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The paper considers the problem of diffraction at normal incidence of a monochromatic beam of photons on a grating of thin metal
strips. Quantum-mechanical approach is used to describe the phenomenon of diffraction of particles. Based on the elastic interaction
of photons with electrons, that is in the strip and carries a one-dimensional movement in the potential pit with barriers of finite height,
relations for discrete values of angles, at which the diffraction peaks should be observed, were obtained in the first approximation.
The equations obtained in this work are the same in the case of small angles of diffraction as the known in the scientific literature
expressions that determine the position of the diffraction peaks in the case of diffraction of light at a diffraction grating surface. The
relation to determine the height of the potential barrier at the metal — vacuum interface was obtained.
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B po6orti po3misHyTa 3aa4a qudpakiii mpu HOpMaITbHOMY MaliHHI MOHOXPOMATUYHOTO ITy4YKa ()OTOHIB HA IpaTKy HECKIHYEHHO
TOHKUX METAJIeBUX CTpi4oK. [Ipy po3B’s3aHHI 3a/1a4i BUKOPUCTAHO KBAHTOBO-MEXAHIYHUH MINXiJ A0 ONMUCAHHS sSBUINA AUPPaKIii
YaCTUHOK. BHXO519H 13 ySIBICHHS PO TPYKHY B3a€MOIi0 (DOTOHA 3 €IIEKTPOHOM, 1110 3HAXOAUTHCS B CTPIYILL, 1 3A1HCHIOE OMHOBUMIPHHN
PyX B MOTEHIIAJbHIN sIMi 3 TIOTEHI[IaIbHUMHU Oap’epaMu 0OMEKEHO1 BUCOTH, OTPUMAHO B MEPIIOMY HAOMMKEHHI CIiBBiTHOIICHHS
JUISL IUCKPETHHX 3HA4YeHb KYTiB, IMiJ] SIKKMH MMOBHUHHI crioctepiraticst andpaxuiiti Makcumymu. [Toka3aHo, 1110 piBHSIHHS, OTpUMaHi
B po0OTI, 30irafoThCsl y BUIAAKY MalMX 3HaueHb KyTiB JU(PaKIii 3 BiJOMUMH B HayKOBIii JiTeparypi BHpa3aMH, IO BU3HAYAIOTh
posranryBaHHs JU(PAKIIHHIX MaKCUMYMIB y BHUIaJIKy Audpakuii cBiTIa Ha qudpakiiiiniil rparmi. OTpIMaHO CITiBBiIHOIIEHHS JUIs
BH3HAYCHHS BUCOTH MOTEHIIIATEHOTO 0ap €pa Ha MEKI METaI-BaKyyM.

Kuarouosi ciioBa: enektpoH, GpoToHH, mudpaximis, MydoK, MOTCHIadbHUN 0ap’ep, MOTEHIiadbHA SMa, AUCKPETHHH CIEKTp,
Tpy’KHa B3aeMOois, qudpakimiiiHa rparka.

B paGore paccmoTpena 3ajadya AM(PAKIMU OPH HOPMAJIBHOM IaJCHHMH MOHOXPOMATHYECKOIO My4ka ()OTOHOB Ha PELICTKY
OCCKOHEYHO TOHKHMX METAJUIMYECKHX JIEHT. VICroib3yercs KBaHTOBO-MEXaHMYECKUIl MOIXON K ONMUCAHHIO SIBJICHHS JU(PPaKIUH
yacTuI. Mcxons u3 npencraBieHus 00 yIpyroMm B3auMOJSHCTBUH (POTOHA C DIEKTPOHOM, HAXOSIIMMCS B JIGHTE U OCYIIECTBIISIONIEM
OJJTHOMEPHOE JBIKCHUE B MOTEHIUAIPHOH siMe ¢ OaphepaMy KOHEUHOH BBICOTHI, MOIyYEHBI B IIEPBOM MPUOIIIKEHHH COOTHOIICHUS
JUISL TUCKPETHBIX 3HA4YE€HWH YTIIOB, MOA KOTOPHIMH JOJDKHBI HAOMIOAAaThesl TU(PPAKIIHOHHBIC MAKCHMYMBI. YPaBHEHHS ITOIyICHHBIE
B padoTe, COBMAAAIOT B CIIydae MaJbIX YIIIOB AU(PAKINH C N3BECTHBIMU B HAYYHON JIMTEPATypE BBIPAKEHUSMHU, OTIPEACISIONIMHI
MOJIO’KEHHS AU(PAKIMOHHBIX MAKCUMYMOB B cily4ae Ju(pakuiy cBeTa Ha Au(pakuoHHON peuteTke. [TomyueHo cooTHOMIEHHE s
OIIpe/ICIICHUsI BBICOTHI HOTEHIMAIBHOTO Oapbepa Ha rpaHuLle pa3/iera MeTalll - BaKyyM.

