parts of the coupling coeffi-
cient can take positive values as well as negative ones.
As follow from (5), the coupling coefficients of two
different microresonators are not equal to one another:
K12 7’5 R21.

The integral (5) can be calculated, based on early
known analytical expression for the coupling coeffici-
ents, of the Cylindrical DRs in the Rectangular metal
waveguide. In this case, required analytical expressions
for mutual coupling coefficients k12, can be received by
transferring the waveguide walls to the infinity. Using
necessary expressions, after simplifications, we obtain:

2.1 Case A.

In the case of two different microresonators, with
the same parity of each field on o and on the indexes m
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(s = 1,2), relative to the plane of symmetry: ys—y =0
(s = 1,2) (see fig. 2a), the mutual coupling coefficients
can be obtained in the form: in the area: Az > r{ + o
(fig. 2a):
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where the top sign of (6) corresponds to even-mode
field distribution, relative to the plane of symmetry and
the bottom one corresponds to odd-mode field distri-
bution (see 1); sin Aa = Az/Ap; Ap = /Ay? + Az?;
Ax =9 —x1; Ay = yo — y1; Az = |20 — 21;
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rs — is the radius; Ly — is the height; ¢4, - relative

dielectric permittivity of the s-th disk microresonator
(s =1,2);
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eo; ho — are the normalized amplitudes, defined from (2);
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ks = \/€srko; ko = wo/c; wy — is the circular resonance frequency; ¢ — is the light velocity.
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Fig. 2. Rectangular coordinate system and two laterally coupled different disk microresonators in the open

space (a). Mutual coupling coefficients as function coordinates of the microresonators with e1,, = 16; €9, = 9, 6;

Ay = Ay = 0,2; for HElfm’1 modes; (my = 20; mo = 24): koAy = 0; koAz = 11 + ¢21 (b, ¢); koAz = 0;
koAz =qi1 +q21 (d, e).

2.2 Case B.

In the case of different disk microresonators with equal parity of the field distribution (see fig. 3a) relative
to symmetry plane AA’ (fig. 1b):
in the area: Az > L1/2+ Ly/2 obtains
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Puc. 3. Vertically coupled different disk mi-

croresonators (a). Coupling coefficient dependencies

for the HEY,, | modes; (my = 20; my = 24): £1, = 16;

eor = 9.6; A1 = Ag =0,2; kgAy = 0; koAz = 3,7 (b);
koAz = 0; kgAy = 1,8 (c).

The integral convergence provides by choice of the

radical signs for & > 1: \/€2 — 1 = —iy/1 — &2 in the
(9), (10), as well as for VK2 —1 = —iv/1 — k? in the

(6), (7).

The coupling between disk microresonator and
the open space following from Helmholtz-Kirchhoff’s
integral theorem can be obtained as:

[ -wpleviaf
+‘DS(\/1 - ,#)‘2} de (1)

321 Psz
Kg = ———"
Esrw(S) sz

3 Coupling coefficient analysis

Discovered relationships valid for any eigenoscillati-
ons of the disk microresonators in the open space, but
a greatest interest presents the WG modes, as it’s well
known, possessed a highest possible quality.

Fig. 2, 3, 4 are showing coupling coefficient
dependences on Disk microresonator centers, composed
of the dielectric with the relative permittivity €,,, = 16;
g9, = 9,6 and the comparative dimensions A, =
Ly/2rs = 0,2. Right ordinate axes on fig. 2c - e; fig. 3,
4 shows imaginary part of the coupling coefficients. It’s
clear, that the real part of the coupling coefficients has

Jms (pJ_)Jms (qJ_H)'

Bsz SIN Py €08 s V1 — K2 — kov'1 — K2 coS ps SIN g,V 1 — K2
kov'1 — K2 sinpg, cos g2 V1 — K2 — B4, COS Py SiN qe V1 — K2

sufficiently visible values only in a region, where the
resonator surfaces are close to each other (fig. 2b — e;
fig. 3b — c; fig. 4). Increase of the distance between
resonator centers is accompanied by rapid coupling
coefficient decrease. According to that, relative motion
in the tangent direction leads to complex interference
(fig. 2b, d; fig. 3b; fig. 4a, c) of their mutual influence,
determining by significant eigenmode field variation
nearby their surface.

