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Coherent emission from a stack of long Josephson junctions
based on low-temperature superconductors
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The theory of coherent emission of intrinsic Josephson junctions was applied for calculations of IV-characteristics and ac power
of emission of a stack of two inductively coupled long junctions with high density of critical currents (10 A/m?) which were based on
low-temperature superconductors (MoRe films). Barriers were made of the mixture of Si and W. Barriers had thickness of about 15
nm. Randomly distributed clusters of tungsten in the thick silicon barrier provided weak links between superconducting MoRe films.
The critical temperature of the MoRe superconducting films was 9 K. Calculations were made for the system at the temperature 7.7 K.
Random spread of critical currents along the junction leaded to the formation of the zero-field step in the IV-curve. The same zero-field
step appeared when edges of the homogeneous junction were loaded by the resistance, the capacitance and the inductance. In the stack
of two junctions, strong coherent emission appeared at the zero-field step which corresponded to the in-phase mode of oscillations of
voltages.
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Teopito korepeHTHOT emicii BHYTpilHixX KOHTaKTiB J[)ko3e(coHa 3aCTOCOBAHO /10 PO3PaXyHKIB BOJIBT - aMIIEPHHUX XapAKTEPUCTHK
Ta MOTY)KHOCTI eMiCil MTauky 3 JABOX IHAYKTHUBHO IIOB’S3aHUX OJWMH 3 OZHUM JOBIMX KOHTAKTiB 3 BHCOKOIO T'yCTHHOI KPUTHYHUX
crpymiB (1o 10° A/M?) Ha OCHOBI HU3BKOTEMIIEPATYPHHUX HaANPOBiqHHUKIB (1u1iBok MoRe). Bap’epu Gynu 3pobieni 3 cymimi Si Ta W.
Bap’epn Manu ToBmuHy 6nm3pko 15 HM. BrunaaxoBo po3nozineni kiactepy Bob(ppaMy y TOBCTOMY 0ap’epi KpeMHilo 3a0e31edyBain
cnabi 3B’s3KH MK HaampoBiTHUMU TutiBKaMu MoRe. Kputnuna temmneparypa Haamposigaux miiBok MoRe Oyna 9 K. Pospaxynku
Oynu 3pobieHi i cucteMu npu Temmeparypi 7.7 K. Bumaakosuii po30ir KpUTUYHUX CTPYMIB B3JOBXK KOHTAKTY IPHUBIB 10 MOSBU
CXOJIMHKHU HYJIbOBOTO I10JIS1 HA BOJIBT - aMIICPHiil XapaKTePUCTULIl KOHTAKTY. Ta 5K CXOAMHKA HYJIbOBOTO T10JI1 BUHUKAE, SIKIIO HA KPasX
KOHTAKTY 3 OJJHOPITHMM PO3IIO/IIJIOM KPUTUYHHUX CTPYMIB € HABAHTAXKEHHS 3 eJIEKTPUYHOIO OIIOPY, KOHIEHCATOopa Ta iHAyKTHBHOCTI. B
aylli 3 IBOX KOHTAKTIB CUJIbHA KOTEPEHTHA EMICisl BUHHMKIIA HA CXOAWHII HYJIbOBOTO IOJISI, sIKa Bi/IMOBiae CHH(a3Hii MO/ OCIHIISIIIN
HapyTH.

Kuarwouosi ciioBa: koHTakTn [I)k03edcona; KorepeHTHa eMicisl; CHHXPOHI3aIlis; CXOAMHKU HYJIbOBOTO ITOJIS.