KonroueBsie cioBa: DiekTpoH, GOTOHBI, TU(PAKIHS, ITy4OK, TIOTCHINAIBHBII Oapbep, TOTeHIHaIbHas IMa, TUCKPETHBIH CIIEKTP,
yIpyroe B3auMozaeicTBHe, TU(PAKIMOHHAS PeIIeTKa.

Introduction

The article [1] offers a quantum approach to describe
the diffraction of light from two slits and from periodic
system of parallel slits on metal screen where they form a
diffracting screen. This approach is based on the following
model. Metal tape is compared to infinitely deep potential
pit, slits are infinitely high barrier. Herewith, diffraction
pattern composed of interleaving of minimum and
maximum of illumination intensity is explained as a result
of elastic interaction of photons with electrons. These
electrons in strips are in the state of free movement.

This work offers a model close to reality where strips
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are compared to finite depth pit and slits are compared to
finite height barriers.

Statement and solution of the problem

Supposing photon flux falls normally to the screen
plane from the side of negative values X located in the
YOZ plane with Y-axis slit (Fig.1). When photons pass
through slits they interact with electrons of material,
suppose photon deflection from rectilinear propagation is
observed as a result of this interaction.

Further the following model is taken as a base.
Quantum-mechanical model of grating formed by infinite
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Fig. 1. Photon falling on the screen with slits.

sequence of slits (Fig.2) may be a periodic sequence of
potential barriers (pits) where pits correspond to non-
transparent opaque areas and barriers correspond to slits

Here we will base on the following assumptions:

1) photon passing through the slits interacts with
electron;

2) electron is in the state of free movement in one-
dimensional potential pit with walls of finite height;

3) collision of photon with electron occurs according
to the perfectly elastic collision law;

4) width of slit b is small compared to the width of the
metal strip a.

It is a complicated task to produce mathematical
expression of intensity distribution in the interference
pattern. Here we will limit ourselves to dimension that
determines the positions of the maximums.

According to the law of conservation of impulse

U

Fig. 2. Quantum-mechanical model of grating.
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where Kk /> k2 are photon impulses before and after

collision, ﬁ B ﬁ , are impulses of electrons in metal strip

before and after collision. Diagram of impulses is shown in
Figure 3.

ki

Fig. 3. Diagram of impulses of photons and electrons.

Since electron is in a plate-dimensional motion in one-
dimensional potential pit, it can not have X, an impulse
component. Consequently, in the projections on the axis

we will get
k,=k,cos 89, )

p,=—p,+k,sin§.

Rewrite the system of equations (2) as following

0=—k, +k,cos8,
p,=—p,+k,sin§.

After squaring and adding we will get
2 2 2
ps =k +k; +2kk,cos9+
2 .
+ p; —2pk,sin$. 3)
According to the energy conservation law

Eﬂ +Ek1:Ep2+Ek2, 4)

Where £, E 42 1s total energy of photon before

k1>

and after collision, £ . E , s total energy of electron
p p

before and after collision. Epl =hw,, £ ,=hw,,

P
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E, =m’c* +plc’ E, = m’c*+pic’ ,m-

stands for mass of electron at rest.

Using binomial theorem, we get the following
approximate expressions to calculate energy of photon and
electron of metal strip:

K2 k?
E, =mc’|1+—~ | ~mc®|1+——
m-c 2m’c
k2
E,, =mc’ (1 + 2m§c2 j , (5)

2 2
~ gy 2 p ~ 2 p
E, =mc {1+2m;c2j ,E,, =me (1+2m§czj

Rewrite the energy conservation law (4) as following:

1
k2 E p2
2 1 2 1
mc”| 1+ +me”| 1+ =
[ m?c? ] [ 2m?*c?

k2 p2
=mc*| 1+—2 +me?| 1+ —22
2m?*c? 2m?*c?

After minor changes in the expression (6) we will get

(6)

2
k
m’c* + pyct =m’c*| 1+ — | +
2m-c

2m-c

kZ p2
2m*et| 1+ —  [QEEE o T (7
( 2m2c2j[ 2m202j @)
2 2
klz 2 1+ ké 2 |
2m ¢ 2m’c

2 k2
om’t | 142 || 14 =2
[ 2mzczj( 2m’c?