The greatest amount of coupling between mi-
croresonators appears on its coaxial arrangement
(fig. 3b, ¢). The sign of the coupling coefficients extreme
values is determined both by the azimuth numbers and
mutual microresonators position (fig. 2c, e).

Imaginary parts of the coupling coefficients are
more smooth functions on coordinates (fig. 2b, d;
fig. 3b; fig. 4a, ¢). For selected dielectric permittivity,
its values are approximately one tenth degrees to the
real parts.

The fig. 2b is showing difference between two
resonator coupling coefficients.

.
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Puc. 4. Coupling coefficients as functions of the coordi-

nates for different disk microresonators in the position

showed in fig. 2a (a, b) koAz = 0; kgAz = 1,05(q11 +

g21) (a); koAx = koAy = 0 (b); in the position showed

in fig. 3a (c, d); koAy = 0; koAz = q11 + q21 (¢);

koAx = 0; kgAz = 3.7 (d); €1, = 16; €9 = 9,6;
Ay = Ay =0,2, for the EH{",, | modes.

4 Filter parameters calculation

Obtained results allow us to create electrodynamic
models of various filters in the millimeter, terahertz or
infrared wavelength ranges. As can be seen the coupling
between not adjacent microresonators in the filters will
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be very small in comparison with coupling between
adjacent ones, that allows simply to build filters with
symmetrically parameters of the scattering. Different
microresonator using in this case will allow to obtain
much clean stop-bands.

The transmission T and the reflection coeflicient of
different DR system for the bandpass filter configurati-
on in the transmission line can be obtained by using
perturbation theory:

T = Zfﬁ ;R= Ry —

1 N

B, (w

(12)

where Ty, Ry are the transmission and reflection
coefficients of the transmission line without DRs;

B (w)
b1Q11(w) Qf)b?\/ﬂ;ﬁf b Qn1(w)
— det b%ng(UJ) O béVQNQ(w)
b}VQl.N(w) 0 b%Qz\./N(w)
(13)
B(w) =
b%Qu(w) b?@m(w) biVQNl(w)
— det b3Qi2(w)  B3Qaa(w) by QN2 (w)
PQin(e) BQun(w) - WOnn(w)

For simplicity we proposed that k5T = kit = ky;
where k; — is the coupling coefficient of the 1-th and
the N-th microresonator with the transmission input
(output) line of the filter.

Here for different microresonators, the functions
Qst(w) are dependent on the partial DR and the

coupled oscillation numbers:

Quelw) = 20

Qt + — (14)

QP = wow/PP; PP
loss power in the dielectric of t- th DR; b - is the
complex amplitude of ¢-th resonator of the s-th mode
@* frequency of the filter [8].

The fig. 5 and 6 show results of the calculation of
bandpass filter S-parameters matrix, that is built up
on different disk microresonators with H Efr m,1 mode.
It’s proposed, that coupling coefficients of the terminal
microresonators k7, with transmission lines are known.
Mutual coupling coefficients where obtained from (6 -
11).

It’s seen, that in consequence of rapidly coupling
coefficients decrease, all S-parameters are symmetrical

= wost f |et\ dv — is the

functions on the frequency. As we used a large number
of resonators, the Sa; squareness was obtained well.
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Puc. 5. Sketch of bandpass filter on laterally coupled
different disk microresonators (a). S-matrix responses
of the 7-section bandpass filter on HEI‘:W1 mode as
functions of the frequency (b - e). The coupling coeffici-
ents of the terminal resonators with transmission lines:
kr = 7-107%; the 1-th and the N-th microresonator
parameters are €1, = 16; Q¥ = 105; m; = 20; another
resonator parameters are o, = 9,6; QY = 2 .10%;
mo = 24.
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Puc. 6. Bandpass filter on repeating different disk mi-
croresonators (a). S-matrix responses of the 9-section
bandpass filter with HE;" m,1 mode as functions of the
frequency (b - e). The couphng coefficients of the termi-
nal resonators with transmission lines: k;, = 9,0-107%;
the odd microresonator parameters are 1, = 16; QY =
10; the even microresonator parameters are €, = 9, 6;
QY =2-10°.
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Puc. 7. Bandpass filter on vertically coupled disk mi-