Teopust KOrepeHTHON SMUCCUM BHY TPEHHHUX KOHTaKTOB [lK03e()coHa IPUMEHEHa JUIs pacyéTa BOJIBT - aMIIEPHBIX XapaKTEPUCTHK
1 MOIIHOCTH YMUCCHH TTAYKH JIBYX WHJYKTHBHO B3aUMOJIEHCTBYIOLIHUX JIPYT C JAPYTrOM JUTMHHBIX KOHTAKTOB C BHICOKOW IUIOTHOCTBIO
kpuTnueckoro Toka (10° A/M) Ha OCHOBE HM3KOTEMIIEPATYPHBIX CBEPXMpPOBOAHMKOB (IIEHOK MoRe). Bapbepbl ObutH clienaHbl U3
cmecu Siu W. Oxn umenu TommuHy okono 15 am. CiydaifHo pacnosiokeHHBIE KI1acTepsl BOIb(pama B TOJICTHIX Oapbepax U3 KPeMHUS
obecrieunBany crabble CBSI3W MEXKIY CBEpXIPOBOASAIINME MieHkaMi MoRe. Kpurudeckas Temneparypa CBEpXIpOBOISIINX [UICHOK
MoRe 6puta 9 K. Brruncnenus ObutH cieNaHbl AJsl CHCTEMBI, Haxomsmeiics npu Temmneparype 7.7 K. CaydaiiHoe pacmpeneneHue
KPUTHYECKUX TOKOB B JUIMHHOM KOHTAKTE IPUBEJIO K 00pa30BaHUIO CTYIIEHBKH HYJICBOTO MOJIS HA BOJIBT - aMIIEPHOIT XapaKTePUCTHKE.
Ta ke cTyneHbKka BO3HMKAET, €CIM Ha KpasX JUIMHHOTO KOHTAaKTa C OJHOPOIHBIM pacIpeleseHHEeM KPUTHYECKHUX TOKOB UMEETCs
Harpyska U3 CONPOTHBIICHHUS, EMKOCTH U MHAYKTUBHOCTH. B mauke W3 IByX KOHTAKTOB CHJIbHAsI KOT€PEHTHAsl YMUCCHUS BO3HHUKIIA Ha
CTYIIEHBKE HYJICBOTO I10JIs, KOTOpasi COOTBETCTBYET CHH(A3HOI MOJIe OCIMIUISINI HAIIPSHKCHNSI.

KuroueBble cj10Ba: KOHTaKTHI J[Ko3e()COHA; KOTePEHTHASI SMHUCCHUS; CHHXPOHU3ALHS; CTYIEHBKU HYJICBOTO TOJIS.

Introduction

The increased attention to mechanisms of
synchronization of large number of Josephson junctions
is caused by the experimentally found coherent emission
from more than six hundred intrinsic Josephson junctions
in high-temperature superconductors [1]. The found effect
allowed obtaining power of emission up to microwatt
in the sub-THz region [2]. Following experimental

and theoretical investigations allowed to reveal the
new mechanism of synchronization which is supposed
to produce in-phase locking of voltage oscillations in
stacks of intrinsic junctions in mesa structures of high-
temperature superconductors [3-6]. Because in the present
paper we will apply this mechanism to another type of
superconductors, we describe it in details. The inductive
interaction between superconducting layers is possible
in the stack of junctions. Due to this interaction, normal
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modes of electromagnetic waves appear in the system [7,
8]. For example, in the system of two inductively coupled
junctions, there appear the in-phase mode and anti-phase
mode which have different velocities of propagation [7].
Normal modes can be revealed due to the so-called zero-
field steps in IV-characteristics [5, 6]. These steps are
formed without applied external magnetic field. It is well
known that due to some longitudinal perturbations the
standing wave of electromagnetic field can be formed
in the long solitary Josephson junction [9]. This wave
produces some distribution of ac voltage over the junction.
If the distribution of critical currents along the junction is
symmetrical, zero-field steps appear in the [V-characteristic
of the junction at voltages of even Fiske steps as a result
of the interaction between Josephson generation and the
standing wave [9]. These voltages are equal to
<V >= @ cs ’
D

(M

where the sign <...> means averaging over time that is
much longer than the period of Josephson oscillations, D is
the length of the junction, @ is the quantum of magnetic
flux, € is the velocity of light in the junction and s =1,2...
is an integer. In the system of two inductively coupled
junctions there are two zero-field steps in the IV-
characteristic which correspond to two velocities of the
propagation of light for different normal modes. In the
system of K inductively coupled junctions there are K
normal modes and therefore, there is the bunch of K zero-
field steps. Among these steps there is the zero-field step
that corresponds to the in-phase mode in which all junctions
oscillate coherently (the step at highest voltage in the bunch
[7]). Thus, to obtain in-phase synchronization of junctions
in the stack it is necessary to induce the standing wave in
the stack and to measure the zero-field step at highest
voltage in the bunch.