Ignoring second-order term in the expression (7) we
receive

2 ) 2
k
+mzc4(l+—2n€;cz)2+mzc4(l+ ; ZJ +

—2m*c* [1 +

pr=pi+hk =k . (8)
Equating right parts of (3) and (8) we will get
— 2k k,cos 3+ 2p,k, sin9=-2k;. (9

In the optical range the change of frequency of photon
as a result of collisions with electrons (the Compton effect)
is very small [3], therefore in the equation (9) can be

assumed that K ;R k , and get the relation between the
initial value of the impulses of interacting particles and the
photon scattering angle, a diffraction angle & :

l-cos& sin&  p
sing  l+cosd k
We now determine the eigenvalues impulses of the

free-electron that are moving in a symmetric potential pit
with a height of potential barriers U . The spectrum of

(10)

impulses / momentum of electrons, which move in the
potential wells is discrete [2], and thus the deflection angles
of the photons (diffraction angles) when passing through a
screen with slits will also be discrete. For a given task the
eigenvalues of the wave numbers can not be obtained
analytically. To determine them, the transcendental
equation has been obtained [2]

ka = nr — 2 arcsin

N2mE
fi

=1.23,... (11)

kh
— 1
N2mU

L h 2% is the Planck constant.
T

where k =

It is obvious that the movement of electrons is
localized in potential pits, beyond which they can not get
out, which is consistent with the idea that the free electrons
in the metal are free to move in the sample, but can not
go beyond it. So when we have a periodic sequence of N
stripes, energy levels corresponding to a single isolated pit
will not be split.

Solution of equation (11) can be obtained by iteration
method. We rewrite this equation in the form

znh 2h .
——arcsin

a a

kh=

kh

— (12)
N2mU

The first term on the right-hand side of equation (11)
determines the eigenvalues of the momentum for an
infinitely deep potential pit. As shown by numerical
analysis, results of which are shown in Table 1, it is a good
starting (zero) approximation for calculating eigenvalues
of impulses (and energy levels) of the finite depth pit U .
Therefore, it is better to represent it in the following form

Py

2h .
= p, ———arcsin , (13)
P =Dy P Dl
Tnh
where Py = , n=123....
a

This expression (13) shows the electron momentum in
the first approximation in the pit depth U (obtained by
iteration method). Equation (13) can be simplified.

—Po__ 1, we will get
\2mU,
2h  p,
a \2mU

Substituting (14) into (10) we obtain an equation of a
diffraction grating

Assuming that in the equation

D =Dy (14)
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sin 4 nAi h\/i
—=—1- ) (15)
l1+cosd 2a aNmU

determining the position of the maxima in the diffraction

pattern, A is the wavelength of the incident light. For small

diffraction angles & <1 and a deep well (pit) U — o©

we get the well-known equation of diffraction grating in
the case of normal incidence of light [4],

asin$=nAl (16)

Table 1 shows the results of numerical calculations for

pit depth U =33 eV, and width a= 10" m. It also presents

the results of comparison of the values of energy E, and
momentum p,_ for the infinitely deep well with the values
of energy £, and momentum p, for the finite depth pit

that were calculated by the formula (14) in the first
approximation .

. In the above table also shows the values of energy
E, and momentum p, * for the finite depth pit,

calculated by formula (12) by finding successive
approximations by Newton’s method. There are 9 roots in a
pit at a given height of the barrier. As the table shows, the

energy eigenvalues differ little from £, as well as p,,

from p, * and really are a good zero-order approximation
for calculating eigenvalues of momentum for the finite
depth pit. Comparing the energy eigenvalues En" with £
(and accordingly p, * with p ) we can see that the error
does not exceed 3.5%.

According to the definition arcsin equation (12) can
be written as

Sinpo_plaz Do .
2h 2mU

From equation (17) can determine the height of the
potential barrier

an

r’

2msin® {;h(po -p )}

U=

(18)

Suppose that we know the diffraction angles 3 from

the diffraction pattern obtained as the result of light
diffraction on two slits or a grating formed by the N slits. In
this case, the magnitude of the impulse p, can be
determined from equation (9)

sind  2zh sind
"1+cos & A 1+4+cos &

P = (19)

Conclusion

In the article the expression for calculating eigenvalues
of the electron impulses in a potential well bounded by
barriers of finite height has been obtained. Their estimation
accuracy is given. An expression that defines the angle of
diffraction, allowing finding the position of the maxima
in the diffraction pattern has been obtained in the first
approximation. The formula for the calculation of the
potential barrier at the metal-vacuum interface has been
derived.
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Table 1
n|E _,eV |E",eV |E,eV | p_,10°kGm/s | p, 10°kGm/s | p*,10°kGm /s | (p-p)/p,% | (E" -E )/E" , %
1] 0.381 0.334 0.324 3.297 3.118 3.077 1.3 2
2| 1.524 1.335 1.299 6.594 6.234 6.151 1.4 2.6
5| 9.528 8.301 8.123 16.49 15.55 15.32 1.5 3
9| 3087 26.32 26.32 29.67 27.66 27.11 1.9 3.5
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