croresonators (a). S-matrix responses of the 7-section

bandpass filter with HEf:m’l mode as functions of the

frequency (b - e). The coupling coefficients of the termi-

nal resonators with transmission lines: k; = 5-107%;

microresonator parameters are €1, = 9, 6; QlD =2.106;
g9 = 16; QP = 10°
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Puc. 8. Bandpass filter on repeating vertically coupled
different disk microresonators (a). S-matrix responses
of the 9-section bandpass filter with HE;r m.1 mode
as functions of the frequency (b - e). The coupling
coefficients of the terminal resonators with transmissi-
on lines: €1, = 9, 6; odd microresonator parameters are
e1r = 9,6; QP = 105; even microresonator parameters
are o, = 16, Q¥ =10 - 10°.

Conclusions
Analytical relationships for the coupling coefficients

of the different disk microresonators in the Open space
have been obtained and investigated.

It’s stated, that the coupling between not adjacent
microresonators in the filters is small in comparison
with coupling between adjacent ones that allows simply
building bandpass filters with symmetrically scattering
parameters.

The filters on WG modes microresonators has
acceptable frequency responses and after optimization
maybe recommended for utilization on multiplexing of

various communication systems.

References

(1]

(2]

(5]

(8]

[10]

Popovié M. A., Manolatou C. and Watts M. R. (20016)
Coupling-induced resonance frequency shifts in coupled di-
electric multi-cavity filters. Optics express, Vol. 14, No. 3,
pp. 1208-1222. DOI: 10.1364/0E.14.001208

Benson T.M., Boriskina S.V., Sewell P., Vukovic A., Greedy
S.C. and Nosich A.I. (2006) Micro-Optical Resonators for
Microlasers and Integrated Optoelectronics. In: Janz S.,
Ctyroky J., Tanev S. (eds) Frontiers in Planar Lightwave
Circuit Technology. NATO Science Series 11: Mathemati-
cs, Physics and Chemistry, Vol 216. Springer, Dordrecht.
DOI: 10.1007/1-4020-4167-5_ 02

Khalil H., Bila S., Aubourg M., Baillargeat D., Verdeyme
S., Puech J., Lapierre L., Delage C. and Chartier T. (2009)
Topology Optimization of Microwave Filters Including Di-
electric Resonators. Microwave Conference, 2009. EuMC
2009. European, pp. 687-690.

Smotrova E. I., Nosich A. I., Benson T. M. and Sewell
P. (2006) Optical Coupling of Whispering-Gallery Modes
of Two Identical Microdisks and Its Effect on Photonic
Molecule Lasing. IEEE Journal of Selected Topics in
Quantum Electronics, Vol. 12, Iss. 1, pp. 78-85. DOI:
10.1109/JSTQE.2005.862940

Boriskina S.V. (2007) Coupling of whispering-gallery
modes in size mismatched microdisk photonic molecules.
Optics Letters, Vol 32, No. 11, pp. 1557-1559. DOI:
10.1364/0L.32.001557

Jun-Jie Li, Jia-Xian Wang and Yong-Zhen Huang (2007)
Mode coupling between first- and second-order whispering-
gallery modes in coupled microdisks. Optics Letters, Vol.
32, No. 11. pp. 1563-1565. DOI: 10.1364/0L.32.001563

Preu S., Schwefel H. G. L., Malzer S., Dohler G. H., Wang
L. J., Hanson M., Zimmerman J. D. and Gossard A. C.
(2008) Coupled whispering gallery mode resonators in the
Terahertz frequency range. Optics Express, Vol. 16, No. 10,
pp. 7336-7343. DOI: 10.1364/0E.16.007336

Trubin A. A. (2016) Lattices of Dielectric Resonators,
Vol 53, Springer International Publishing, 159 p. DOI :
10.1007/978-3-319-25148-6

Trubin, A. A. (2015) Coupling coefficients of the disk
dielectric microresonators with whispering gallery modes.
Visn. NTUU KPI, Ser. Radioteh. radioaparatobuduv., no.
61, pp. 60-71.