The described above mechanism of synchronization
can be applied also to the stack of junctions made of low-
temperature  superconductors. The application of
underdamping junctions with high values of the McCumber
parameter is not effective for our aim because the subgap
steps in the IV-curve can not be revealed properly in ranges
of the current-biased scheme which is usually applied in
calculations. We consider here the stack of overdamped
long junctions. In the present paper we calculated IV-
characteristics and power of ac emission for the separate
long Josephson junction and the stack of two Josephson
junctions. Parameters of calculations were taken for
junctions with high density of critical currents (up to 10° A/
m?) made of MoRe films with 45% Re and the barrier made
of the mixture of Si and W with the concentration of W up
to 10% [10]. Clusters of tungsten provide weak links in the
barrier. It was proven that at temperatures near the critical
temperature (7, ®9 K for the given system) and if the
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length of the weak link is smaller than the length of
coherence, dynamics of the weak link can be described by
the resistively-shunted model of the Josephson junction
(RSJ-model) [9, 11]. We modeled the mentioned system at
7.7 K in the ranges of RSJ-model taking into account
capacitances of junctions. We calculated IV-curves for
these systems and ac power of emission into the load and
discussed obtained results.

The model

The model of calculations is described in details in
Refs. [6, 12 - 15]. Here we give only the brief description
of the model. Each of the K=2 wide junctions with the
index i = 1,2 is divided into n segments. Segments are
numbered by the index j=1...n. It is supposed that the
‘elementary junction’ is placed in the center of each
segment. These ‘elementary junctions’ are divided by the

distance § =+/CCL , where C is the velocity of light in
the junction, L is the inductance of the segment and C is the
capacitance of the segment (we suppose all the capacitances
are equal to each other). The system of equations which
describes the high-frequency scheme of the stack of
junctions includes current conservation conditions for
‘elementary junctions’ and flux quantization conditions:

o, Ccd¢, o, do,
+
27 dt*  2zR dt , )
. _ R R
+Ici,j smg, ;= Ib _Ii,j—l,j T Ii,.iaj+1

where i =12, j=2..n—1,
)
LI f/—l,j —L,1 2R,j—1,j +2_7;(¢1, Py ) =0, (3
where j=2...n,
)
j +L12R,j—l,j +2_7;(¢2,j—1 _¢2,j) =0, 4

R
i,j-1j

R
~L,1

Lj-Lj

where j=2..n,1 is the current in the loop between

two segments with indices j-1 and j, ]Cl.’ ; and R are the

critical current and the resistance of the segment (we
suppose that R = const), ¢, ; is the difference of the phase

of the order parameter across the junction which is
contained in the segment, L ;1 the mutual inductance

between two adjacent cells of the ‘elementary stack’, ¢ is
time. Equations (2)-(4) can be solved by means of the
method of Runge-Kutta. The result of calculations in this
case is the IV-characteristic of the system. We can also
attach additional contours containing the resistance, the
inductance and the capacitance to the edges of junctions. In
this case we can calculate power of ac emission extracted to
the load. In the following consideration we will use both
the system with loads at edges and the system without
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loads. To take into account loads, we mark them as fictive
segments with indices j=0 and j=n+1 added to edges of
junctions. Kirchhoff rules for these segments are as follows:

2
9 %, 9 Za’(/ﬁ,,ﬂ
Tdrt Y dt Cej =

L

where j=0,n+1, and g, is the charge flowing through
the inductance Lej , Cej and Rej are the capacitance and
the resistance of the additional contour. In the present paper
=L and R, =R . The value

of mutual inductance between ‘elementary junctions’ in the

we assume C, =C, L,

stack was defined as L = al , where a is dimensionless

parameter. Eqgs. (2)-(5) were solved for different bias
currents. ['V-characteristics were obtained in calculations.
The voltage over the system of two junctions was calculated

as d
Vo) = (33 s},

i=l j=1
For the comparison of IV-curves for the stack of two
junctions and those for one separate junction we will use

the value <V> = <V >/ K , where K is the quantity of

system

(6)

27m

long junctions in the system, i.e. K=1 for the separate
junction and K=2 for the stack.

The value of emitted ac power at the left end of the
system was calculated as follows:

po (S @af de_(ds,
KR\ |5\ 27\ dt dt

The same expression with j=n was used for the
calculation of emitted power from the right end of the
system.

For calculations we used values of parameters for
superconducting layers made of MoRe films with 45% Re
and the barrier made of the mixture of Si and W with the
concentration of W up to 10% [10]. The critical temperature
of this system is 9 K. To satisfy conditions of the application
of the RSJ model to this system, we calculated parameters
for the temperature 7.7 K. At first, we stated values of
critical currents at temperatures 7<<7 which we defined
from experimental data [10]:  (T<<T) = 10 mA, V (T<<T)
~3 mV and density of critical currents was equal to J =10°

(7

A/m?. Dimensions of long layers were 250x40x0.05 cubic
micrometers and the thickness of each of the barrier was 15
nm. Then we divided the long junction to n=30 segments
and calculated the critical current of the segment and its
resistance R. We supposed that the velocity of light in the

junction was E(T < TC)= c/ \/E where ¢ is the light

velocity in vacuum and € =12 is permittivity of silicon,

) F(T << TC) ~8.87-10" m/s. For the calculation of
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dependences of parameters on the temperature we used the
method developed in Ref. 6. For the determination of the
value of the critical current at the given temperature we
used the plot of the dependence of critical current on the
reduced temperature for the weal link in the dirty limit [9].

For the temperature 7= 7.7 K parameters of the long
junction were as follows: /. = 2.5 mA, V_ = 0.75 mV,

c(T=77K)=6.14-10"mss, S, =1024. The
Josephson depth of penetration of magnetic field was
A, =86.2- 10" m. After the definition of parameters we

calculated IV-curves and ac power of emission for one
separate long junction and for the stack of two inductively
coupled junctions with @ =0.3. We would like to note
that such parameters of our model as the velocity of the
propagation of electromagnetic waves in the long junction
and the depth of penetration of magnetic field in the
junction and temperature dependences of their values were
calculated on the base of plausible assumptions and it is of
great interest to investigate them experimentally.

Results and Discussion

We discuss at first the electrical properties of the
separate long junction without loads at edges. The IV-
characteristic of the separate homogeneous long junction is
shown in Fig. la. It is the typical hysteretic curve which is
characteristic for the junction with the finite value of the
McCumber parameter 3. . The switch from the hysteretic
branch to the zero-current branch appears at 0.38x/ that
corresponds exactly to the switch in the solitary junction of
the negligible size with . =10.24 in the range of the
RSJ-model [16]. The I'V-curve in Fig. l1a does not contain
any particularities connected with geometrical dimensions
of the system. Analogous results were obtained in Ref. 15
for intrinsic junctions.

Now we consider the [V-curve of the inhomogeneous
long junction without loads at edges (Fig. 1b, crosses).
Inhomogeneity is created by spread of critical currents of
about 102%. There is a step in the IV-curve in the hysteretic
region at <VS':1> ~ (.43 mV. After the step there is the
jump of voltage to the value 0.55 mV. It is shown in Ref. 15
that this behaviour of the [V-curve is caused by the resonant
interaction of Josephson generation with standing wave
that appears in the inhomogeneous junction. Due to
inhomogeneity of critical currents along the junction, there
arise longitudinal excitations [15]. They reflect from edges
of the junction (it is the so-called Fulton-Dynes mechanism
of reflection [17]). The standing wave appears when the
even number of halves of wavelengths of the excitation
becomes equal to the length of the junction. Just this
condition is written in Eq. (1). The standing wave interacts
with Josephson generation the same way as the external
periodical signal, so zero-field steps appear in the [V-curve.
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Fig. 1. (a)- the IV-characteristic of one separate long homogeneous junctions without loads at edges. (b)- IV-
characteristics of one separate long junction with spread of critical currents 102% without loads at edges (crosses) and

the same for the homogeneous long junction with loads at edges (circles). Positions of voltages < V. _, > and < VS':1 >

are marked by arrows. (c)- the I'V-characteristic of the stack of two inductively coupled long junctions with loads at

edges. The position of voltage <V_; > is shown by an arrow. (d)- dependences P,(<V>) for the solitary long

junction with the load at edges (stars) and for the stack of two inductively coupled long junctions with loads at edges.