Abramowitz M. and Stegun 1. (1964) Handbook of
mathematical functions with Formulas, Graphs and
Mathematical Tables Applied Mathematics Series No. 55.
National bureau of standards.


https://doi.org/10.1364/OE.14.001208
http://dx.doi.org/10.1007/1-4020-4167-5_02
http://dx.doi.org/10.1007/1-4020-4167-5_02
http://dx.doi.org/10.1007/1-4020-4167-5_02
http://dx.doi.org/10.1007/1-4020-4167-5_02
http://ieeexplore.ieee.org/document/5295945/
http://ieeexplore.ieee.org/document/5295945/
https://doi.org/10.1109/JSTQE.2005.862940
https://doi.org/10.1109/JSTQE.2005.862940
https://doi.org/10.1364/OL.32.001557
https://doi.org/10.1364/OL.32.001563
https://doi.org/10.1364/OE.16.007336
http://dx.doi.org/10.1007/978-3-319-25148-6
http://radap.kpi.ua/en/radiotechnique/article/view/1064
http://people.math.sfu.ca/~cbm/aands/abramowitz_and_stegun.pdf
http://people.math.sfu.ca/~cbm/aands/abramowitz_and_stegun.pdf
http://people.math.sfu.ca/~cbm/aands/abramowitz_and_stegun.pdf

26

Trubin, A. A.

KoedimienTn 3B’43Ky pI3HUX IUCKOBUX
MiKpOp€e30HaTOPiB 3 KOJUBAHHAMH IIie-
nmovydoi rajepei

Tpybin O. O.

IIpuBeneno pe3ynpraTu po3paxyHKiB Koedili€HTIB B3a-
€MHOr0 3B’SI3Ky PI3HOMAHITHHX JUCKOBUX MiKpOPE30Ha-
TOpIB 3 KOJIMBAHHSMH MLIEHOTydol rajiepel, BUKOHAHUX i3
pisuux marepianis. Orpumani aHa iTUYHI BUpa3u i KO-
edimienTis 38’sa3Ky. Po3risimyTi OCHOBHI 3aKOHOMIpHOCTL
3MiHM 3B’'s13Ky Ipu Bapiamnil mapamerpis cTpykTypu. Ilpm-
BeZeHl pe3yabTaTH DPO3PaXyHKIB KoedilieHTIB mepemadn
Ta BigOmTT cMyroBux (imbTpiB, MOOYIOBAHMX HA DPI3HUX
MHUKDPOPE30HATOPAaX 3 PI3HMMHU BHIAMH KOJIHBAaHb. Po3pa-
XOBaHI YaCTOTHI 3a/I€2KHOCTI MATPHUINl PO3CIIOBAHHS CMY-
roBux (IJbTPIB Ha PI3HUX OMCKOBUX MHKDPOPE30HATOPAX
iH(dPpadepBOHOTO MiaTa30HyY JOBXKUH XBUIb. Br3Hadeni 3aa-
qeHHsI JOOPOTHOCTI AleIeKTPUKY, HeOOXiTHI [/Is OTPUMAH-
He OIPUUHATHIX XapPAaKTEePUCTHK po3citoBanud. [locmimxeni
AMIUTITYIHO-9aCTOTHI XapaKTEPUCTUKNA CMYTOBUX (BiIbTPIB
HA BEPTHKAJIbHO 3B'd3aHMX, a TaKOXK 3B d3aHUX 110 0O-
KOBill CTIiHIII JUCKOBHX MiKpOpe30HATOpax. BcraHoBieHO
HaNOLIBIT OIITUMAJIHHI KOHDIrypariii 38’ 13aHUX MiKPOpe30-
HATOPIB, Kl JO3BOJILAIOTH JOCTUTATA HAMKPAIIUX XapaKTe-
puctuk po3ciioBanus. [lokazamo, Mo 3aCTOCYBaHHS MiKPO-
Pe30HATOPIB 3 KOJMBAHHSAME MIETIOUYUOl Tasepel T03BOJISE
BIZHOCHO IIPOCTO OTPUMYBATH YACTOTHO-CHUMETPUYHI Xapa-
KTepUCTUKN PO3CiIoBaHHS (DiTbTpIB.

Karowoei caosa: MiKpope3oHATOD; KOeMIIEHT 3B’SI3KY;
PEeKUM IIero4y<ol rajepel; S-maTpuis; GiisTp

Kosddbunuenrsl cBg3u pa3jIndHBLIX OdH-
CKOBBIX MHUKPOPE30HATOPOB C KOJieDaHU-
AMUI HMIENYyIeil rajgepen

Tpybun A. A.

IIpuBenenst pesymbprarsl  pactdera KodddunmenTos
B3aMMHOM CBA3H PA3/IMYHbBIX UCKOBBIX MHKPOPE30HATOPOB
¢ KOJIEOAHWSIMY TIEMYIyIneil Tajleper, BHITIOIHEeHHBIX U3 Pa-
3HBIX MaTepraJsoB. 110y IeHbl aHAIUTHIECKTE BHIPAXKEHUST
st Koad hurmeHToB cBa3u. PaccMOTpeHbl OCHOBHBIE 3aKO-
HOMEPHOCTH M3MEHEHWs CBSI3HM TPV BApUAINN TTapaMeTpPOB
cTpykTypsl. IlpuBenensl pe3yabrarsl pactera Kodddurm-
€HTOB Ilepelady ¥ OTPazKeHUsl [10JIOCOBBIX (DUIBTPOB, IO-
CTPOEHHBIX HA PA3JIMYHBIX MHUKPOPE30HATOPAX C PA3HBIMU
BugaMu KoJrebamnuil. PaccunTanpl 4acTOTHBIE 3aBHCUMOCTHI
MAaTPHIIBl PACCEsHIs HOJI0COBBIX (DUIBTPOB HA PA3IHYHBIX
IVMCKOBBIX MHWKPOPE30HATOPAX HWHMPAKPACHOTO IHATa30-
Ha mmH BosiH. OmnpeneseHsl 3HaveHUs JOOPOTHOCTH [IH-
37IeKTpUKa, HEeOOXOAUMBble [/ IIOJIyYeHUs IIPUEMJIeMbIX
XapaKTEPUCTUK paccestHus. VIcCaemoBaHBI AMIUIUTY/IHO-
YaCTOTHBIE XaPAKTEPUCTHUKY IIOJIOCOBBIX (DHIIBTPOB Ha Bep-
THKAJIbHO CBHA3AHHBIX, & TAaKyKe CBA3aHHBIX 110 OOKOBOI
CTEHKe IMCKOBBIX MHUKDOPE30HATOPAaX. YCTAHOBJIEHBI HaW-
6ostee onTMMaJIbHbIE KOH(MUTYPAIMK CBI3AHHBIX MUKPOpe-
30HATOPOB, HO3BOJIAIONIHE JOCTUIATH HAWJLY IIINX XapaKTe-
pucTHK paccestaus. [1oka3aHo, YTO MPUMEHEHNE MUKPOpe-
30HATOPOB C KOJIEOAHUSIMU IIEITIyIneil rajieper II03BOJISIeT
OTHOCHTEJIBHO IIPOCTO I0JIy4YaTh YaCTOTHO-CUMMETPHUYHbIE
XapaKTEPUCTUKY PACCETHUST (PUIHTPOB.

Kamoueswie cao6a: MUKPOPE30HATOP ; KO3 DUIIMEHT
CBSI3W ; PEKUM MIEMYyIneil rajlepen ; S-MaTpuIa ; GuibTp
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