Positions of voltages < V,_; > and <V,_, > are shown by arrows.

Just this step appears in the [V-curve shown in Fig. 1b.
According to Eq. (1), the value of <VS:1>= 0.51 mV. It is

shown by an arrow in Fig. 1b. Due to the ambiguity of the
IV-curve in the region of the hysteresis, the full height of
the step can not be obtained in the range of the current-
biased scheme, so the step is interrupted at the value

(V!,)~0.43mv.

Let us consider now the IV-curve of the fully
homogeneous junction with loads at edges (Fig. Ib,
circles). It is seen that the zero-field step is reproduced in
full despite the junction now is homogeneous. Standing
waves in this case are excited due to the influence of the
loads at edges. [15]. Loads violate homogeneity of the
junction, so perturbations propagate along the junction and
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at some frequencies produce standing waves.

The IV-characteristic of the stack of two long
junctions with loads at edges is shown in Fig. lc. It is
known that due to the inductive coupling of layers
the zero-field step is split into two

steps at voltages <V, , >=<V_, >/\/1+0{ and
<V, >=<V_ >/\/l—a [6, 13-15]. However, in
Fig. lc there is only one step near <V_ >~ 0.51 mV.

The step at <V_, , >~ 0.45 mV is not seen. The split

appears due to the formation of normal vibrations in the
system of coupled layers. At < VS:L 4 > Voltages over
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junctions in the ‘elementary stack’ oscillate anti-phase, and
at <V _, > there are in-phase oscillations of voltages

over junctions in the ‘elementary stack’. Just this mode of
in-phase oscillations is used for producing of coherent
emission from the stack. To prove this we calculated the
dependence of averaged over time ac power emitted in the
load at the left end of the solitary junction P, on voltage

(Fig. 1d, stars) as well as the dependence P,(< V >) for
the stack (Fig. 1d, diamonds). The dependence Pz(< 14 >)

for the solitary junction has the maximum at the voltage
<VS':1> ~0.45 mV. The dependence P,(< V >) for the

L) = 0.60
mV. This value corresponds to the in-phase mode of
oscillations of voltages over junctions. The maximal value

stack has the maximum at the voltage <V'

of emitted ac power P at <V;=Lu> for the stack of two

junctions is equal to 39.54 nW whereas the maximal value
of P at <VS':1> for the solitary junction is equal to 11.46

nW. The relation of these values is 3.45 that means nearly
full phase locking with the constant phase shift (the relation
is equal to 4 for the zero phase shift [16]). This result proves

that the zero-field step at <VS'=1u> ~ (.60 mV in the stack

of two long junctions corresponds to the in-phase normal
mode.

Finishing the discussion we note that in the junctions
MoRe with the barrier made of silicon and tungsten phase slip
phenomena can appear [10]. Zero-field steps appear often
in junctions with phase slip processes [9]. Investigations of
phase locking including phase slip processes becomes of
great interest for the theory of synchronization.

Summary

In the present paper for synchronization of emission
from a stack of long Josephson junctions we applied the
mechanism of synchronization which was earlier used
for the explanation of phase locking of intrinsic junctions
in high-temperature superconductors. Parameters of
calculations were taken for low-temperature junctions with
high density of critical currents (up to 10° A/m?) made of
MoRe films with 45% Re and the barrier made of the mixture
of Si and W with the concentration of W up to 10%. The
layers had dimensions 250x40x0.05 cubic micrometers and
the thickness of the barrier was 15 nm. The main advantage
of this system is the small McCumber parameter (it is about
10.24 at the given temperature). We calculated IV-curves
and emission to the RLC-load for one long junction and for
the stack of two inductively coupled long junctions at the
temperature 7.7 K that is close to the critical temperature.
We showed that standing waves could be excited in such a
system if it had the inhomogeneous distribution of critical
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currents along the junctions or if there were loads attached
to edges of the system. We obtained zero-field steps in V-
curves of long junctions with standing waves and showed
that these steps were produced by the resonant interaction
of standing wave with Josephson generation. We proved
that the zero-field step in the IV-curve of the stack was
split and obtained strong coherent emission at the upper
zero-field step which corresponds to the in-phase mode of
oscillations of voltages.
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